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ABSTRACT

Estimating the number of communities is one of the fundamental problems in community detection. We
re-examine the Bayesian paradigm for stochastic block models (SBMs) and propose a “corrected Bayesian
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information criterion” (CBIC), to determine the number of communities and show that the proposed

criterion is consistent under mild conditions as the size of the network and the number of communities go
to infinity. The CBIC outperforms those used in Wang and Bickel and Saldana, Yu, and Feng which tend to
underestimate and overestimate the number of communities, respectively. The results are further extended
to degree corrected SBMs. Numerical studies demonstrate our theoretical results.

1. Introduction

Community structure is one of the most widely used struc-
tures for network data. For instance, peoples form groups in
social networks based on common locations, interests, occu-
pations, etc.; proteins form communities based on functions
in metabolic networks; publications can be grouped to com-
munities by research topics in citation networks. The links (or
edges) between nodes are generally dense within communities
and relatively sparse between communities. Identifying such
subgroups provides important insights into network formation
mechanism and how network topology affects each other.

The stochastic block model (SBM) proposed by Holland,
Laskey, and Leinhardt (1983) is one of the best studied network
models for community structures. See Snijders and Nowicki
(1997) and Nowicki and Snijders (2001) for a first application
of the SBM in community detection. We briefly describe the
model. Let A € {0,1}"*" be the symmetric adjacency matrix
of an undirected graph with n nodes. In the SBM with k com-
munities, each node is associated with a community, labeled by
zx (i), where z(i) € [k]. Here [m] = {1,.. ., m} for any positive
integer m. In other words, the nodes are given a community
assignment z; : [n] — [k]". The diagonal entries of A are
zeros (no self-loop) and the entries of the upper triangle matrix
A are independent Bernoulli random variables with success
probabilities that only depend on the community labels of nodes
i and j. That is, all edges are independently generated given the
node communities, and for a certain probability matrix 6y =

{Okab}1<ab<ks
P(Ajj = 1 zk(D), 2k()) = Okz(iyzi(j)-

For simplicity, 6; and z; are abbreviated to 6 and z,
respectively.

A wide variety of methods have been proposed to estimate
the latent community membership of nodes in an SBM,

KEYWORDS
Consistency; Degree
corrected stochastic block
model; Network data;
Stochastic block model.

including modularity (Newman 2006a), profile-likelihood
(Bickel and Chen 2009), pseudo-likelihood (Amini et al.
2013), variational methods (Daudin, Picard, and Robin 2008;
Latouche, Birmele, and Ambroise 2012), spectral clustering
(Rohe, Chatterjee, and Yu 2011; Fishkind et al. 2013; Jin 2015),
belief propagation (Decelle et al. 2011), etc. The asymptotic
properties of these methods have also been established under
different settings (Bickel and Chen 2009; Rohe, Chatterjee, and
Yu 2011; Celisse, Daudin, and Pierre 2012; Bickel et al. 2013;
Gao, Lu, and Zhou 2015; Zhang and Zhou 2016).

However, most of these works assume that the number of
communities k is known a priori. In a real-world network, k is
usually unknown and needs to be estimated. Therefore, it is of
importance to investigate how to choose k (called model selec-
tion in this article). Some methods have been proposed in recent
years, including a recursive approach (Zhao, Levina, and Zhu
2011), spectral methods (Le and Levina 2015), sequential tests
(Bickel and Sarkar 2015; Lei 2016), and network cross-validation
(Chen and Lei 2018). The likelihood-based methods for model
selection have also been proposed (Daudin, Picard, and Robin
2008; Latouche, Birmele, and Ambroise 2012; Saldana, Yu, and
Feng 2017).

Wang and Bickel (2017) proposed a penalized likelihood
method with the penalty function

kk(k+1)n

1 >
5 ogn

(1.1)

where A is a tuning parameter. An alternative penalty function
k(k2_+1) logn (called the “BIC”) was used to select the number
of communities in Saldana, Yu, and Feng (2017). As will be
shown later in the article, using the penalty function (1.1) and
the BIC to estimate k tends to underestimate and overestimate
the number of communities, respectively. We therefore propose
a “corrected Bayesian information criterion” (CBIC) that is in
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the midway of those two criteria. Specifically, we propose the
following penalty function

k(k+1)

Anlogk + log n, (1.2)

which is lighter than (1.1) used by Wang and Bickel (2017)
and is heavier than the BIC penalty used by Saldana, Yu, and
Feng (2017). Rigorously speaking, Wang and Bickel (2017) dealt
with the marginal log-likelihood where z as latent variables are
integrated out, while we plug a single estimated community
assignment into the log-likelihood.

For fixed k, Wang and Bickel (2017) established the
limiting distribution of the log-likelihood ratio under model
misspecification—both underfitting and overfitting, and thereby
determined an upper bound o(n?) and a lower bound # of the
order of the penalty term for a consistent model selection.
Based on the work of Wang and Bickel (2017), we derived
new upper and lower bounds for increasing k. According to
our theory (see the proof of Theorem 4 for details), the main
orders of both the upper and lower bounds are nlogk. In
this sense, the bounds we obtained are sharp. Based on these
results, we establish the consistency of the CBIC in determining
the number of communities. The results are further extended
to degree corrected block models. Along the way of proving
consistency, we also obtain the Wilks theorem for SBMs.

The remainder of the article is organized as follows. In Sec-
tion 2, we re-examine the Bayesian paradigm for SBMs and
propose the CBIC to determine the number of communities.
In Section 3, we analyze the asymptotic behavior of the log-
likelihood ratio and establish their asymptotic distributions.
In Section 4, we establish the consistency of the estimator for
the number of communities. We extend our results to degree
corrected SBMs in Section 5. The numerical studies are given in
Section 6. Some further discussions are made in Section 7. All
proofs are given in the Appendix.

2. Corrected BIC

In this section, we re-examine the Bayesian paradigm for the
SBM and propose a corrected family of Bayesian information
criteria.

For any fixed (0,z), the log-likelihood of the adjacency
matrix A under the SBM is

logf(Al0,2) = > (mgaplogbap+ (nap—map) log(1—04p)),

1<a<b<k

where n, = Y| 1{z(i) = a}, for a # b,

Map = nanp, Moy = H_ Y Ayl{z(i) = a,2(j) = b},

i=1 j#i

Naa = Nag(ng — 1)/2, Mgy = ZAijl{Z(i) = a,z(j) = a}.
i<j
Saldana, Yu, and Feng (2017) used the following penalized
likelihood function to select the optimal number of communi-
ties

v 1
L(k) = sup logf(A|0,2) — kk+ D)
96®k

logn, 2.1)

k(k+1)
where ®; = [0,1] - . Note that (2.1) is not a standard BIC

criterion but a BIC approximation of the log-likelihood for given
z (see (2.2)). Saldana, Yu, and Feng (2017) essentially estimates
the number of communities k using the following criterion,
which we refer to as the BIC hereafter

k(k+1)

o(k) = max sup logf(Al6,2) —

ze[k]" geo,

logn

According to our simulation studies, this BIC tends to overes-
timate the number on communities (see Section 6). We now
provide some insight of why this phenomenon occurs.

Let Z be the set of all possible community assignments under
consideration and let £(z) be a prior probability of community
assignment z. Assume that the prior density of 0 is given by
7(0). Then the posterior probability of z is

8(Al2)(2)
Y ez 8(Al2)E ()

where g(A|z) is the likelihood of community assignment z, given
by

P(z|A) =

g(Alz) = /f(AIG,z)n(G)dQ.

Under the Bayesian paradigm, a community assignment
z that maximizes the posterior probability is selected. Since
Y scz8(Al2)&(2) is a constant,

z = max g(A|2)&(z).
ze[k]"

By using a BIC approximation! (Schwarz 1978; Saldana, Yu, and
Feng 2017), we have

log(/f(A|9,z)7r(6?)d9) = sup logf(A|0,z) (2.2)
9€®k
1k(k+1) n(n—1)
5 log 5 + 0(1).
Thus,
logg(Al2)€(2) = sup logf(A[6,2) 23)

0Oy

_ k(k+1)

logn + O(1) 4 log&(2).

By comparing Equations (2.1) and (2.3), we can see that the
BIC essentially assumes that £(z) is a constant for z over Z,
that is, £(z) = 1/t(Z), where 7(Z) is the size of Z. Suppose
that the number of nodes in the network is n = 500. The
set of community assignments for k = 2, Z,, has size 2°%,
while the set of community assignments for k = 3, Z3, has size
3500 The constant prior in the BIC assigns probabilities to Z
proportional to their sizes. Thus, the probability assigned to Z3
is 1.5°% times that assigned to Z,. Community assignments with
a larger number of communities get much higher probabilities
than community assignments with fewer communities. This
provides an explanation for why the BIC tends to overestimate
the number of communities.

The BIC approximation is a general principle and is not to be confused with
the BIC criterion used in Saldana, Yu, and Feng (2017).



This re-examination of the BIC naturally motivates us to
consider a new prior over Z. Assume that Z is partitioned
into (J;_; Zk. Let T(Zy) be the size of Z;. We assign the prior
distribution over Z in the following manner. We assign an equal
probability to z in the same Z, that is, P(z|Zx) = 1/t(Z) for
any z € Z. This is due to that all the community assignments in
Zj. are equally plausible. Next, instead of assigning probabilities
P(Zy) proportional to 7(Zx) , we assign P(Zy) proportional to
17%(Z;) for some 8. Here § > 0 implies that a small number
of communities are plausible while § < 0 implies that a large
number of communities are plausible. This results in the prior
probability

E(2) = P(2|Z)P(Z) & T (%), 2 € i
where A = 1 + 4. Thus,
logg(Alz)&(z) = sup logf(Al6,z)

0Oy

k(k+1
- (T+) logn 4+ O(1) — Anlogk.
This type of prior distribution on the community assignment
suggests a corrected BIC criterion (CBIC) as follows
k(k+1
£(k) = max sup logf(A|0,z) — |:)m10gk + K+ log n] ,
ze[k]? 0Oy 2
(2.4)
where the second term is the penalty and A > 0 is a tuning
parameter. Then we estimate k by maximizing the penalized
likelihood function

k= arg max L(k).

We make some remarks on the choice of the tuning
parameter. If we have no prior information on the number of
communities—that is, both small number of communities and
large number of communities are equally plausible, then A =1
(6 = 0) is a good choice. It is similar to the case of variable
selection in regression analysis, where the BIC is also tuning
free.

The CBIC is also related to an integrated classification like-
lihood (ICL) method proposed by Daudin, Picard, and Robin
(2008). The penalty function in ICL can be written as

2

k
k® + 2k
Z nglog(n/ng) + 5
a=1

log n. (2.5)

The penalty term in the ICL criterion uses unknown quan-
tities n, that need to be estimated, and is thus not a standard
BIC-type criterion. With equal-sized estimated communities,
this penalty is almost the same as the CBIC with A = 1 since
Zﬁ:l nglog(n/n,) = nlogk. However, the CBIC has tuning
parameter A that gives more flexibility. If we have prior infor-
mation that large numbers of communities are plausible, A < 1
(8 < 0) is a good choice and the CBIC performs significantly
better than the ICL in simulation studies (see Section 6).

Moreover, theoretical properties of ICL have not been well-
studied while the consistency of the CBIC will be established in
this article. To obtain the consistency of the CBIC, we analyze
the asymptotic order of the log-likelihood ratio under model-
misspecification in the next section.
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3. Asymptotics of the Log-Likelihood Ratio

In this section, we present the order of the log-likelihood ratio
built on the work of Wang and Bickel (2017). The results here
will be used for the proof of Theorem 4 in the next section.

We consider the following log-likelihood ratio

Ly = max sup logf(A|6,z) — logf(A|6%,2%),
zelk1" geoy

where 6* and z* are the true parameters. Further, k' is the
number of communities under the alternative model and k is
the true number of communities. Therefore, the comparison is
made between the correct k-block model and a fitted k’-block
model.

The asymptotic distributions of L for the cases k' < kand
k' > kare given in this section. For the case k' = k, we establish
the Wilks theorem.

3.1. k' <k

We start with k¥ = k — 1. As discussed in Wang and Bickel
(2017), a (k—1)-block model can be obtained by merging blocks
in a k-block model. Specifically, given the true labels z* € [k]"
and p = (Pap)kxk> Where py, = nab(z*)/(”("T_l)), we define
a merging operation U, , (0%, p) which combines blocks a and
b in 6* by taking weighted averages with proportions in p. For
example, for 0" = Uy_1 (0%, p),

0, =0 for 1l <a<b<k-2,

Patk—1)05c—1) T PakOy
Patk—1) + Pak

/ —
a(k—1) —

for 1<a<k-2,

Poe=1 k=10 1)1y T Po—0KI 1)k + Pribi
Pk—1)(k—1) + P(k—1D)k + Pkk ’

/
Ok—1)(k-1) =

For consistency, when merging two blocks (a, b) with b > a, the
new merged block will be relabeled as a and all the blocks ¢ with
¢ > bwill be relabeled as c— 1. Using this scheme, we also obtain
the merged node labels U, ,(z*). For 2/ = Uj_1 x(z*), define

Map(2) = map, nap(2) =ngy for 1 <a<b<k-2,

Ma(k—1) (Z/) = Mgk—1) + Mak> na(kfl)(z/) = Ng(k—1) + Nak

forl<a<k-2,

Mk—1)(k=1)(Z) = ME—1)(k—1) + M—1)k + Mik>
N1y (k—1)(Z) = Ak—1)(k=1) + Nk—1)k + Nk

To obtain the asymptotic distribution of Ly, we need the
following conditions.
(A1) There exists C; > 0 such that min; <,<x 1, > Cyn/k for
all n.
(A2) Any two rows of 6* should be distinct.
(A3) The entries of 6* are uniformly bounded away from 0
and 1.

In Condition (A1), the lower bound on the smallest com-
munity size requires that the size of each community is at least
proportional to n/k. This is a reasonable and mild condition; for
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example, it is satisfied almost surely if the membership vector
is generated from a multinomial distribution with » trials and
probability m = (my,..., k) such that min;<,<x 7, > Ci/k.
This condition was also used in Lei (2016). Condition (A2)
requires that the model cannot be collapsed further to a smaller
model.

Condition (A3) requires the overall density of the network
to be a constant. To allow for a sparser network, we can further
parametrize 6* = p,0* where 0* is a constant and p, — 0 at
the rate np, /logn — oo. (Using this parameterization p, = 1
indicates a constant graph density.) Condition (A3) in this case
becomes

(A3') The entries of §* are uniformly bounded away from 0
and 1.

The asymptotic distribution of Ly x— for a dense network is
stated below, the proof of which is given in the Appendix.

Theorem 1. Suppose that A ~ Pg« z+, conditions (A1)-(A3)
hold, and p, = 1. If k = o((n/ log n)1/2), we have

(1 Ly — ) /o (0%) % N(0, 1),

where
1 60
H= ﬁ( Z ab <9ab log 9 + 10g(1 - >
k—1<a<b<k
*
_ Z Nab <9ab log + log(1 — ab)> )
k—1<a<b<k

/ / 9/ 2
=5 X dataa- ap(log )

k—1<a<b<k

9* 2
+ Z nap8, (1 —6%) (log 5 ) )

k—1<a<b<k

For a general kK’ < k, the same type of limiting distribution
under conditions (A1)-(A3) holds. But the proof will involve
more tedious descriptions of how various merges can occur as
discussed in Wang and Bickel (2017).

For a sparse network, we have the following result.

Corollary 1. Suppose that A ~ Pys +, (A1), (A2), and (A3')
hold, and np,/logn — oo.If k = min{o(np,/log(npn)),
o((n/log n)1/2)}, we have

(™ Liger — np) /o (6%) > N0, 1).

3.2. kK =k

For fixed k, we establish the Wilks theorem for a dense network.

Theorem 2. Suppose that A ~ Pgx .+, conditions (A1)-(A3)
hold, and p, = 1. For fixed k, we have

d
2(max sup logf(A|0,2) — logf(Al0*,2%)) = Xiusn-
z€[kl" oy 2
For increasing k, we have the following two results which will
be used to establish the consistency of the CBIC.

Corollary 2. Suppose that A ~ Py« .+, conditions (A1)-(A3)
hold, and p, = 1. If k = o(n/ log n), we have

2( max sup logf(Al0,z) —

logf(Al6*,2%)) = Op(k* log k).
[k]" pe®y

For a sparse network, we have the following result.

Corollary 3. Suppose that A ~ Pys z«, (A1), (A2), and (A3')
hold, and np,/logn — oo.If k = o(np,/ log(np,)), we have

Z(max sup logf(Al6,z) —

logf(A]6*,2")) = Op(puk* logk).
zelkl" ge @y

3.3. k' > k

As discussed in Wang and Bickel (2017), it is difficult to obtain
the asymptotic distribution of Ly g in the case k' > k. Instead,
we obtain its asymptotic order, which is a generalization of
Theorem 2.10 in Wang and Bickel (2017) to increasing k.

Theorem 3. Suppose that A ~ Py« .+, conditions (A1)-(A3)
hold, and p, = 1. If k = o(n'/?), we have

Lip < anlogk’ + supycg, logf(Al6,2z*) — logf(A]0*,z*)
= anlogk’ + Op(k*logk)
= anlogk' (1 + op(1)),
C 2log n+logk
oeF T~ nlogk
For a sparse network, we have the following result.

where0 <a <1 —

Corollary 4. Suppose that A ~ Pgs z+, (A1), (A2), and (A3')
hold, and np,/logn — oco.If k = o((n/pn)'/?), we have

L < anlogk’ 4+ sup, g logf(Al0,z*) —logf(Al0*,z*)
= anlogk’ + Op(pnk”logk)
= anlogk'(1 + 0,(1)).

4. Consistency of the CBIC

In this section, we establish the consistency of the CBIC in the
sense that it chooses the correct k with probability tending to
one when 7 goes to infinity.

To obtain the consistency of the CBIC, we need an additional
condition.

(A4) (Consistency condition) nu/logk — —oo, for k' < k.

Note that u < 0 is clearly true asymptotically when k¥ < k
since it is the expectation of anLk,k’- What we assume here is
being bounded away from 0 or going to 0 at a rate slower than
log k/n.

Theorem 4. Suppose that A ~ Pgx ,«, (A1)-(A4) hold, and p,, =
1. Let £(k) be the penalized likelihood function for the CBIC,
defined as in (2.4). If k = o((n/ log n)l/2),

for k¥’ < k, we have

Pk > ¢(k)) — 0;
for k' > k, when A > («logk’)/(logk’ — log k), we have
PU(K) > ¢(k)) = 0,

where « is given in Theorem 3.



For sparse networks, we have the following results.

Corollary 5. Suppose that A ~ Py, (Al), (A2), (A3),
(A4) hold, and np,/logn — oo. Let £(k) be the penalized
likelihood function for the CBIC, defined as in (2.4). If k =
min{o(non/ log(non)), o((n/ log m)/2)},

for k' < k, we have

Py > £(k)) = 0;
for k' > k, when & > (wlogk’)/(logk’ — logk), we have
Py > £(k)) — 0.

By Theorem 4, the probability P(£(k") > £(k)) goes to zero,
regardless of the value of the tuning parameter X in the case of
kK < k. When k' > k, it depends on the parameter A. Then a
natural question is whether A = 1 is a good choice. Note that
it also depends on «. With an appropriate o, the probability
P(E(K') > £(k)) also goes to zero when A = 1 for fixed k as
demonstrated in the following corollary.

Corollary 6. Suppose that A ~ Py ,+,(A1)-(A4) hold,and p, =
1. Let £(k) be the penalized likelihood function for the CBIC,
defined as in (2.4). If k is fixed,

for k' < k, we have

Pk > £(k)) — 0;

for k' > k, suppose @ < 1 — 1100%,, for A = 1, we have

P(L(K) > €(k)) — 0.

By checking the proof of Theorem 4, it is not difficult to see
that for k' > k, P(¢(k') > £(k)) — 1. This implies that the
BIC tends to overestimate the number of communities k for
SBMs.

5. Extension to a Degree-Corrected SBM

Real-world networks often include a number of high degree
“hub” nodes that have many connections (Barabdsi and
Bonabau 2003). To incorporate the degree heterogeneity
within communities, the degree corrected stochastic block
model (DCSBM) was proposed by Karrer and Newman
(2011). Specifically, this model assumes that P(A; = 1 |
z(i),z(j)) = wiwj0yi)z(j)> where o = (wi)i1<i<n are a set
of node degree parameters measuring the degree variation
within blocks. For identifiability of the model, the constraint
Y jwil{z(i) = a} = n, can be imposed for each community
1<a<k

As in Karrer and Newman (2011), we replace the Bernoulli
random variables A;; by the Poisson random variable. As dis-
cussed in Zhao, Levina, and Zhu (2012), there is no practical
difference with respect to performance. The reason is that the
Bernoulli distribution with a small mean is well approximated
by the Poisson distribution. An advantage of using Poisson dis-
tributions is that it will greatly simplify the calculations. Another
advantage is that it will allow networks to contain both multi-
edges and self-edges.

JOURNAL OF THE AMERICAN STATISTICAL ASSOCIATION ‘ 5

For any fixed (0, w, z), the log-likelihood of observing the
adjacency matrix A under the DCSBM is

log f(A|0, w,z) = Z dilog w;i+ Z (Map 1og Oap — 1apOab)s

1<i<n 1<a<b<k

whered; =3, _;_, Ajj.

We first consider the case w is known, which was also
assumed by Lei (2016) and Gao et al. (2016) in their theoretical
analyses. With similar arguments, one can show that the
previous Theorems 1 and 3 still hold in the DCSBM. Although
Theorem 2 does not hold in the DCSBM, we have the following
result.

Theorem 5. Suppose that A ~ Pg= ,x, (A1)-(A3) hold, and p, =
1. If k = o(n/ log n), we have

max sup logf(Alf,w,z) —logf(A|0", w,z*) = Op(k2 log k).
ze[k]? HeOy

Therefore, Theorem 4 still holds in the DCSBM.

If wi’s are unknown, we use a plug-in method. That is, we
need to estimate w;’s. After imposing the identifiability con-
strain on , the MLE of the parameter w; is given by @; =
nad;/ Zj:zj:z,- d;. Simulation studies indicate that the CBIC can
estimate k with high accuracy for the DCSBM.

6. Experiments
6.1. Algorithm

Since there are k" possible assignments for the communities,
it is intractable to directly optimize the log-likelihood of the
SBM. Since the primary goal of our article is to study the penalty
function, we use a computationally feasible algorithm—spectral
clustering to estimate the community labels for a given k.

The algorithm finds the eigenvectors uj,. . ., ux associated
with the k eigenvalues of the Laplacian matrix that are largest
in magnitude, forming an n x k matrix U = (uy,..., ux),
and then applies the k-means algorithm to the rows of U. For
details, see Rohe, Chatterjee, and Yu (2011). They established
the consistency of spectral clustering in the SBM under proper
conditions on the density of the network and the eigen-structure
of the Laplacian matrix.

For the DCSBM, we apply a variant of spectral clustering,
called spectral clustering on ratios-of-eigenvectors (SCORE)
proposed by Jin (2015). Instead of using the Laplacian matrix,
the SCORE collects the eigenvectors vy, .. ., vk associated with
the k eigenvalues of A that are largest in magnitude, and then
forms the n x k matrix V.= (1,v,/v1,...,vx/v1). The SCORE
then applies the k-means algorithm to the rows of V. The
corresponding consistency results for the DCSBM were also
established by Jin (2015).

We restrict our attention to candidate values for the true
number of communities in the range kK € {1,...,18}, both in
simulations and the real data analysis.

6.2. Simulations

Simulation 1. In the SBM setting, we first compare the empir-
ical distribution of the log-likelihood ratio with the asymptotic
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results in Theorems 1-3. We set the network size as n = 500
and the probability matrix 6% = 0.03(1 + 5 x 1(a = b)). We
set k = 3 with m; = 7, = w3 = 1/3. Each simulation in this
section is repeated 200 times. The plot for n~!Lyx_ is shown
in Figure 1. The empirical distribution is well approximated by
the normal distribution in the case of underfitting. Figure 2
plots the empirical distribution of 2L in the case of k' = k.
The distribution also matches the chi-square distribution well.
Figure 3 plots the empirical distribution of L j1.
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Figure 1. Empirical distribution of n*1Lk,k_1. The solid curve is normal density
with mean nu and o (6*) as given in Theorem 1.
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Figure 3. Empirical distribution of 2Ly 4y 1.

Simulation 2. In the SBM setting, we investigate how the accu-
racy of the CBIC changes as the tuning parameter A varies. We
let A increase from 0 to 3.5. The probability matrix is the same as
in Simulation 1. We set each block size according to the sequence
(60,90, 120, 150, 60, 90, 120, 150). That is, if k = 1, we set the
network size n to be 60; if k = 2, we set two respective block
sizes to be 60 and 90; and so forth. This setting is the same as in
Saldana, Yu, and Feng (2017). As can be seen in Figure 4, the rate
of the successful recovery of the number of communities is very
low when A is close to zero. When A is between 0.5 and 1.5, the
success rate is almost 100%; when A becomes larger, the success
rate decreases in which the change point depends on k. It can be
seen from Figure 4 that A = 1 is a safe tuning parameter.

Simulation 3. In the SBM setting, we compare the CBIC with the
BIC proposed by Saldana, Yu, and Feng (2017), the bootstrap
corrected sequential test proposed by Lei (2016), the ICL pro-
posed by Daudin, Picard, and Robin (2008), and the penalized
likelihood method (PLH) proposed by Wang and Bickel (2017).
For the bootstrap corrected sequential test, we select threshold
tn corresponding to the nominal Type I error bound 104, The
network size n is the same as in Simulation 2 and the probability
matrix is 6}, = 0.03(1 + r x 1(a = b)). Note that in the
SBM setting, the method of Lei (2016) is better than the network
cross-validation of Chen and Lei (2018) (NCV) according to our
simulations. Thus, in the SBM setting, the CBIC is not compared
with the NCV of Chen and Lei (2018).

The numerical results are shown in Tables 1-3. From these
tables, we can see that the CBIC shows a significant improve-
ment over the BIC and the bootstrap corrected sequential test.
It can be seen from Table 1 that, for r = 5, the CBIC (A =
1) recovers the number of communities k perfectly while the
success rates for the BIC and the bootstrap corrected sequential
test are low for k < 4 and k > 5, respectively. It can also be
seen from Table 3 that, for r = 3, the CBIC (A = 1) recovers
the number of communities k quite well for k < 4. When the
number of communities k is large (e.g., k > 5), for r = 3, the
BIC outperforms the CBIC. For this case, the performance of the
CBIC can be improved by using a smaller A.

Additionally, the CBIC with A = 1/2 consistently outper-
forms the ICL in all scenarios as shown in these tables. The
CBIC with A = 1/4 performs even better for large k; for small

Figure 4. Success rate versus A.



Table 1. Comparison of model selection methods for SBM: r = 5.
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CBIC (A = 1/4) CBIC(A =1/2) CBIC(A = 1) BIC Lei (2016) ICL PLH
Prob Mean Prob Mean Prob Mean Prob Mean Prob Mean Prob Mean Prob Mean
k=2 0.92 2.10 1.00 2.00 1.00 2.00 0.24 3.15 1.00 2.00 1.00 2.00 0.00 10.48
k= 1.00 3.01 1.00 3.00 1.00 3.00 0.63 3.57 0.99 3.03 1.00 3.00 0.02 9.02
k= 1.00 4.00 1.00 4.00 1.00 4.00 0.78 434 0.97 4.02 1.00 4.00 0.15 7.7
k=5 1.00 5.00 1.00 5.00 1.00 5.00 0.94 5.08 0.86 4.86 1.00 5.00 0.73 5.70
k=6 1.00 6.00 1.00 6.00 1.00 6.00 0.97 6.03 0.65 5.65 1.00 6.00 1.00 6.00
k= 1.00 7.00 1.00 7.00 1.00 7.00 1.00 7.00 0.21 6.21 1.00 7.00 1.00 7.00
k=38 1.00 8.00 1.00 8.00 1.00 8.00 1.00 8.00 0.16 7.16 1.00 8.00 1.00 8.00
Table 2. Comparison of model selection methods for SBM: r = 4.
CBIC (A = 1/4) CBIC(x =1/2) CBIC(A=1) BIC Lei (2016) ICL PLH
Prob Mean Prob Mean Prob Mean Prob Mean Prob Mean Prob Mean Prob Mean
k=2 0.94 2.08 1.00 2.00 1.00 2.00 0.37 292 1.00 2.00 1.00 2.00 0.00 10.35
k=3 0.98 3.02 1.00 3.00 1.00 3.00 0.73 3.36 0.95 3.04 1.00 3.00 0.03 8.68
k=4 1.00 4.00 1.00 4.00 1.00 4.00 0.84 4.26 0.62 4.31 1.00 4.00 0.13 7.06
k=15 1.00 5.00 1.00 5.00 0.91 491 0.98 5.04 0.08 4.50 0.98 4.99 0.40 6.71
k=6 1.00 6.00 1.00 6.00 0.90 5.91 0.99 6.01 0.02 5.14 0.99 5.99 0.82 6.38
k= 1.00 7.00 1.00 7.00 0.85 6.85 1.00 7.00 0.04 6.00 0.96 6.96 1.00 7.00
k=8 0.99 8.00 0.97 7.97 0.70 7.70 1.00 8.01 0.05 6.40 0.86 7.86 0.98 8.00
Table 3. Comparison of model selection methods for SBM: r = 3.
CBIC (A = 1/4) CBIC(A =1/2) CBIC(A = 1) BIC Lei (2016) ICL PLH
Prob Mean Prob Mean Prob Mean Prob Mean Prob Mean Prob Mean Prob Mean
k=2 0.91 2.11 1.00 2.00 1.00 2.00 033 3.07 0.99 2.01 1.00 2.00 0.00 10.03
k=3 1.00 3.00 1.00 3.00 0.99 2.99 0.80 3.31 0.47 3.00 1.00 3.00 0.02 9.35
k=4 0.99 4.01 1.00 4.01 0.96 3.96 0.92 414 0.15 333 0.98 3.99 0.42 5.87
k=5 0.90 4.92 0.73 4.74 0.30 4.24 0.88 5.04 0.13 3.67 0.44 441 0.54 6.25
k= 0.55 5.64 0.45 547 0.14 4.93 0.57 5.85 0.07 417 0.20 4.95 0.49 6.65
k= 0.28 6.28 0.19 6.09 0.06 5.66 0.32 6.53 0.00 4.89 0.06 5.58 0.31 7.03
k=38 0.12 6.86 0.05 6.67 0.01 6.36 0.20 7.25 0.00 5.50 0.02 6.17 0.20 7.49

k (k = 2,3), it performs slightly worse than the ICL. These
results also suggest that when the number of communities is
relatively small, A = 1 is a good choice. On the other hand,
when the number of communities is relatively large, A < 1,
that is, a lighter penalty is a better choice. If we have some prior
knowledge about the number of communities, this observation
provides some guidance on the selection of A.

We also compare the results from the PLH proposed by Wang
and Bickel (2017) in Tables 1-3. We found out that a typical
tuning parameter selected by the procedure recommended in
Wang and Bickel (2017) is usually small. Therefore, the PLH
usually overestimates the number of communities k.

Simulation 4. Now we investigate the performance of the CBIC
in the DCSBM setting. Since the bootstrap corrected sequential
test is only designed for the SBM, we compare the CBIC with
the BIC and the NCV. In choosing the parameters 6, @ in the
DCSBM, we follow the approach proposed in Zhao, Levina, and
Zhu (2012). That is, w1,...,w, are independently generated
from a distribution with expectation 1, specifically

i w.p. 0.8;
wi=1{ 7/11, wp.0.1;
15/11, w.p.0.1,

where ; is uniformly distributed on the interval [%, %]. The edge
probability and network sizes are set the same as in Simulation 3.

The numerical results are given in Tables 4-6. The comparisons
are similar to those in Tables 1-3.

6.3. Real Data Analysis

6.3.1. International Trade Dataset

We study an international trade dataset collected by Westveld
and Hoff (2011). It contains yearly international trade data
among n = 58 countries from 1981 to 2000. One can refer
to Westveld and Hoff (2011) for a detailed description. This
dataset was revisited by Saldana, Yu, and Feng (2017) for the
purpose of estimating the number of communities. Following
their article, we only focus on data from 1995 and transform
the weighted adjacency matrix to the binary matrix using their
methods. An adjacency matrix A is created by first considering
a weight matrix W with Wj; = Trade;; + Tradej;, where Trade;;
denotes the value of exports from country i to country j. Define
Ajj = 1if W;j > Wy, and A;; = 0 otherwise. Here W,, denotes
the ath quantile of {Wjj}1<;<j<n. We set @ = 50 as in Saldana,
Yu, and Feng (2017). At A = 1, the CBIC for the SBM estimates
k = 5, while the BIC and the NCV estimate k = 10 and k=3,
respectively. The CBIC for the DCSBM estimates k = 3, while
both the BIC and the NCV estimate k = 1. As discussed in
Saldana, Yu, and Feng (2017), it seems reasonable to select three
communities, corresponding to countries with highest GDPs,
industrialized European and Asian countries with medium-
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Table 4. Comparison of model selection methods for DCSBM: r = 5.

CBIC(A = 1) BIC NCV ICL
Prob Mean Prob Mean Prob Mean Prob Mean
k=2 0.98 2.02 0.1 337 0.94 2.14 0.98 2.02
k= 0.99 3.01 0.16 4.30 0.94 3.06 0.99 3.01
k= 0.99 401 0.37 491 0.89 414 0.99 4.01
k=5 0.97 5.05 0.46 571 0.33 5.09 0.96 5.06
k= 0.97 6.03 0.38 6.57 0.29 741 0.97 6.03
k= 0.82 711 0.54 7.67 0.25 8.50 0.83 7.10
k=8 0.72 8.09 0.50 8.36 0.15 9.38 0.71 8.13
Table 5. Comparison of model selection methods for DCSBM: r = 4.
GBIC(A=1) BIC NCV ICL
Prob Mean Prob Mean Prob Mean Prob Mean
k=2 1 2 0.16 3.47 0.80 252 1 2
k=3 0.98 3.02 0.24 414 0.65 3.60 0.97 3.04
k=4 0.99 4.02 0.51 4.70 0.14 412 0.98 4.03
k=5 0.93 5.04 0.60 5.50 0.17 542 0.93 5.04
k= 0.84 5.90 0.63 6.46 0.16 6.41 0.84 5.90
k=7 0.17 6.43 0.21 7.11 0.23 8.00 0.17 6.45
k=38 0.17 7.35 0.21 8.20 0 8.76 0.17 7.32
Table 6. Comparison of model selection methods for DCSBM: r = 3.
CBIC(A = 1) BIC NCV ICL
Prob Mean Prob Mean Prob Mean Prob Mean
k=2 0.95 2.05 0.10 3.57 0.74 244 0.92 2.08
k=3 0.92 3.02 0.19 4.09 0.16 4.20 0.92 3.02
k=4 0.18 3.38 0.30 4.44 0.15 3.56 0.18 3.36
k= 0.11 3.96 0.27 5.24 0.13 3.82 0.10 3.94
k= 0.07 4.54 0.22 5.46 0.10 5.56 0.06 4.52
k=7 0.07 5.70 0.18 6.61 0.07 6.43 0.07 5.70
k=8 0 6.05 0.13 7.07 0 9.09 0 6.05

level GDPs, and developing countries in South America with the
smallest GDPs.

6.3.2. Political Blog Dataset

We study the political blog network (Adamic and Glance 2005),
collected around 2004. This network consists of blogs about
US politics, with edges representing web links. The nodes are
labeled as “conservative” and “liberal” by the authors of Adamic
and Glance (2005). So it is reasonable to assume that this net-
work contains these two communities. We only consider its
largest connected component of this network which consists of
1222 nodes with community sizes 586 and 636 as is commonly
done in the literature. It is widely believed that the DCSBM is
a better fit for this network than the SBM. At A = 1, the CBIC
for the DCSBM estimates k = 2, while the PLH and the NCV
estimate k = 1 and k = 2, respectively. We can see that both the
CBIC and the NCV give a reasonable estimate for the number
of communities.

7. Discussion

In this article, under both the SBM and the DCSBM, we have
proposed a “corrected Bayesian information criterion” that leads
to a consistent estimator for the number of communities. The
criterion improves those used in Wang and Bickel (2017) and
Saldana, Yu, and Feng (2017) which tend to underestimate

and overestimate the number of communities, respectively. The
simulation results indicate that the criterion has a good per-
formance for estimating the number of communities for finite
sample sizes.

Some extensions of the research in this article are possible.
For instance, it is interesting to study whether the CBIC is still
consistent for correlated binary data. For this case, we plan to
study the composite likelihood studied in Saldana, Yu, and Feng
(2017).

Furthermore, we have noticed that A = 1 is not always the
best choice. When the number of communities k is large (e.g.,
k > 5), for both medium and small 7 (e.g., 1 <7 <3),A =1
tends to underestimate the number of communities. As a result,
0 < A < 1 may be a better choice. For this case, we may use
other methods to choose the tuning parameter A, which will be
explored for future work.

Finally, the theoretical studies in this article focus on the
maximum likelihood estimator of the SBM. It is well-known that
achieving the exact maximum is an NP-hard problem (Amini et
al. 2013). Many computationally efficient methods, such as the
methods proposed by Amini et al. (2013) or Rohe, Chatterjee,
and Yu (2011) can achieve weakly consistency. Theoretically,
whether the error introduced by the approximation affects the
asymptotic consistency is an open problem. Although a general
theory for these estimators may be difficult, for future work,
we plan to study the model selection consistency for specific
algorithms.



Appendix

For simplicity, we first consider the case p, = 1. By using the tech-
niques developed in Wang and Bickel (2017), the case for p, — 0 at
the rate np,,/logn — oo can be shown in a similar way.

We quote some notations from Wang and Bickel (2017). Define

M,
e = 3 ()
a

1<a<b<k

where y (x) = xlogx + (1 — x) log(1 — x).
Define

*pT
GR@),0%) = Y [RIITRT(2)]4y (““’lQﬁﬂhuv),

Wiy [R11TRT (2)] 4,

where R(z) is the k' x k confusion matrix whose (a, b)-entry is

1 n
Rub(Z,Z*) = ; ZZ I{Zl' = a,Z]’»k = b}
i=1 j#i

G(R(z),0*) can be viewed as a “population version” of the profile
likelihood. That is, roughly speaking, G(R(z), 0*) is the expected value
of F(m(z)/n% n(z)/n*) under 6*. The following Lemmas 1 and 2
are essentially from Wang and Bickel (2017), which bound the vari-
ations in A and will be used in the proofs of Theorems 1-3. For
more work on this topic, we refer to Bickel and Chen (2009) and
Bickel et al. (2013).

Lemma 1 shows in the case of underfitting an SBM with (k — 1)
communities, G(R(z),0*) is maximized by combining two existing
communities in the true model.

Lemma 1. Given the true labels z*, maximizing the function
G(R(2),0*) over R achieves its maximum in the label set

{z € [k — 1]" : there exists .7 such that
T(2) = Ugp(z*),1 <a< b=kl

where U, ;, merges 2z} with labels a and b.
Furthermore, suppose z’ gives the unique maximum (up to a per-
mutation .7), for all R such that R > 0, RrRT1 = pL,

3G((1 — €)R(Z) + €R(2),6%)
de

le—or< —C3 < 0.

For simplicity, R(2)6*R(z)T is abbreviated to RO*R(z) 7.

Lemma 2. Suppose z € [k']" and define X(z) = % —RO*R(z)T. For
€ <3

P2

1<a<b=<k

IXap(2)] = € | < 2()"2 exp(—C1(6*)n?e).

Let y € [K']" be a fixed set of labels, then for € < 37'”2,

P(maxzzleyISm | X(z) — X() lloo> €)
< 2(1)(K)™2 exp(~C2(6%) ),

where C;(0*) and C,(6™*) are constants depending only on 6*.

2This m is an integer and is not to be confused with the function m(z).
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A.1. Proofs for Theorem 1

To prove Theorem 1, we need one lemma below.

Lemma 3. Supposethat A ~ Py« .« If k = o(n/log n), with probability
tending to 1, we have

max  sup logf(Al9,z) = sup logf(Alf,z2)
z€[k—11" pe@_, He®;_,

Proof. The arguments are similar to those for Lemma 2.3 in Wang
and Bickel (2017). By Lemma 1, without loss of generality assume
the maximum of G(R(z),6*) is achieved at z/ = Uj_1 x(2*). Denote
0" = Ug_1 (0%, p). Similar to Bickel et al. (2013), we prove this by
considering z far from z’ and close to z’ (up to permutation .7). Define

Iy =f{zelk—11": GR(2),6%) — GR(E),0%) < —8u},

for 8, — 0 slowly enough.
By Lemma 2,

| F(m(2)/n?,n(2)/n*) — G(R(2),0%) |
<CYcachekot | Map(@/n? — (RO*RT(2)) 4 |

= Op((logn/m'/?)

since y (-) is Lipschitz on any interval bounded away from 0 and 1.
Forz € IS_,,’ we have

max,er- SUPgeey logf(Al6,z2)
= log(zzelgn sup@e@)k,lf(Aw’Z))
= log(zzelgn SUPpe@;_, elos/(A16.2))
< log(suppcg, , f(Al6,2)(k — 1)7eOp(n* logn/m!/2)=n5,
= log(supge(ak_1 f(Al6,2))) + log((k — 1)”301’(”2(10%”/")1/2)—7126,1)
< SUPge@;_, logf(Al6,2"),

choosing 8, — 0 slowly enough such that 8,,/(log n/n)1/2 — oo.
Forz ¢ I_n, IG(R(z),0%) — G(R(Z),0%)] — 0.Letz = ming |
T (z) — 7 |. Since the maximum is unique up to .7, || R(Z) —
R(Z) lloo— O.
By Lemma 2,

P(max,¢ 7z | X(2) — X(2) lloo> € | 2 =2 | /n)
< Yom=1 Pmaxg,—z iz = || X@) — X(Z) lloo> €2)
< 3n_p 2k — DE Mk — 1ymE2e=Crm g,

It follows for | z — 2/ |=m, z ¢ I_n,

| 22— ) oo = 0p () EE 4 || ROFRT () — ROFRT(Z) oo
> (C+0p(1)).

Observe that | &) — RO*RT(z) |lao= 0p(1). By Lemma 2,
[I %Zz/) — R11TRT(2) loo= 0p(1). Note that F(-,-) has continuous

derivative in the neighborhood of ( mg) n
n

222/) ). By Lemma 1,

OF((1— ™2 1 eM, (1 - )"2) 4 1)
de

|€:0+< —-C<0

for (M, t) in the neighborhood of (%f/) n(z) ). Hence,

L)

m(z) n(z) m(z) n(z) m
F( n2 ’nT)_F( n2 ’ on2 )E_C;'
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Since Let
SUPge@, , logf(Alf,z) — sup9€®k logf(Al6,2") A R
< Z(F(m(Z)’ H(Z)) (WI(Z), ﬂ(z))) K= Z mgy log + ngplog(l — 6,p)
; —Cmn, 1<a<b<k—2 1 —6gp
9*
we have - Z (ma;, log 9* + ngylog(l — ah))
1<a<b<k-2

MaX g1 ¢ T () SUPheO logf(Al0,2)
= log(zzﬂgn 2¢.7(2) SWPoco,_, f(Al0,2))

), —p*)2
<108(Y_c 7 () SUPpeo,_, f(AIO,2) >y (k — 1M pMme—Cmn) K = % nc;bf)ib :;,,,) .
<log(supgee, , f(Al0,2) Yo 72y Tmei (k — DM nMeCm) 1<asbek—2 Cabt = bap)
_ / _ 1\k—1yn _1\ym,m
= SUPgeo,._, 108/ (416.2) + log((k—1) L= (k= 1)"n By the proof of Theorem 2, we have
e—Cmn)
/ _ 1\k,,2,—Cn k31 3/2k k31 3/2k
<supgep, , logf(Alf,2") +log((k — 1)*n“e™ ") K=Ki+0p ( = = 0p(K*logk) + O =% 7).
=suppcp,_, logf(Alf,2") + klog(k — 1) + 2logn — Cn n n

/
< SUPpec@,_, logf(Al0,2'). Thus, we have

O
(n~ ! (maxze(k_1}n supgee,_, 10gf(Al6,2) — logf(Al6*,2%))
Proof of Theorem 1. By Hoefding’s (1963) inequality, we have —np) /o (0%)
. s .- = (N (T 12acek(Map(2) log 1 -+ 1p(@) log(1 = 67,))
P(maxy<q<p<k | 05 — Oap 1> 1) < > 1<a<b<k Pl 0% — Oap 1> 1) o .
< Zl<a<h<k e*thnanb - Zk 1<a<h<k(mab log —2+ - —|— Nab log(l —0 b)))
< 2logk—2Cin*/k? —np+ 0p(%)) /5 (6%)
= (n! myy,(2) lo Q“h, + n,,(2) log(1 — 6’
It implies that Ck-12a<b<k(Map( )* g =~ + nap(@) log(1 — 6,,))
— 2 k—1<a<b<k(Mab 10g1 -+ Nl log(l —0%))
max | 0% — 0, |=O k\/@ o K logk o*
1<a<b<k ab ab 1= >p n ’ —hu+ p( N/o( )

4 N, 1.
Note that supgcg, , logf(Al6, Z') is uniquely maximized at

/ /
éab = Mab(2) = Mab =6% T 0p (k lng> forl<a<b<k-2,
n

nah(z’) g

A.2. Proof of Corollary 1

, By Hoeffding’s (1963) inequality, we have
_ Mae—1) (&) mMg—1) + Mg

Al
Gatk1) Nak—1)(Z)  Nak—1) + Nak P(max) <g<p<k | 0y, — fap 1> 1)
k\/@ = P(maxj<g<p<k | Pne Pn(Pn_léab) |> 1)
ea(k 1) OP ( n ) for 1<a<k-2 < Zlgasbfkp(l Qah n Oap |> Pn_lt)
<Y 1ca<hek € Pn “nay

< o2 logk— 2C2 —ztz.
M1 (k1) @) M1y k=1) + M-k + Mk
Nk-1k-1E)  Ng—1Kk-1) T 1k—Dk + Mkk It implies that

k/logk
:9£k1)(k1)+op( " )

Al
Ok-1)k-1) =

« A pnk/logk
1=asb<k | Bap = Pab 1= OP( n '

Thus, we have

-1 . % By the proof of Theorem 2, we have
n(maxX,ek—1]n SUPge@, , 10gf(Al0,2) —logf(Al6™,z%))

= n_l(supge(.)k X 1ogf(A|9,z’) —logf(A|6*,2%)) P33 log??
n

(Zl<a<b<k 2(mgp log +”ab log(1 — ab))

9 3k3l 3/2
~ Lir<asbk—2(Maplog =5 9* +”ab1°g(1_ o) = Op(puk* logk) + O, (pn:g ,

+ 2k 1<u<h<k(mab(z ) 10g + ngp(Z') log(1 — e/b))
9;% e By using the techniques developed in Wang and Bickel (2017), the
— Lk—1=a=bzk(Maplog 1-67, + nigp log(1 = 07,))).- proof is similar to that of Theorem 1.



A.3. Proofs for Theorem 2

We first need one useful lemma below.

Lemma4. Supposethat A ~ Py« <. Ifk = o(n/log n), with probability
tending to 1, we have

max sup logf(Alf,z) = sup logf(Alf,z*
ze[k]" 9@y, 0eOy

This lemma is essentially Lemma 3 in Bickel et al. (2013). The
arguments are similar and thus omitted.

Proof of Theorem 2. By Taylor’s expansion, we have

2(max,¢[k)n SUPpe@, logf(A|6,2) —logf(A|6*,z*))
= 2(supyce, logf(A|9,z"j) — log f(A]6%,2%))
Oq
=22 1<a<b<k(Maplog gTb + (gp — Mgp) log = 9 )
ab+0‘1h —0a
Oab

=21 <a<p<k(Mapap log 4 1(1 — Oap)

1-0% +0al7_9“h

log 16, )

A
=22 1<a<b<k(Map(O, + Agp)( ng 9*2)
AZ
20— 6* )2) + O(”abAab))
2
=2 1<a<b<k(ap(Dap + 9* 2) + nap(—Agp + 2(1- 9* ))

+O(”abAab))

—A
+ngp(1 _0 Aah)(ﬁ -
2

where Ay, = éah — GZb. By the proof of Theorem 1, we have

ahA ”abA
2Lk =231 <axb<k(opm + amary) T Op

Nap (eub eah)
Oap(1=62)

K log*? k
=)

= Zlfafbfk

which converges in distribution to the chi-square distribution with
k(k + 1)/2 degrees of freedom by the central limit theory. O

A.4. Proof of Corollary 3

Note that

max - éah |=

N pnk,/logk
160, op [ =2
l<a<b<k * n
By using the techniques developed in Wang and Bickel (2017), the proof
is similar to that of Theorem 2.

A.5. Proofs for Theorem 3

The idea for the proofs is to embed a k-block model in a larger model

by appropriately splitting the labels z*. Define vy = {z € [K']: there is

at most one nonzero entry in every row of R(z, z*)}. vy is obtained by

splitting of z* such that every block in z is always a subset of an existing

block in z*. It follows from the definition of vy there exists a surjective

function h : [k'] — [k] describing the block assignments in R(z, z*).
The following lemma will be used in the proof of Theorem 3.

Lemma 5. Suppose that A ~ Py« ,«. With probability tending to 1,

max sup logf(Alf,z) < anlogk’ + sup logf(Al6,z*
ze[K]" geoy 0Oy

2logntlogk

C
where0 <a <1 — Tog k' + nlog K

JOURNAL OF THE AMERICAN STATISTICAL ASSOCIATION

Proof. The proof is similar to that of Lemma 3. Note that in this
case G(R(z),0*) is maximized at any z € vy with the value

Zlfagbfkpaby(g:b)' Denote the optimal G* = Zlfagbgkpah)’w:b)
and

={z e [K1": GR(2),0%) — G* < —=8,},

for 8, — 0 slowly enough.
By Lemma 2,

| F(m(z)/n*, n(2)/n*) —
< CY1zazbek | Map(@/1?
= Op((logn/n)}/?),

G(R(2),0%) |
— (RO*RT(2))p |

since y is Lipschitz on any interval bounded away from 0 and 1.
For any zg € vy, it is easy to see

maxzelg7 SUPgc@, logf(Al6,2)
< log(ZzeI+ SUPge@, ,f(Al,2))

10g(Zz€I+ SUPgc@,, elogf(A10,2)y
< log(supg e, £ (A18, z0) (K’ — 1)eOp "o n/m'/) =1y
< log(supeeok f(Al6,2p))
= SUPpe@, logf(Al6, zo)
= SUPgeey Zlgugbfk Xj(u,v)fsh_l(a)xh_1 (b)

(myy log Ouy + (nuy — myy) 10g(1 —0uw)),

choosing 8, — 0 slowly enough such that 8,,/(log n/n)!/?

Let

Lgp = Z

(u,v)eh~1(a)xh~1(b)

+ A( Z Nyy

(u,v)eh~1(a)xh=1(b)

— OQ.

(myy 10g Ouy + (nyy — myy) 108(1 — Ouy)
— Ngp).

Let

b — log(1 — Ouy) + A = 0.

onyy

This implies that for (u,v) € h=L(a) x h=1(b), O,’s are all equal. Let
Ouy = 6,p,. Hence,
Z(u,v)ehfl(a)thl(h) (myy log 6y + (nyy — myy) log(1 — 0yy)
= mgp log Oy + (ngp — mgp) log(l — Oyp),
where mgy, = > wv)eh-1(a)xh-1(b) Muv and  ng =

2 (wv)eh=1(a) xh—1 (b) Nuv-
Thus,

maxzelgr SUPge@, logf(Al6,2)

< SUPgee, 2 1<a<b<k X(uv)eh~!(a)xh—! (b) Muv10gOuy
+(nyy — myy) log(1 — 6yy))
= SUPgcE, Zlgasbgk(mab log Oy, + (ngp —

= Supgep, logf(Al6,z*).

mgp) log(1 — 0,1))

Note that treating R(z) as a vector, {R(z)|z € vy} is a subset of the
union of some of the k' —k faces of the polyhedron Pg. For every z ¢ I;; ,
z ¢ vy, letz) besuchthatR(z) = MiNg(z).zpev, | R(2) —R(z0) Il2.
R(z) — R(z_ ) is perpendicular to the corresponding k’ — k face. This
orthogonality implies the directional derivative of G(-,0*) along the
direction of R(z) — R(z_ ) is bounded away from 0. That is,

dG((1 — €)R(z1) + €R(2),0™)
de

Ie:OJr <-C
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for some universal positive constant C. Similar to the proofin Lemma 3,

sup logf(Al6,2z) — sup logf(A|6,z1) < —Cmn,

06@1{’ Ge(~)k/
where | z—z) |=m.Forsome0 <o <1 — logk’ + W’We
have
MaX ot gy, SUPheo,, 108f(A10,2)
= log(zzﬂ(;; z¢vy SUPIeO, f(Al6,2)
= log(ZZEVk/ Sup9€®k/f(A|9,Z) Z:ln:l(k - l)mnmefc”m)

<log | vp | + maxzen, SUPge@, logf(Al6,z)
+log(X",_ (k — 1)"nMe=Crm)
<log | v | +maxzey,, SUpgco, logf(Al0,2) + log(nzke_cn)
< nlogk’ + maxzey,, SUPgco, logf(A|6,2) 4 2logn + logk — Cn
< anlogk’ + supyce, logf(Alf,z%)

O
Proof of Theorem 3. By Lemma 5 and Theorem 2,
maxze(kyr SUPyco,, log f(A|0,z) — logf(A|6*,z*)
<anlogk' + supgee, logf(Al0,z%) —logf(A|6*,z*)
1apBap—07,)* 3 log/? k

= omlog k/ + % Z]gagbgk eb;h(lh_g;kbb) + Op( 0,% )
=anlogk’ + Op(k? logk)

O

A.6. Proof of Corollary 4

Note that

— Bap 1= Op(

max

9*
1<a<b<k | Oat

pnk,/logk)
" .

By using the techniques developed in Wang and Bickel (2017), the proof
is similar to that of Theorem 3.

A.7. Proof of Theorem 4

Let

gn(k, A, A) = max sup logf(A|f,z) —
ze[k]" pe@y

(An logk +

k(k+1) )
5 logn |,

log f(A|6*,2*)
k(k+1) )
5 logn | .

P(K) > £(k) = P(gn(K'; 1, A) > gn(k, 1, A))
= P(hu(K', 1, A) > hyp(k, 1, A)))
< P(anlogk’ + supgcg, logf(Al0,2") — logf(A|6*,2*)
—(Anlogk’ + Mlogn} >
SUPye@, logf(Al0,z*)
—logf(A|0*,z*) — (Anlogk + @ log ).

and

hp(k, 2, A) = m[%( sup logf(Alf,z) —

0@y

- <Anlogk +

For k' > k, we have

By Theorem 3, for > > (a logk’)/(log kK’ —log k), the above probability
goes to zero.
Fork <k, by Theorem 2, we have
PU(K') > £(k)) = P(gn(K', 1, A) > gn(k, %, A))
= P(hn(k/> A A) > hy(k, A, A))
=P(hy (K, 1, A) > SUPgco, logf(A|0,2z*) — logf(A|6*,z*)
—(Anlogk + @ log n))
—logf(A|6%,2%)
@ log n)

= P(maxze[k}n SUPpe@, logf(Al6,2)
> A(nlogk’ — nlogk) + (w logn —
+supge@, logf(A|6,2z*) —logf(A|6*,z*))

= P(max e[y SUPgcp,, logf(Alf,z) — log f(A|6%,2*)
> A(nlogk’ — nlogk)

@ logn — k(k27+1) logn) + Op(k2 logk))

—log f(A|6%,2%)) — np

+(
= P(n~1 (max,eppyn SUPge@, logf(Al6, 2z)
> —np 4+ n~1(A(nlogk’ — nlogk)

+(k(k2+1) log k2 logk

— KEED Jog ny) + 0p(K08KY),

By Theorem 1, the above probability goes to zero by noticing that
2(logk’ — log k) goes to infinity at the rate of log k.

A.8. Proof of Corollary 5

The proof is similar to that of Theorem 4 and thus is omitted.

A.9. Proof of Theorem 5

By Taylor expansion, we have

2(max,e[k)n SUPge@, log f(A|0, w,z) — log f(A|0%, w,z*))
= 2(supge@, log f(A|0, w,z*) — log f(A|6*, w,z*))

6, 5
=2 Zl<a<b<k(mab log gi*b — 1ap(Oap — 9;;,))

% +h,—0* A
=231 <<k (Mapap log SO0 “z - ﬂab(Qab —6,))
=2 Zlfafbfk(nab(e;kb + Aab)( 9; 20*2) NapAgp
+O0(ngyA2)))
a A a
= 221<a<h<k(n bab nzbg*ab + O(l’labA b))
= Zl<a<b<k( 7 B + O(ng A3 )
n (9 o*
=2 i<a<b<k %(1 +0p(1))
= Op(k? logk)
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