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1 ; Abstract

19 Machine learning algorithms relying on deep neural networks recently allowed a great leap

20 forward in artificial intelligence. Despite the popularity of their applications, the efficiency of

21 these algorithms remains largely unexplained from a theoretical point of view./ The mathe-
matical description of learning problems involves very large collections of interacting random

22 variables, difficult to handle analytically as well as numerically. This complexity is precisely

23 the object of study of statistical physics. Its mission, originally peinted towards natural sys-

24 tems, is to understand how macroscopic behaviors arise fromnmicroscopic laws. Mean-field

25 methods are one type of approximation strategy developed in this view. We review a selection

26 of classical mean-field methods and recent progress relevant for inference in neural networks.

27 In particular, we remind the principles of derivations.of high-temperature expansions, the

28 replica method and message passing algorithms, highlighting their equivalences and comple-

29 mentarities. We also provide references for past and cutrrent dirgctions of research on neural

30 networks relying on mean-field methods.
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1 Introduction

With the continuous improvement of storage techniques, the amount jof availdble data is cur-
rently growing exponentially. While it is not humanly feasible to treatrall the data created,
machine learning, as a class of algorithms that allows to automaticallyrinfer structure in large
data sets, is one possible response. In particular, deep learning methods, based on neural
networks, have drastically improved performances in key fields‘of artificial intelligence such as
image processing, speech recognition or text mining. A good review. of the first successes of
this technology published in 2015 is [LBH15]. A few years laterjthe current state-of-the-art
of this very active line of research is difficult to envision, globally. However, the complexity of
deep neural networks remains an obstacle to the understanding of their great efficiency. Made
of many layers, each of which constituted of many neurens, themselves accompanied by a
collection of parameters, the set of variables describing completely a typical neural network is
impossible to only visualize. Instead, aggregated quantities must be considered to characterize
these models and hopefully help and explain the learning process. The first open challenge
is therefore to identify the relevant observables te focus on. Often enough, what seems inter-
esting is also what is hard to calculate. In the high=dimensional regime we need to consider,
exact analytical forms are unknown most of the time and numerical computations are ruled
out. , ways of approximation that{are simultaneously simple enough to be tractable and fine
enough to retain interesting features are highly needed.

In the context where dimensionality is an. issue, physicists have experimented that macro-
scopic behaviors are typically well described by the theoretical limit of infinitely large systems.
Under this thermodynamic limit, the statistical physics of disordered systems offers powerful
frameworks of approximation called mean-field theories. Interactions between physics and
neural network theory already have a long history as we will discuss in Section 6.1. Yet,
interconnections have been.re-heightened by the recent progress in deep learning, which also
brought new theoretical challenges:

Here, we wish to provide‘a concise methodological review of fundamental mean-field infer-
ence methods with theiriapplication to neural networks in mind. Our aim is also to provide
a unified presentation of the'different approximations allowing to understand how they relate
and differ. Readers'may also be interested in related review papers. Another methodological
review is [AL@13], particularly interested in applications to neurobiology. Methods presented
in the latter reference have a significant overlap with what will be covered in the following.
Some elemients of random matrix theory are there additionally introduced. The approxima-
tions andralgorithms which will be discussed here are also largely reviewed in [ZK16]. This
previous paper includes more details on spin glass theory, which originally motivated the devel-
opment of the classical mean-field methods, and particularly focuses on community detection
and-linear estimation. Despite the significant overlap and beyond their differing motivational
applications, the two previous references are also anterior to some recent exciting develop-
ments in mean-field inference covered in the present review, in particular extensions towards
multi-layer networks. An older, yet very interesting, reference is the workshop proceedings
[OSO1]ywhich collected both insightful introductory papers and research developments for the
applications of mean-field methods in machine learning. Finally, the recent [CCC™19] covers
more generally the connections between physical sciences and machine learning yet without
detailing the methodologies. This review provides a very good list of references where statis-
tical physics methods were used for learning theory, but also where machine learning helped
in turn physics research.
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Given the literature presented below is at the cross-roads of deep learning and disordered
systems physics, we include short introductions to the fundamental concepts of both domains.
These Sections 2 and 3 will help readers with one or the other background, but can be skipped
by experts. In Section 4, classical mean-field inference approximations are derived on neural
network examples. Section 5 covers some recent extensions of the classical methods that are
of particular interest for applications to neural networks. We review in Section 6 a selection
of important historical and current directions of research in neural networks leveraging mean-
field methods. As a conclusion, strengths, limitations and perspectives of mean-field methods
for neural networks are discussed in Section 7.

2 Machine learning with neural networks

Machine learning is traditionally divided into three classes of problems: supervised, unsuper-
vised and reinforcement learning. For all of them, the advent of deep learning techniques,
relying on deep neural networks, has brought great leaps forward in terms.of performance and
opened the way to new applications. Nevertheless, the utterly efficient machj@ry of these
algorithms remains full of theoretical puzzles. This Section provides fundamental concepts in
machine learning for the unfamiliar reader willing to approach the literature at the crossroads
of statistical physics and deep learning. We also take this Section as‘an oppeortunity to intro-
duce the current challenges in building a strong theoretical understanding of deep learning. A
comprehensive reference is [GBC16], while [MWD™ 18] offers a‘broad introduction to machine
learning specifically addressed to physicists.

2.1 Supervised learning

Learning under supervision Supervised learning aims at discovering systematic input
to output mappings from examples. Classification is aftypical supervised learning problem:
for instance, from a set of pictures of cats and dogs labelled jaccordingly, the goal is to find a
function able to predict in any new picture the,species ofithe displayed pet.

In practice, the training set is a collectiomof Prexample pairs D = {zw)ay(k)}f:l from an

input data space X C RY and an output dataispace ) C RM. Formally, they are assumed
to be i.i.d. samples from a joint diStribution p(z,y). The predictor h is chosen by a training
algorithm from a hypothesis class, a setrof funetions from X to ), so as to minimize the error
on the training set. This error is formalized.as the empirical risk

R(h,£,D) = " Uy gehly)). M
k=1

where the definition involvessaloss funetion ¢ : )) x ) — R measuring differences in the output
space. This learning objective nevertheless does not guarantee generalization, i.e. the ability
of the predictor h to be accurate on inputs z that are not in the training set. It is a surrogate
for the ideal, but unavailable, population risk

R(h,€) =Eay [l ()] = / dz dy plz, )y, h(z)), @)
X,y

expressed @s an expectation over the joint distribution p(z,y). The different choices of hy-
pothesis.classes 'and training algorithms yield the now crowded zoo of supervised learning
algorithms.

Representation ability of deep neural networks In the context of supervised learn-
ing, deep neural networks enter the picture in the quality of a parametrized hypothesis class.
Let us first quickly recall the simplest network, the perceptron, including only a single neu-
romy. It is formalized as a function from RY to J) C R applying an activation function f to a
weighted sum of its inputs shifted by a bias b € R,

§=huws(z) = f(w'z+b) (3)

where the weights are collected in the vector w € RY. From a practical standpoint, this very
simple model can only solve the classification of linearly separable groups (see Figure 1). Yet

2.1



2 Machine learning with neural networks

§ = signfwizy + wize + b ’I §=-1 S| i=y=-1 o .

Perceptron Decision boundary Linearly separable Impossible

Figure 1: Let’s assume we wish to classify data points z € R? with labels y = +1. Weichooseéras
an hypothesis class the perceptron sketched on the left with sign activation. For given weight vector
w and bias b the plane is divided by a decision boundary assigning labels. If the training data are
linearly separable, then it is possible to perfectly predict all the labels with the perceptron, otherwise
it is impossible.

from the point of view of learning theory, it has been the starting point of a-rich statistical
physics literature that will be discussed in Section 6.1.

Combining several neurons into networks defines more complex:funetions. The universal
approximation theorem [Cyb89, Hor91] proves that the following two-layer network architec-
ture can approximate any well-behaved function with a finite number of neurons,

M
§=he(z) =w® FWVz+0b) = ng2>f@$>Tg+ b, 0= {w® w® b} (4)
a=1

for f a bounded, non-constant, continuous scalar function, acting component-wise. In the
language of deep learning this network has one hidden layer of My units. Input weight vectors
ws € RN are collected in a weight matrix W™ e/RM*N " Here, and in the following,
the notation @ is used as short for the céllection of adjustable parameters. The universal
approximation theorem is a strong result in terms of representative power of neural networks
but it is not constructive. It does not quantify the size of the network, i.e. the number M
of hidden units, to approximate a given function, nor»does it prescribe how to obtain the
values of the parameters Qm,w(l) and, b for the optimal approximation. While building
an approximation theory is still ongeing (see'@g.) [CPEB19]). Practice, led by empirical
considerations, has nevertheless demonstrated the efficiency of neural networks.

In applications, neural networks with multiple hidden layers, deep neural networks, are
preferred. A generic neural network of depth L is the function

§=ho(z) = F P f@ VS W Dz 4 50) -+ 0 ETD) 45, (5)
GZ{E(D eRNszzA’{ﬁ) c RM cl=1---L}, (6)
where Ny = N is the dimension {of the input and Ny = M is the dimension of the output.

The architecture is fixed\by specifying the number of neurons, or width, of the hidden layers
{NV, f;ll. The latter can be denoted z(l) € R™ and follow the recursion

1Y = (VD 5 (7)
O = f(l(%(l-l) er(z)), l=2---L—1, (8)
GRS 1+ ). 9)

Fixing thefactivation functions and the architecture of a neural network defines an hypoth-
esis-class: It is_crucial that activations introduce non-linearities; the most common are the
hiyperbolic tangent tanh and the rectified linear unit defined as relu(z) = max(0,z). Note
that it is also possible to define stochastic neural networks by using noisy activation functions,
uncommon in supervised learning applications except at training time so as to encourage
generalization [PSDG 14, SHK ™ 14].

An originally proposed intuition for the advantage of depth is that it enables to treat
the information in a hierarchical manner; either looking at different scales in different layers,
orrlearning more and more abstract representations [BCV13]. Nevertheless, getting a clear
theoretical understanding why in practice ‘the deeper the better’ is still an ongoing direction
of research (see e.g. [Tell6, Danl7, SES19]).
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1 2.2  Unsupervised learning
2
3
4 Neural network training Given an architecture defining hg, the supervised learning
5 objective is to minimize the empirical risk R with respect to the parameters 6. This optimiza-
6 tion problem lives in the dimension of the number of parameters which can range from tens
7 to millions. The idea underlying the majority of training algorithms is to perform a gradient
8 descent (GD) starting at parameters drawn randomly from an initialization distribution:
9
10 bo ~ pa, (o) (10)
11 P
12 Ory1 < 64 —nVQ']%:@t —n%ZVGZ (y(k)7h9" (l’<k))> . (11)
13 k=1
14 The parameter 7 is the learning rate, controlling the size of the step in theldirection of
15 decreasing gradient per iteration. The computation of the gradients can be performediin time
16 scaling linearly with depth by applying the derivative chain-rule leading to the‘back-propagation
17 algorithm [GBC16]. A popular alternative to gradient descent is stochastic gradient{descent
18 (SGD) where the sum over the gradients for the entire training set is replaced by the sum over
19 a small number of samples, randomly selected at each step [Rob51, Bat10)]. ~
20 During the training iterations, one typically monitors the training error{(another name for
2 the empirical risk given a training data set) and the validation ernor. The latter corresponds
to the empirical risk computed on a set of points held-out from the training set; the validation
22 set, to assess the generalization ability of the model either along the training or in order to
23 select hyperparameters of training such as the value of the learning rate. A posteriori, the
24 performance of the model is judged from the generalization error, which is evaluated on the
25 never seen test set. While two different training algorithms (e.g. "GD vs SGD) may achieve
26 zero training error, they may differ in the level of genera@lization they typically reach.
27
28 Open questions and challenges Building ¢n the fundamental concepts presented in
29 the previous paragraphs, practitioners managed to bring deep learning to unanticipated per-
30 formances in the automatic processing of images, speech and text (see [LBH15] for a few years
31 old review). Still, many of the greatest successes in the field of neural network were obtained
32 using ingenious tricks while many fundamental theeretical questions remain unresolved.
33 Regarding the optimization first, (S)GD training generally discovers parameters close to
34 zero risk. Yet, gradient descent isguaranteed to converge to the neighborhood of a global
35 minimum only for a convex function and is otherwise expected to get stuck in a local min-
imum. Therefore, the efficiency of gradient-based optimization is a priori a paradox given
36 the empirical risk R is non‘convex in the parameters 6. Second, the generalization ability
37 of deep neural networks trainedyby (S)GD is still poorly understood. The size of training
38 data sets is limited by the costrof labelling by humans, experts or heavy computations. Thus
39 training a deep and wide network amounts in practice to fitting a model of millions of degrees
40 of freedom against a somehow relatively small amount of data points. Nevertheless it does
41 not systematically lead o owvesfittingd/ The resulting neural networks can have surprisingly
42 good predictions both/on inputs seen during training and on new inputs [ZBH"17]. Results
43 in the literature that relate the size and architecture of a network to a measure of its abil-
44 ity to generalizérare too far from realistic settings to guide choices of practitioners. On the
45 one hand, traditional bounds in statistics, considering worst cases, appear overly pessimistic
[Vap00, BM02SSBD145.A AIKKZ19]. On the other hand, historical statistical physics analyses
46 of learning, briefly reviewed in Section 6.1, only concern simple architectures and synthetic
47 data. Thigylack of theory results in potentially important waste: in terms of time lost by
48 engineers_in trial and error to optimize their solution, and in terms of electrical resources used
49 to train and re-train possibly oversized networks while storing potentially unnecessarily large
50 training data sets.
51 The success of deep learning, beyond these apparent theoretical puzzles, certainly lies in
52 thie interplaypof advantageous properties of training algorithms, the neural network hypothesis
53 class and gtructures in typical data (e.g. real images, conversations). Disentangling the role
54 of\the different ingredients is a very active line of research (see [VBGS17] for a review).
55
56 2.2 Unsupervised learning
57
58 Density estimation and generative modelling The goal of unsupervised learning
59 is to directly extract structure from data. Compared to the supel}*}vised learning setting, the
60 training data set is made of a set of example inputs D = {g(k)}kzl without corresponding
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2 Machine learning with neural networks

outputs. A simple example of unsupervised learning is clustering, consisting in the discovery
of unlabelled subgroups in the training data. Most unsupervised learning algorithms either
implicitly or explicitly adopt a probabilistic viewpoint and implement density estimation. The
idea is to approximate the true density p(z) from which the training data was sampled by the
closest (in various senses) element among a family of parametrized distributions over the input
space {pq(.), 0 € RNe }. The selected pg is then a model of the data. If the model py is easy/to
sample, it can be used to generate new inputs comparable to the training data points - which
leads to the terminology of generative models. In this context, unsupervised deep learning
exploits the representational power of deep neural networks to create sophisticated candidate
Po-

A common formalization of the learning objective is to maximize the likelihood, defined
as the probability of i.i.d. draws from the model pg to have generated the training data
D= {g(k)}le, or equivalently its logarithm,

P

P
max Hpg(g(k)) = max Zlogpg(g(k)). (12)
k=1 k=1 ~

The second logarithmic additive formulation is generally preferred.” It'can be interpreted
as the minimization of the Kullback-Leibler divergence between the,empirical distribution
po(z) = ka=1 8(z — z(4))/ P and the model py:

pp(2)

po(z)

P
1 13
0 max kz:l 08 po (L (k)) » (13)

min KL (po|[ps) = min / dz po(z)log

although considering the divergence with the discrete empirical measure is slightly abusive.
The detail of the optimization algorithm here depends on ‘the specification of pg. As we will
see, the likelihood in itself is often intractable and learning consists in a gradient ascent on at
best a lower bound, otherwise an approximation, of the likelihood.

A few years ago, an alternative strategyscalled adversarial training was introduced by

[GPAM™ 14]. Here an additional trainable model called the discriminator, for instance parametrized

by ¢ and denoted dg(-), computes the probability for'points in the input space X of belonging
to the training set D rather than being generated by the model pg(-). The parameters 6 and
¢ are trained simultaneously such that, the,generator learns to fool the discriminator and
the discriminator learns not to be foolediby the generator. The optimization problem usually
considered is

mein mgxIED [log(dcb(g))] + Ep, [log(l - d¢(§))] , (14)

where the sum of the expected log-probabilities according to the discriminator for examples
in D to be drawn from D. and\examples generated by the model not to be drawn from D is
maximized with respect to ¢ and minimized with respect to 6.

In the following, we present two classes of generative models based on neural networks.

Deep Generative Models A deep generative models defines a density py obtained by
propagating a simple distribution through a deep neural network. It can be formalized by
introducing aflatentyvariable z € RY and a deep neural network hgy similar to (5) of input
dimension N. The generative process is then

z ~pz(2) (15)
& ~ pelz|2)-= Pout(z|ho(2)), (16)

where p. s typically a factorized distribution on R easy to sample (e.g. a standard normal
distribution), and pout (.|he(z)) is for instance a multivariate Gaussian distribution with mean
and covariance that are functions of hg(z). The motivation to consider this class of models for
joint distributions is three-fold. First the class is highly expressive. Second, it follows from
the intuition that data sets leave on low dimensional manifolds, which here can be spaned
by varying the latent representation z usually much smaller than the input space dimension
(for further intuition see also the reconstruction objective of the first autoencoders, see e.g.
Chapter 14 of [GBC16]). Third, yet perhaps more importantly, the class can be optimized
over easily using back-propagation, unlike the Restricted Boltzmann Machines presented in the
next paragraph largely replaced by deep generative models. There are two main types of deep
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1 2.2  Unsupervised learning
2

3

4 generative models. Generative Adversarial Networks (GAN) [GPAM™14] trained following the
5 adversarial objective mentioned above, and Variational AutoEncoders (VAE) [KW14, RMW14]
6 trained to maximize a likelihood lower-bound.

7

8 Variational AutoEncoders The computation of the likelihood of one training sample
9 Z () for a deep generative model (15)-(16) requires then the marginalization over the latent
10 variable z,

11

b w2 = [ dz pslelhof@)p- ) (17)

This multidimensional integral cannot be performed analytically in the general case. It is also

14 hard to evaluate numerically as it does not factorize over the dimensions of z which are mixed
15 by the neural network hgy. Yet a lower bound on the log-likelihood can be defined-byintroducing
16 a tractable conditional distribution g(z|z) that will play the role of an appfoximation of the
17 intractable posterior distribution pe(z|z) implicitly defined by the model:
18
19 log po(z) > /dz q(zlz) [~ log a(z|z) + logpe(z, )] = LB(g,0, z): ~ (18)
;? Maximum likelihood learning is then approached by the maximization of the dower bound
LB(q, 0, z), which requires in practice to parametrize the tractable posteriorsg’= ¢4, typically
22 with a neural network. Using the so-called re-parametrization trick [KWi4, RMW14], the
23 gradients of LB(gg, 0, z) with respect to 6 and ¢ can be approximated by a Monte Carlo, so
24 that the likelihood lower bound can be optimized by gradientrascent.
25
26 Generative Adversarial Networks The prificiple of adversarial training was de-
27 signed directly for a deep generative model [GPAM44]." Wsing a deep neural network to
28 parametrize the discriminator dy(-) as well as the/generator pg(;), it leads to a remarkable
29 quality of produced samples and is now one of the most studied generative model.
30
31 Restricted Boltzmann Machines ‘Models described’in the preceding paragraphs com-
32 prised only feed forward neural networks. In feed forward neural networks, the state or value
33 of successive layers is determined following the recursion (7)-(9), in one pass from inputs to
outputs. Boltzmann machines instead. involve undirected neural networks which consist of
34 stochastic neurons with symmetric interactionssThe probability law associated with a neuron
35 state is a function of neighboring neuronsythemselves reciprocally function of the first neuron.
36 Sampling a configuration therefore requires an. equilibration in the place of a simple forward
37 pass.
38 A Restricted Boltzmann Machine (RBM) [AHS85, Smo86] with M hidden neurons in prac-
39 tice defines a joint distribution over am input (or visible) layer z € {0, l}N and a hidden layer
40 t € {07 1}]\/17
2 i) = e g w0, (19)
43 where Z is the normalization factor, similar to the partition function of statistical physics.
44 The parametric dénsity modelsover inputs is then the marginal py(z) = Ete{o,l}M po(z, ).
45 Although seemingly Very similar to pairwise Ising models, the introduction of hidden units
46 provides a greater representative power to RBMs as hidden units can mediate interactions
47 between arbitrary groups of input units. Furthermore, they can be generalized to Deep Boltz-
48 mann Machines (DBMs) [SH09], where several hidden layers are stacked on top of each other.
49 Identically to,VAEs, RBMs can represent sophisticated distributions at the cost of an
intractable likelihoods, Indeed the summation over 2+ terms in the partition function cannot
30 be simplified by an analytical trick and is only realistically doable for small models. RBMs are
51 commonly trained through a gradient ascent of the likelihood using approximated gradients.
52 As exact Monte Carlo evaluation is a costly operation that would need to be repeated at each
53 parameter update in the gradient ascent, several more or less sophisticated approximations are
54 preferred: /contrastive divergence (CD) [Hin02], its persistent variant (PCD) [Tie08] or even
55 parallel' tempering [DCB* 10, CRI10].
56 RBMs were the first effective generative models using neural networks. They found ap-
57 plications in various domains including dimensionality reduction [HS06], classification [L.LBOS],
58 collaborative filtering [SMHO07], feature learning [CNL11], and topic modeling [HS09]. Used
59 for an unsupervised pre-training of deep neural networks layer by layer [HOT06, BLPLO7],
60 they also played a crucial role in the take-off of supervised deep learning.
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8 Statistical inference and the statistical physics approach

Open questions and challenges Generative models involving neural networks such as
VAE, GANs and RBMs have great expressive powers at the cost of not being amenable to exact
treatment. Their training, and sometimes even their sampling requires approximations. From.
a practical standpoint, whether these approximations can be either made more accurate or less
costly is an open direction of research. Another important related question is the evaluation
of the performance of generative models [SBL™18]. To start with the objective function/of
training is very often itself intractable (e.g. the likelihood of a VAE or a RBM), and beyond
this objective, the unsupervised setting does not define a priori a test task for the performance
of the model. Additionally, unsupervised deep learning inherits some of the theoretical puzzles
already discussed in the supervised learning section. In particular, assessing the difficulty to
represent a distribution and select a sufficient minimal model and/or training data set isan
ongoing effort of research.

3 Statistical inference and the statistical physics approach

To tackle the open questions and challenges surrounding neural networks mentiOQd in the pre-
vious Section, we need to manipulate high-dimensional probability distributions. The generic
concept of statistical inference refers to the extraction of useful information from these com-
plicated objects. Statistical physics, with its probabilistic interpretation of.natural systems
composed of many elementary components, is naturally interested in similar questions. We
provide in this section a few concrete examples of inference questions arising in neural networks
and explicit how statistical physics enters the picture. In particular;the theory of disordered
systems appears here especially relevant.

3.1 Statistical inference

L
3.1.1 Some inference questions in neural networks for machine learning

Inference in generative models Generative modelsased for unsupervised learning are
statistical models defining high-dimensional distributions with complex dependencies. As we
have seen in Section 2.2, the most common training ebjective in unsupervised learning is the
maximization of the log-likelihood, d.e. the log of the probability assigned by the generative
model to the training set {l(k)}kpzl. Computing the probability of observing a given sample
Ty is an inference question. It requires'to marginalize over all the hidden representations of
the problem. For instance in the RBM (19),

1 T TitnT
p9(£<k)) — E Z eﬂ ﬁ(k)er £+7(,€)¥4 (20)
te{0,1}M

While the numerator will-be easy. to evaluate, the partition function has no analytical expres-
sion and its exact evalyation requires to sum over all possible states of the network.

Learning as statistical inference: Bayesian inference and the teacher-student
scenario The practical problem of training neural networks from data as introduced in
Section 2 is not-in.general interpreted as inference. To do so, one needs to treat the learnable
parameters as random variables, which is the case in Bayesian learning. For instance in
supervised gdearning, an \underlying prior distribution py(0) for the weights and biases of a
neural networky(5)-(6) is assumed, so that Bayes rule defines a posterior distribution given the
training data D,
p(D|6)pa(6)

o) = HETE (21)
Compared to the single output of risk minimization, we obtain an entire distribution for the
learned parameters 6, which takes into account not only the training data but also some
knowlédge on the structure of the parameters (e.g. sparsity) through the prior. In practice,
Bayesian learning and traditional empirical risk minimization may not be so different. On the
one hand, the Bayesian posterior distribution is often summarized by a point estimate such as
its maximum. On the other hand risk minimization is often biased towards desired properties
of the weights through regularization techniques (e.g. promoting small norm) recalling the
role of the Bayesian prior.
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1 8.2 Statistical physics of disordered systems, first appearance on stage
2
3
4 However, from a theoretical point of view, Bayesian learning is of particular interest in the
5 teacher-student scenario. The idea here is to consider a toy model of the learning problem
6 where parameters are effectively drawn from a prior distribution. Let us use as an illus-
7 tration the case of the supervised learning of the perceptron model (3). We draw a weight
8 vector w,, from a prior distribution py(-), along with a set of P inputs {g(k)}kpzl i.i.d from
9 a data distribution p,(-). Using this teacher perceptron model we also draw a set of possibly
10 noisy corresponding outputs y) from a teacher conditional probability p(. |w0 x(k)) Erom
11 the training set of the P pairs D = {g<k)7y(k)} one can attempt to rediscover the teacher
12 rule by training a student perceptron model. The problem can equivalently be phrased as a
13 reconstruction inference question: can we recover the value of w, from the observations in, D7
14 The Bayesian framework yields a posterior distribution of solutions
15
16 p(w|D) = Hp Yoy lw" 24 )P (w) / Hp Y12 (x))- (22)
17
18 Note that the terminology of teacher-student applies for a generic inference problem of
19 reconstruction: the statistical model used to generate the data along with the realization
20 of the unknown signal is called the teacher; the statistical model assumed to perform the
21 reconstruction of the signal is called the student. When the two, models are'identical or
matched, the inference is Bayes optimal. When the teacher model is not,perfectly known, the
;g statistical models can also be different (from slightly differing, prior distributions to entirely

different models), in which case they are said to be mismatched; and the reconstruction is
24 suboptimal.

25 Of course in practical machine learning applications of meural metworks, one has only access
26 to an empirical distribution of the data and it is unclear whether there should exist a formal rule
27 underlying the input-output mapping. Yet the teacher-student setting is a modelling strategy
28 of learning which offers interesting possibilities offanalysis and we shall refer to numerous
29 works resorting to the setup in Section 6.

30

31 3.1.2 Answering inference questions

32 Many inference questions in the line of the ones mentioned in the previous Section have no
33 tractable exact solution. When there exists no analytical closed-form, computations of averages
34 and marginals require summing over configurations. Their number typically scales exponen-
35 tially with the size of the system, themybecoming astronomically large for high-dimensional
36 models. Hence it is necessary to design approximate inference strategies. They may require an
37 algorithmic implementation‘but must run in finite (typically polynomial) time. An important
38 cross-fertilization between statistical physics and information sciences have taken place over

the past decades around the questions,of inference. Two major classes of such algorithms are

39 Monte Carlo Markov Chains (MCMC), and mean-field methods. The former is nicely reviewed
40 in the context of statistical.physics in [Kra06]. The latter will be the focus of this short review,
41 in the context of deep léarning.
42 Note that representations of joint probability distributions through probabilistic graph-
43 ical models and factor graphs are crucial tools to design efficient inference strategies. In
44 Appendix B, we quickly introduce for the unfamiliar reader these two formalisms that en-
45 able to encode and exploit independencies between random variables. As examples, Figure 2
46 presents graplical representations of the RBM measure (19) and the posterior distribution in
47 the Bayesian learning of the perceptron as discussed in the previous Section.
48
49 3.2 Statistical physics of disordered systems, first appearance
50 on stage
g; Here we re-introduce briefly fundamental concepts of statistical physics that will help to un-
53 derstand cennections with inference and the origin of the methods presented in what follows.
>4 The thermodynamic limit The equilibrium statistics of classical physical systems are
55 described by the Boltzmann distribution. For a system with N degrees of freedom noted
56 2z € &Y and an energy functional E(z), we have
g; e BE() 5

pa)="—%—, Zv= ) " p=1/ksT, (23)
59 N weAN
60 a
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8 Statistical inference and the statistical physics approach

_pf(zl) ) pe(ta)
Vi=1---N Ya=1---M

p(z,t) Yia(Tis ta) @

p(, ylwy)

(a) Restricted Boltzmann Machine (b) Perceptron teacher and student.

Figure 2: (a) Undirected probabilistic graphical model (left) and factor graph representation (right).
(b) Left: Directed graphical model of the generative model for the training data kfiowing the teacher
weight vector w,. Right: Factor graph representation of the posterior distribution for the\student
p(w| X, y), where the vector y € R gathers the outputs Y(x) and the matrix X & RNXP gathers the
inputs gy

~

where we defined the partition function Zy and the inverse temperature 5. To characterize
the macroscopic state of the system, an important functional is the free energy

1 —BE(z
Fy =—log Zn/B = - log > e e, (24)

zexN

While the number of available configurations X grows@xponentially with N, considering the
thermodynamic limit N — oo typically simplifies computations due to concentrations. Let
en = E/N be the energy per degree of freedom, thé partition fugction can be re-written as a
sum over the configurations of a given energy en

Zy = Z e—NﬂfN(eN)7 (25)

eN

where we define fn(en) the free energy density of statés of energy en. This rewriting implies
that at large N the states of energy minimizing the free energy are exponentially more likely
than any other states. Provided the following limits exist, the statistics of the system are
dominated by the former states and we have the thermodynamic quantities
Z= lim Zy=e¢ " and f = lim Fnx/N. (26)
N —o0 N —o0

The interested reader will also find a‘more detailed yet friendly presentation of the thermody-
namic limit in Section 2.4 of [MMO09].

Disordered systems Remarkably, the statistical physics framework can be applied to
inhomogeneous systems . with quenched disorder. In these systems, interactions are functions
of the realization of some random variables. An iconic example is the Sherrington-Kirkpatrick
(SK) model [SK75],a fully connected Ising model with random Gaussian couplings J = (J;5),
that is where the.J;; are.drawn independently from a Gaussian distribution. As a result, the
energy functional of disordered systems is itself function of the random variables. For instance
here, the energy of a spin configuration z is then E(z;J) = —%g—rﬂ. In principle, system
properties depend on a given realization of the disorder. In our example, the correlation
between two spins @iz ;) certainly does. Yet some aggregated properties are expected to be
self-averaging in ghe thermodynamic limit, meaning that they concentrate on their mean with
respect to‘the disorder as the fluctuations are averaged out. It is the case for the free energy.
As'a resultyheré it formally verifies:

lim FN;J/N = lim ]EJ[FN;J/N] = f (27)

N—o0 — N—oco = -

(seee.gi [MPV86, CCEFMO5] for discussions of self-averaging in spin glasses). Thus the typical
behavior of complex systems is studied in the statistical physics framework by taking two
important conceptual steps: averaging over the realizations of the disorder and considering
the thermodynamic limit. These are starting points to design approximate inference methods.
Before turning to an introduction to mean-field approximations, we stress the originality of
the statistical physics approach to inference.

10

Page 10 of 64



Page 11 of 64

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-112869.R1

Statistical physics of inference problems Statistical inference questions are mapped
to statistical physics systems by interpreting general joint probability distributions as Boltz-
mann distributions (23). Turning back to our simple examples of Section 3.1, the RBM is
trivially mapped as it directly borrows its definition from statistical physics. We have

Bz, tW)=—-a'z—b't—z' Wt. (28)
The inverse temperature parameter can either be considered equal to 1 or as a scaling factor
of the weight matrix W < BW and bias vectors a < fa and b <— $b. The RBM parameters
play the role of the disorder. Here the computational hardness in estimating the log-likelihood
comes from the estimation of the log-partition function, which is precisely the free energy.
In our second example, the estimation of the student perceptron weight vector,he posterior
distribution is mapped to a Boltzmann distribution by setting

E(w;y, X) = —logp(ylw" X)puw(w). (29)

The disorder is here materialized by the training data. The difficulty is her{to compute
p(y|X) which is again the partition function in the Boltzmann distribution shapping. Relying
on the thermodynamic limit, mean-field methods will provide asymptoticresults. Nevertheless,
experience shows that the behavior of large finite-size systems are often well explained by the
infinite-size limits.

Also, the application of mean-field inference requires assumptions about the distribution
of the disorder which is averaged over. Practical algorithmsfor arbitrary cases can be derived
with ad-hoc assumptions, but studying a precise toy statistical model can also bring interesting
insights. The simplest model in most cases is to considermuncorrelated disorder: in the example
of the perceptron this corresponds to random input data points with arbitrary random labels.
Yet, the teacher-student scenario offers many advantages with little more difficulty. It allows
to create data sets with structure (the underlying teacher ruleﬁ It also allows to formalize
an analysis of the difficulty of a learning problem ‘and of the performance in the resolution.
Intuitively, the definition of a ground-truth teacher rule with a fixed number of degrees of
freedom sets the minimum information necessaryto extract from the observations, or training
data, in order to achieve perfect reconstruction. This.is an information-theoretic limit.

Furthermore, the assumption of.an underlying statistical model enables the measurement
of performance of different learning algorithms over the class of corresponding problems from
an average viewpoint. This is in contrastywith the traditional approach of computer science in
studying the difficulty of a class of problem based on the worst case. This conservative strategy
yields strong guarantees of ‘suecess, yet it may be overly pessimistic compared to the expe-
rience of practitioners. Considering a distribution over the possible problems (a.k.a different
realizations of the disorder), the average performances are sometimes more informative of typ-
ical instances rather than waorst ones. For deep learning, this approach may prove particularly
interesting as the traditional bounds, based on the VC-dimension [Vap00] and Rademacher
complexity [BM02, SSBD14], appear extremely loose when compared to practical examples.

Finally, we must emphasize that derivations presented here are not mathematically rig-
orous. They are based om ‘correct’ assumptions allowing to push further the understanding
of the problems at hand, while a formal proof of the assumptions is possibly much harder to
obtain.

4. Selected overview of mean-field treatments:
Free energies and algorithms

Mean-fielddmethods are a set of techniques enabling to approximate marginalized quantities of
joint.probability/ distributions by exploiting knowledge on the dependencies between random
variables. They are usually said to be analytical - as opposed to numerical Monte Carlo
methods. {In practice they usually replace a summation exponentially large in the size of the
system by/an analytical formula involving a set of parameters, themselves solution of a closed
set of mon-linear equations. Finding the values of these parameters typically requires only a
polynomial number of operations.

In this Section, we will give a selected overview of mean-field methods as they were intro-
duced in the statistical physics and/or signal processing literature. A key take away of what
follows is that closely related results can be obtained from different heuristics of derivation.
We will start by deriving the simplest and historically first mean-field method. We will then

11
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introduce the important broad techniques that are high-temperature expansions, message-
passing algorithms and the replica method. In the following Section 5 we will additionally
cover the most recent extensions of mean-field methods presented in the present Section 4
that are relevant to study learning problems.

4.1 Naive mean-field

The naive mean-field method is the first and somehow simplest mean-field approximation. It
was introduced by the physicists Curie [Cur95] and Weiss [Wei07] and then adopted,by the
different communities interested in inference [WJ08].

4.1.1 Variational derivation

The naive mean-field method consists in approximating the joint probability distribution» of
interest by a fully factorized distribution. Therefore, it ignores correlations between random
variables. Among multiple methods of derivation, we present here thesvariational method:
it is the best known method across fields and it readily shows that, for anysjoint probabil-
ity distribution interpreted as a Boltzmann distribution, the rather|crude naive mean-field
approximation yields an upper bound on the free energy. For the{purpose of demonstration
we consider a Boltzmann machine without hidden units (Ising model) with/variables (spins)
z=(x1,---,zn5) € X = {0,1}", and energy function

N
B(z) ==Y bwi—» Wiz, =-bz—
=1

(i5)

' W, beR”, W eRVY,  (30)

N =

where the notation (ij) stands for pairs of connected(spin-variables, and the weight matrix W
is symmetric. The choices for {0, 1} rather than {1, +1}for the®ariable values, the notations
W for weights (instead of couplings), b for biases (imstead of local fields), as well as the vector
notation, are leaning towards the machingllearning conventions. We denote by ¢ a fully
factorized distribution on {0, 1}N , which is‘@ multivariate Bernoulli distribution parametrized
by the mean values m = (ma,--- ,mn) € [0,1)" of the marginals (denoted by ¢m,):

N

(@) = [ [ ami () = [ [ ri0Ca— 1Y@ = m)5(:). (31)

i=1

We look for the optimal g, distribution to approximate the Boltzmann distribution p(z) =
e PE@ /Z by minimizing the II-divergence

. . 2 oy I (@)
min KL (g [p) = mi ;qﬂg log =5 (32)
= wmin Z dm(z) log gm(z) + B Z gm(z)E(z) + log 2 (33)
= min 3G(gn) — BF >0, (34)

w3

where the last inequality comes from the positivity of the KL-divergence. For a generic dis-
tribution ¢, G(q) is the Gibbs free energy for the energy E(z),

Gla) = L al@)B(z) + % > al@)logq(e) = Ul) — H(a)/B = F, (35)

zeX TzEX

involving the average energy U(q) and the entropy H(q). It is greater than the true free
energy F{except when ¢ = p, in which case they are equal. Note that this fact also means
that the Boltzmann distribution minimizes the Gibbs free energy. Restricting to factorized
¢m distributions, we obtain the naive mean-field approximations for the mean value of the
variables (or magnetizations) and the free energy:

m" = argmin G(gm) = (T)q,,,- » (36)
Favr = G(gm~) > F. (37)

12
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1 4.2 Thouless Anderson and Palmer equations
2
3
4 The choice of a very simple family of distributions ¢, limits the quality of the approximation
5 but allows for tractable computations of observables, for instance the two-spins correlations
6 (zizj)q+ = mim} or variance of one spin (z7)q+ — (Ti)ox = m} — my2.
7 In our example of the Boltzmann machine, it is easy to compute the Gibbs free energy for
8 the factorized ansatz, we define functions of the magnetization vector:
? o1t
10 Unmr(m) = (E(x))q,, = —b m — Zm Wm, (38)
11 N
1; Hywmr(m) = —(log gm (2)) g = — Zmi logm; + (1 —m;)log(l —m;), (39)
1 i=1
1‘5‘ Grur(m) = G(gm) = Unmr(m) — Hamr(m) /6. (40)
16 Looking for stationary points we find a closed set of non linear equations forthe m;,
17 OGNMF -0 = m :U(,Bb‘-FZﬁW"mf) VYi=1---N (41)
18 om. ) i i i M )
19 m JEDI ~
20 where o(z) = (1+e~*)~!. The solutions can be computed by iterating these relations from a
21 random initialization until a fixed point is reached.
22 To understand the implication of the restriction to factorized distributions, it is instructive
23 to compare this naive mean-field equation with the exact identity
24
25 (@i)p = (o (Bbi+ > BWisz;))p (42)
26 jedi
27 derived in a few lines in Appendix C. Under the Boltzmann distribution p(z) = e AP@ /Z,
28 these averages are difficult to compute. The naive mean-field. method is neglecting the fluc-
29 tuations of the effective field felt by the variable z;: Ej ch; Wijz;, keeping only its mean
2(1) Zjeai Wi;myj. This incidentally justifies thexname of mean-field methods.
gg 4.1.2 When does naive mean-field hold true?
34 The previous derivation shows that theémaive mean-field approximation allows to bound the
35 free energy. While this bound is expected to be rough in general, the approximation is reliable
36 when the fluctuations of the local effective fields Zj co; Wijz; are small. This may happen in
37 particular in the thermodynamic limit N — oovin infinite range models, that is when weights

or couplings are not only local butidistributed in the entire system, or if each variable interacts
38 directly with a non-vanishing'fraction of the whole set of variables (e.g. [OSO01] Section 2).
39 The influence on one given variable of thewest of the system can then be treated as an average
40 background. Provided the couplings are weak enough, the naive mean-field method may even
41 become asymptotically, exact.\‘ hiswis the case of the Curie- Weiss model, which is the fully
42 connected version of the model (80) with all W;; = 1/N (see e.g. Section 2.5.2 of [MMO09]).
43 The sum of weakly dependent variables then concentrates on its mean by the central limit
44 theorem. We stress that it means that for finite dimensional models (more representative of a
45 physical system,‘where for instance variables are assumed to be attached to the vertices of a
46 lattice with nearestineighbors interactions), mean-field methods are expected to be quite poor.
47 By contrast,/infinite range models (interpreted as infinite-dimensional models by physicists)
48 are thus traditionally called mean-field models.

In thermext Section we will recover the naive mean-field equations through a different

49 method. The following derivation will also allow to compute corrections to the rather crude
g (1) approximation we just discussed by taking into account some of the correlations it neglects.
52 .
53 4.2 Thouless Anderson and Palmer equations
54 The TAP mean-field equations [TAP77, MH76] were originally derived as an exact mean-field
55 theory for the Sherrington-Kirkpatrick (SK) model [SK75]. The emblematic spin glass SK
56 model we already mentioned corresponds to a fully connected Ising model with energy (30)
57 and /disordered couplings W;; drawn independently from a Gaussian distribution with zero
58 mean and variance Wy /N. The derivation of [TAP77] followed from arguments specific to
59 the SK model. Later, it was shown that the same approximation could be recovered from
60 a second order Taylor expansion at high temperature by Plefka [Ple82] and that it could be

13
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further corrected by the systematic computation of higher orders by Georges and Yedidia
[GY99]. We will briefly present this last derivation, having again in mind the example of the
generic Boltzmann machine (30).

4.2.1 Outline of the derivation

Going back to the variational formulation (34), we shall now perform a minimization in_two
steps. Consider first the family of distributions g, enforcing (z)4, = m for a fixed vector
of magnetizations m, but without any factorization constraint. The corresponding Gibbs free
energy is

G(am) = U(gm) — H(qm)/B- (43)

A first minimization at fixed m over the ¢, defines another auxiliary free energy

Grap(m) = min G(gm). (44)

am

~
A second minimization over m would recover the overall unconstrained minimum of the vari-
ational problem (34) which is the exact free energy

F = —log Z/8 = min Grap(m). (45)

Yet the actual value of Grap(m) turns out as complicated torecompute.as F itself. Fortunately,
BGrap(m) can be easily approximated by a Taylor expansion around 3 = 0 due to interactions
vanishing at high temperature, as noticed by Plefka, Georges and Yedidia [Ple82, GY99]. After
expanding, the minimization over Grap(m) yields a_set of,self consistent equations on the
magnetizations m, called the TAP equations, reminiscentrof the naive mean-field equations
(41). Here again, the consistency equations are typically solvec?by iterations. Plugging the
solutions m™ back into the expanded expression yields the TAP free energy Frap = Grap(m™).
Note that ultimately the approximation liés in the truncation of the expansion. At first order
the naive mean-field approximation is recovered. Historically, the expansion was first stopped
at the second order. This choice was model dependent, it results from the fact that the mean-
field theory is already exact at the second order for the SK model [MHT76, TAP77, Ple82].

4.2.2 Illustration on binary Beltzmann machines and important remarks

For the Boltzmann machine{(30), the TAP equations and TAP free energy (truncated at second
order) are [TAP77],

* * * 1 * * .
JEOL
N
BGrar(m’) = —Hxur(m) — B bimi — B8y miWym; (47)
i=1 (ig)

ﬁQ * *2 * *2
- E Wi (mi —mi*)(m) —m;?),
(i)

where themaiveimeansfield entropy Hxmr was defined in (39). For this model, albeit with
{+1, A1} variables instead of {0, 1}, several references pedagogically present the details of the
derivation sketched in the previous paragraph. The interested reader should check in particular
[OS01,Zam10]. We also present a more general derivation in Appendix D, see Section 4.2.3.

Onsager reaction term Compared to the naive mean-field approximation the TAP
equations /include a correction to the effective field called the Onsager reaction term. The
idea‘is that, in the effective field at variable ¢, we should consider corrected magnetizations of
neighboring spins j € 94, that would correspond to the absence of variable ¢. This intuition
echoes at two other derivations of the TAP approximation: the cavity method [MPV86] that
will not be covered here and the message passing which will be discussed in the next Section.

As far as the SK model is concerned, this second order correction is enough in the ther-
modynamic limit as the statistics of the weights imply that higher orders will typically be

14
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1 4.2 Thouless Anderson and Palmer equations

2

3

4 subleading. Yet in general, the correct TAP equations for a given model will depend on the

5 statistics of interactions and there is no guarantee that there exists a finite order of truncation

6 leading to an exact mean-field theory. In Section 5.2 we will discuss models beyond SK where

7 a conjectured exact TAP approximation can be derived.

8

9 Single instance Although the selection of the correct TAP approximation relies on the

10 statistics of the weights, the derivation of the expansion outlined above does not require to

11 average over them, i.e. it does not require an average over the disorder. Consequently, the

12 approximation method is well defined for a single instance of the random disordered. model

13 and the TAP free energy and magnetizations can be computed for a given (realization, of

14 the) set of weights {Wi;} ;) as explained in the following paragraph. In other words, it

15 means that the approximation can be used to design practical inference algorithmsiin finite-
sized problems and not only for theoretical predictions on average over the.disordered, class

16 of models. Crucially, these algorithms may provide approximations of disorder-dependént

:; observables, such as correlations, and not only of self averaging quantities.

19 Finding solutions The self-consistent equations on the magnetizationg(46) are usually

20 solved by turning them into an iteration scheme and looking for fixedwpoints. This generic

21 recipe leaves nonetheless room for interpretation: which exact form should be_iterated? How

22 should the updates for the different equations be scheduled? Which timesindexing should be

23 used? While the following scheme may seem natural

24

25 (t+1) ) 2 O @) (t)2

2% m; o | Bbi+ ZﬁWijmj - Wi (mj ] 2) (mi —m; ) ; (48)

27 jeoi

28 it typically has more convergence issues than the following alteglative scheme including the

29 time index ¢ — 1

30

:; m; T o | B + Z BWigm; " < W5 (mj(t) - ;) (mi(t_l) - mi(t_1)2) - (49)

33 jeoi

34 This issue was discussed in particular inifiab03, Bol14]. Remarkably, this last scheme, or

35 algorithm, is actually the one obtained by the approximate message passing derivation that

36 will be discussed in the upcoming Section 4:3.

37

38 Solutions of the TAP equations The TAP equations can admit multiple solutions

39 with either equal or different/TAP free energy. While the true free energy F corresponds to the

40 minimum of the Gibbs free energy, reached for the Boltzmann distribution, the TAP deriva-

41 tion consists in performing an\effectively unconstrained minimization in two steps, but with
an approximation through a /Taylor expansion in between. The truncation of the expansion

42 therefore breaks the correspondence between the discovered minimizer and the unique Boltz-

43 mann distributien, hence the possible multiplicity of solutions. For the SK model for instance,

44 the number of solutions of the TAP equations increases rapidly as 8 grows [MPV86]. While

45 the different solutions ean be accessed using different initializations of the iterative scheme, it

46 is notably hard in phases where they are numerous to find exhaustively all the TAP solutions.

47 In theory, they should be weighted according to their free energy density and averaged to

48 recover the thermodynamics predicted by the replica computation [DY83], another mean-field

49 approximation disecussed in Section 4.4.

50

51 4.2.3" \Generalizing the Georges-Yedidia expansion

52 In the derivation outlined above for binary variables, x; = 0 or 1, the mean of each vari-

53 able m; was fixed. This is enough to parametrize the corresponding marginal distribution

54 gmyp(z;). XYet the expansion can actually be generalized to Potts variables (taking multiple

55 discreté values) or even real valued variables by introducing appropriate parameters for the

56 marginals. A general derivation fixing arbitrary real valued marginal distribution was proposed

57 in Appendix B of [LKZ17] for the problem of low rank matrix factorization. Alternatively,

58 another level of approximation can be introduced for real valued variables by restricting the

59 set of marginal distributions tested to a parametrized family of distributions. By choosing a

60 Gaussian parametrization, one recovers TAP equations equivalent to the approximate message

15
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passing algorithm that will be discussed in the next Section. In Appendix D, we present a
derivation for real-valued Boltzmann machines with a Gaussian parametrization as proposed
in [TGM"18].

4.3 Belief propagation and approximate message passing

Another route to rediscover the TAP equations is through the approximation of message
passing algorithms. Variations of the latter were discovered multiple times in different fields.
In physics they were written in a restricted version as soon as 1935 by Bethe [Bét35]. In
statistics, they were developed by Pearl as methods for probabilistic inference [Pea88]. In this
section we will start by introducing a case-study of interest, the Generalized Linear Model.
We will then proceed by steps to outline the derivation of the Approximate Message Passing
(AMP) algorithm from the Belief Propagation (BP) equations.

4.3.1 Generalized linear model

~
Definition We introduce the Generalized Linear Model (GLM) which is a fairly simple
model to illustrate message passing algorithms and which is also/an elementary brick for a
large range of interesting inference questions on neural networks. It falls under the teacher-
student set up: a student model is used to reconstruct a signal from a teacher.model producing
indirect observations. In the GLM, the product of an unknown signal z, € R” and a known
weight matrix W € RV *M is observed as y through a noisys¢hannel Pou

W~ pw (W)

M
= g ~ pout,O(E'@o) — H Pout,0 (y/l.|ﬂz;£0) (50)

N
Ty ~ Pag(29) = ] Pao(20,1) -
i=1 yr=t

The probabilistic graphical model corresponding to this teacher is represented in Figure 3.
The prior over the signal p,, is supposed to be factorized, and the channel pout,0 likewise. The
inference problem is to produce an estimator @ for the unknown signal z,, from the observations
y. Given the prior p, and the channel pout of the student, not necessarily matching the teacher,
the posterior distribution is

M N N
el W) = 5o AL pove ) YW T et (51)
2 W) = / 42 pouy@lz, Wpa(z), (52)

represented as a factor graph“alse in/Figure 3. The difficulty of the reconstruction task of
z, from y is controlled by the measurement ratio o = M/N and the amplitude of the noise
possibly present in the channel.

Applications The generic GLM underlies a number of applications. In the context
of neural networkshof particular interest in this technical review, the channel pou: generat-
ing observations y € R can equivalently be seen as a stochastic activation function g(-5€)

incorporating a noise € & RM component-wise to the output,

= glw, z5.6,)- (53)

Theinference of the teacher signal in a GLM has then two possible interpretations. On the
one hand, it can be interpreted as the reconstruction of the input z of a stochastic single-
layer neural network from its output y. For example, this inference problem can arise in the
maximum/likelihood training of a one-layer VAE (see corresponding paragraph in Section 2.2).
On the other hand, the same question can also correspond to the Bayesian learning of a
single-layer neural network with a single output - the perceptron - where this time {W,y}
are interpreted as the collection of training input-output pairs and z, plays the role of the
unknown weight vector of the teacher (as cited as an example in Section 3.1.1). However, note
that one of the most important applications of the GLM, Compressed Sensing (CS) [Don06],
does not involve neural networks.

16
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2
3
4 Pea(0,) pel:)
[ Vi=1---N Vi=1---N
6 p(i;-c,n(yu \wl%o) . z\i;m(yﬂ Jaw; )‘f[ )
nw=1--M =1
7 @) @)
8

G16
)
®E)

—_
N —
]

13 Teacher Student

14

15 Figure 3: Graphical rep.resentations of the Generalized Linea.r Model. Left: I.Drob‘fxbil'istic. graphical
model of the teacher. Middle left: Factor graph representation of the posterior distribution on the

16 signal  under the student statistical model. Middle right and right: Belief propagation updates

17 (67) - (68) for approximate inference.

18

19 ~

20 Statistical physics treatment, random weights and scaling’ Trom the statis-

21 tical physics perspective, the effective energy functional is read from the posterior (52) seen

22 as a Boltzmann distribution with energy

23

;;‘ E(z) = —1og pout (ylz, W)pa(z Zlog Pout (Y| Z Wi P Zlog pe(w:).  (54)

26

27 The inverse temperature $ has here no formal equivalent and can be thought as being equal

28 to 1. The energy is a function of the random realizations of W and y, playing the role of the

29 disorder. Furthermore, the validity of the approximation preserﬁed below require additional

30 assumptions. Crucially, the weight matrix is assumed to have i.i.d. Gaussian entries with
zero mean and variance 1/N, much like in the SK model. <The prior of the signal is chosen

31 so as to ensure that the z;-s (and consequently,the y,-S) remain of order 1. Finally, the

gg thermodynamic limit N — oo is taken for a fixed measurement ratio o = M/N.

34 . .

35 4.3.2 Belief Propagation

36 Recall that inference in high-dimensional problems consists in marginalizations over complex

37 joint distributions, typically in the view of computing partition functions, averages or marginal

38 probabilities for sampling. Belief Propagation (BP) is an inference algorithm, sometimes exact

39 and sometimes approximate as we will see, leveraging the known factorization of a distribution,

40 which encodes the precious information of (in)depencies between the random variables in the

41 joint distribution. For a generi¢ joint probability distribution p over z € RY factorized as

42 . M

- p(z) = 2] [ @a), (55)

p=1

45

46 1, are called potential functions taking as arguments the variables x;-s involved in the factor

47  shortened as z,, -

48

49 Definition of messages Let us first write the BP equations and then explain the

50 origin/of these definitions. The underlying factor graph of (55) has N nodes carrying variables

51 x;-s and, M factors associated with the potential functions ,-s (see Appendix B for a quick

[¥) reminder). "BP{acts on messages variables which are tied to the edges of the factor graph.

53 Specifically, the sum-product version of the algorithm (as opposed to the max-sum, see e.g.

54 [MMO09]) consists in the update equations

55

56 P, (:) = / I dov ouizn) [T w2, @0 (56)

57 u.~>z i/ €dp\i i/ €dp\i

o8 m @) = s —paes) [[ ) (57)

Zg it u €di\p

17
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(t
- 711/(1,)%,1(1,‘,;)
41
7n'§—>lt> (TZ)
u ->---1
|

Figure 4: Representations of the neighborhood of edge i-u in the factor graph and cerresponding
local BP updates. Factors are represented as squares and variable nodes as circles. Left:s.In the
factor graph where all factors around x; are removed (in gray) except for the factor u, the marginal
of z; (in red) is updated from the messages incoming at factor p (in blue) (56). Right: In the factor
graph where factor p is deleted (in gray), the marginal of x; (in blue) is updated with/he incoming
messages (in red) from the rest of the factors (57).

where again the i-s index the variable nodes and the p-s index the factor.noedes. The notation
Op \ @ designate the set of neighbor variables of the factor u except thé variabled (and recip-
rocally for 9i\ p). The partition functions Z;_,,, and Z,_,; are normalization factors ensuring
that the messages can be interpreted as probabilities.

For acyclic (or tree-like) factor graphs, the BP updates are guaranteedto converge to a
fixed point, that is a set of time independent messages {mi—,,M,—;} solution of the system
of equations (56)-(57). Starting at a leaf of the tree, these messages communicate beliefs of a
given node variable taking a given value based on the nodes'and factors.already visited along
the tree. More precisely, m,—(z;) is the marginal probability of @jin the factor graph before
visiting the factors in 97 except for u, and m;—,(z;) is équal the marginal probability of z; in
the factor graph before visiting the factor u, see Figure 4.

Thus, at convergence of the iterations, the marginals can be gomputed as

mi(z;) = Zilpx(xl) H Mp—i(Ti), (58)

HEDL

which can be seen as the main output of the BP,algorithm. These marginals will only be exact
on trees where incoming messages,scomputed from different part of the graph, are indepen-
dent. Nonetheless, the algorithm (56)-(57),/6ecasionally then called loopy-BP, can sometimes
be converged on graphs with cycles and in some cases will still provide high quality approxi-
mations. For instance, graphs with no shortioops are locally tree like and BP is an efficient
method of approximate inference, provided correlations decay with distance (i.e. incoming
messages at each node are still-effectively independent). BP will also appear principled for
some infinite range mean-field models'previously discussed; an example of which being our
case-study the GLM discussed below. {While this is the only example that will be discussed
here in the interest of conciseness, getting fluent in BP generally requires more than one ap-
plication. The interested reader could also consult [YFWO02] and [MMO09] Section 14.1. for
simple concrete examples.

The Bethe free energy The BP algorithm can also be recovered from a variational
argument. Let’srconsider.both the single variable marginals m;(z;) and the marginals of the
neighborhood of eachyfactor m,.(z,,). On tree graphs, the joint distribution (55) can be
re-expressed. as

M
HM=1 my (ﬁau)
pla) 20
T i)
where n, is the number of neighbor factors of the i-th variable. Abusively, we can use this form
as an ansatz for loopy graph and plug it in the Gibbs free energy to derive an approximation
of the free energy, similarly to the naive mean-field derivation of Section 4.1. This time the
variational parameters will be the distributions m; and m, (see e.g. [YEWO02, MMO09] for
additional details). The corresponding functional form of the Gibbs free energy is called the
Bethe free energy:

(59)

Fpewhe (mi, my) = */dﬁau 1y (2,) MY (2s,,) + (ni — 1) H (mi) — H(my), (60)

18
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2

3

4 where H(q) is the entropy of the distribution ¢. Optimization of the Bethe free energy with

5 respect to its arguments under the constraint of consistency

6

7 ~

8 /dzap\i M (Zg,) = mi(x:) (61)

9 involves Lagrange multipliers which can be shown to be related to the messages defined in

10 (56)-(57). Eventually, one can verify that marginals defined as (58) and

11

12 Mu(zs,) = 5 0(25,) [ [ mioon(@:) (62)

13 IS

14

15 are stationary point of the Bethe free energy for messages that are BP solutions. »In other

16 words, the BP fixed points are consistent with the stationary point of the Bethe free energy.

17 Using the normalizing constants of the messages, the Bethe free energy can/also be re:written
as

18

19 Fheme =— Y logZi— » logZ,+ »  log Zui, ~ (63)

20 i€V HEF (ip)€E

21 th

22 A

23 _

" 2= [dni (o [T it (64)

25 .

26 Z, = / I d=: v(@s) T mion(e), (65)

27 icou icou

28 ~ IS

29 Zw; = dl’i muﬁi(‘ri)miﬁ)u(wi) . (66)

30

31 As for the marginals, the Bethe free ‘energy, will only“be exact if the underlying factor

32 graph is a tree. Otherwise it is an approximationief the free energy, that is not generally an

33 upper bound.

gg Belief propagation for the GLM The writing of the BP-equations for our case-

36 study is schematized on the right of Figure 3. There are 2 x N x M updates:

37 -

38 () = @i (67)

il i z/#z

39 )

40 m{) (@) = L) T mi @), (68)

41 ZHM Nl

42 for all ¢ — p pairs. Despité a relatively concise formulation, running BP in practice turns

43 out intractable since for'a signal z taking continuous values it would entail keeping track

44 of distributions on continuous variables. In this case, BP is approximated by the (G)AMP

45 algorithm presented in'the next section.

46

47 4.3.3 (Generalized) approximate message passing

48

49 The name of approximate message passing (AMP) was fixed by Donoho, Maleki and Monta-

50 nari [DMMO09] who derived the algorithm in the context of Compressed Sensing. Several works
from statistical physics had nevertheless already proposed related algorithmic procedures and

51 made, connections with the TAP equations for different systems [KS98, OS01, Kab03]. The

52 dlgorithm was derived systematically for any channel of the GLM by Rangan [Ran11] and be-

53 came Generalized-AMP (GAMP), yet again it seems that [KU04] proposed the first generalized

54 derivation.

55 The systematic procedure to write AMP for a given joint probability distribution consists

56 in fitst writing BP on the factor graph, second project the messages on a parametrized family

57 of functions to obtain the corresponding relazed-BP and third close the equations on a reduced

58 set’ of parameters by keeping only leading terms in the thermodynamic limit. We will quickly

59 review and justify these steps for the GLM. Note that here a relevant algorithm for approximate

60 inference will be derived from message passing on a fully connected graph of interactions. As
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it tuns out, the high connectivity limit and the introduction of short loops does not break
the assumption of independence of incoming messages in this specific case thanks to the small
scale O(1/+/N) and the independence of the weight entries. The statistics of the weights are
here crucial.

Relaxed Belief Propagation In the thermodynamic limit M, N — +oco, one can show
that the scaling 1/ V'N of the W;; and the extensive connectivity of the underlying factor
graph imply that messages are approximately Gaussian. Without giving all the details of
the computation which can be cumbersome, let us try to provide some intuitions. We drop
the time indices for simplicity and start with (67). Consider the intermediate reconstruction
variable z, = yzg = Zi,# Wiy +Wyixs. Under the statistics of the messages,m/ ., (1),
the x;; are independent such that by the central limit theorem z, — W;x; is a Gaussian
random variable with respectively mean and variance

Wp—i = Z Wy.i’-%i/—uu (69)
il #i ~

Visi = ) Wi Cis (70)
il #i

where we defined the mean and the variance of the messages M, (),

Byt sy = /dl’i' T mi/—>,u.(xi')7 (71)
Ci,= /dmi/ Tl My (Ty) — B0, (72)

Using these new definitions, (67) can be rewritten ‘as

2
_ (zu*Wuizi*“’uﬂm)

My—i(2i) X /dZN Pout (Yl 2z )e o ) (73)

where the notation o omits the nermalization factor for distributions. Considering that Wy,
is of order 1/v/N, the development of (73) shows that at leading order 7, (x;) is Gaussian:

2
Mp—i(Ti) X Busivi gy i (74)

where the details of the computationsiyield

B—i = Wi gout (ymwpiia Vu—ﬂ') (75)
A,u,%i _Wii awgout (yu, Wpasi, V[,L*)i) (76)

using the outpup update functions

1 —
o (0 ¥ Ttz C o 42 (s, ()

2

1 Z—w 1
8wgout(vavv) 2 Zout /dz ( V2) pout(ylz)N(z;wzv) Ty _gout(va,v)27 (78)

Zow (@ w, V) = /dz Pout (Y|2)N (25w, V). (79)

These arguably complicated functions, again coming out of the development of (73), can be
interpreted as the estimation of the mean and the variance of the gap between two different
estimate of z, considered by the algorithm: the mean estimate w,_; given incoming messages
my (@) and the same mean estimate updated to incorporate the information coming from
the €hannel pout and observation y,. Finally, the Gaussian parametrization (74) of 1 —:(x;)
serves to rewrite the other type of messages m;—,(z:) (68),

_()\'iaufzi)z
Misp(wi) o pa(wi)e  *7ion (80)
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2
3
4 with
5
-1
6
7 inn = | D Ao (81)
8 wFu
9
10 A'L*}ﬁ. = 0Oi—p Z Bu’ai . (82)
1 W #p
12
13 The set of equations can finally be closed by recalling the definitions (71)-(72):
1: C%i—),u == flz()\i—>,u70-i—>p,) (83)
16 C’bz‘)# = f; ()\i—>IL7 O—i_’#) (84)
17 with now the input update functions
18 ) (o2
19 Z¥ = /dm pe(x)e” 20 | ~ (85)
20 L (n?
21 i\ o) = = /daz Tps(x)e 27, (86)
22 2
23 x _ 1 2 - (w—;\) _ g 2
3 0w = 52 [aratioe T - oo (57)
25 The input update functions can be interpreted as updating the estimation of the mean and
26 variance of the signal x; based on the information comingfrom the inecoming messages grasped
27 by Ai—. and o;_, with the information of the prior pz:
28 To sum-up, by considering the leading order terms in the thermodynamic limit, the BP
29 equations can be self-consistently re-written as a closed sét of equations over mean and variance
30 variables (69)-(70)-(75)-(76)-(81)-(82)-(83)(84). Eventually, r-BP can equivalently be thought
31 of as the projection of BP onto the following parametrizations of the messages
32 T L e
t t t

2 AL te) o P I e [ e (58)
35 @D, 2 N e
36 ) T e SNPRON
37 my ., (zi) oc e in o po(xs)e ion (89)
38 Note that, at convergence, anapproximation of the marginals is recovered from the projection
39 on the parametrization (89)/of (58),
40 1 ,
41 mi(zi) = gpm(fi)e_QNm 29 = [ (N, 00), (90)
42 ‘ &
43
44 Oi—sp = Z Ay.—)i 3 (91)
45 a
46
47 )\i—>u = Oi—pu Z B;L—w; . (92)
48 I3
49 . . .

Nonetheless, r-BP.is scarcely used as such as the computational cost can be readily reduced
>0 with little more approximation. Because the parameters in (88)-(89) take the form of messages
51 on_the ‘edges of the factor graph there are still O(M x N) quantities to track to solve the self-
52 consistency equations by iterations. Yet, in the thermodynamic limit, the messages are closely
53 related to| the marginals as the contribution of the missing message between (57) and (58)
54 iS to a certain extent negligible. Careful book keeping of the order of contributions of these
55 small differences leads to a set of closed equations on parameters of the marginals, i.e. O(N)
56 variables, corresponding to the GAMP algorithm.
57 A detailed derivation and developed algorithm of r-BP for the GLM can be found for
58 example in [ZK16] (Section 6.3.1). In Section 5.3 of the present paper, we also present the
59 derivation in a slightly more general setting where the variables x; and y,, are possibly vectors
60 instead of scalars.
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Algorithm 1 Generalized Approximate Message Passing

Input: vector y € RM and matrix W € RM*¥:
Initialize: &;, CY Vi and gout,,, Owgout, i
repeat

1) Estimate mean w/(f) and variance V,L(t) of z, given current 2®

(t) Z Wiicit(t) (93)

N
Z l”f(t) Zwiicm(t)gou (t-1) (94)

2) Estimate mean goutfl and variance 0, goutl(t of the gap between optimal z,, and wu given y,,

a,ugouts) = OwYout (y;u Wff), V;St)) (95)
~
goutg) = Jout (y;u OJS), Vu(t)) (96)

3) Estimate mean A\ and variance ¢ of z given current gap between optimal z and w
—1

O'z(t) = Z wgoutu (97)

/\z('t i' t Z Wuzgoutu (98)

L
4) Estimate of mean & 2D and Qw(H ) vaziance of x [updated with information from the prior
C'gv(t-‘rl fl ()\(t (t)) (99)
' = 1,0l (100)

until convergence

Generalized approximate message passing The GAMP algorithm with respect to
marginal parameters, analogeus to theimessages parameters introduced above (summarized in
(88)-(89)), is given in Algorithm 1. The origin of GAMP is again the development of the r-BP
message-like equations around marginal quantities. The details of this derivation for the GLM
can be found for instanée in [ZK16] (Section 6.3.1). For a random initialization, the algorithm
can be decomposed in 4 steps pet iteration which refine the estimate of the signal z and the
intermediary variable z by incorporating the different sources of information. Steps 2) and 4)
involve the update functions relative to the prior and output channel defined above. Steps 1)
and 3) are general forrany GLM with a random Gaussian weight matrix, as they result from
the consistencgy of the tworalternative parametrizations introduced for the same messages in
(88)-(89).

Relation to TAP equations Historically the main difference between the AMP
algorithm and the TAP equations is that the latter was first derived for binary variables with
2-body interactions (SK model) while the former was proposed for continuous random variables
with N-body interactions (Compressed Sensing). The details of the derivation (described in
[ZK16] orfin a more general case in Section 5.3), rely on the knowledge of the statistics of
the disordered variable W but do not require a disorder average, as in the Georges-Yedidia
expansion yielding the TAP equations. By focusing on the GLM with a random Gaussian
weight matrix scaling as O(1/v/N) (similarly to the couplings of the SK model) we naturally
obtained TAP equations at second order, with an Onsager term in the update (94) of w,. Yet
an’advantage of the AMP derivation from BP over the high-temperature expansion is that
it explicitly provides ‘correct’ time indices in the iteration scheme to solve the self consistent
equations [Boll4].
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2
3
4 Reconstruction with AMP AMP is therefore a practical reconstruction algorithm
> which can be run on a single instance (the disorder is not averaged) to estimate an unknown
6 signal x,. Note that the prior p, and channel pous used in the algorithm correspond to the
7 student statistical model and they may be different from the true underlying teacher model
8 that generates z, and y. In other words, the AMP algorithm may be used either in the
9 Bayes optimal or in the mismatched setting defined in Section 3.1.1. Remarkably, it is also
10 possible to consider a disorder average in the thermodynamic limit to study the average case
1 computational hardness, here of the GLM inference problem, in either of these matched or
12 mismatched configurations.
13
14 State Evolution The statistical analysis of the AMP equations for Compressed Sensing
15 in the average case and in the thermodynamic limit N — oo lead to another clesed set
16 of equations that was called State Evolution (SE) in [DMMO09]. Such andanalysis can be
17 generalized to other problems of application of approximate message passing algorithms. The
18 derivation of SE starts from the r-BP equations and relies on the assumption,of independent
19 incoming messages to invoke the Central Limit Theorem. It is therefore onlwecessary to
follow the evolution of a set of means and variances parametrizing (Gaussian distributions.
20 When the different variables and factors are statistically equivalent, as'it is the case of the
21 GLM, SE reduces to a few scalar equations. The interested reader should referto Appendix F
22 for a detailed derivation in a more general setting.
23
24 Mismatched setting In the general mismatched setting we need to carefully differ-
25 entiate the teacher and the student. We note p,, the prior usediby the teacher. We also
26 rewrite its channel pout,O(y|ng) as the explicit function y.= go (QTQ; €) assuming the noise €
27 to be distributed according to the standard normal distribution. The tracked quantities are
28 the overlaps, IS
29
N N N

30 g = lim Z m = lim iz.i"ix()i gor= lim in?)-:IE [xg]
31 Nooco N ’ Nooco N " N—ooo N )t Pz )
32 i=1 i=1 i=1

(101)
33
34 along with the auxiliary V, §, i dnd X:
35
2? q® = /De /dw A2V (z,w; 0, QVgsus (w, o (25¢) , V)2, (102)
38 ) ® ®
39 m'" = [ De [ dw dzdN(z,w; 0,2 )0 Gout (w, go (z5€) , V'), (103)
40 ® (t) (t)
41 De | dwdaN(z ‘*’5072 )0wgout (w, go (25 €4), V"), (104)
42
43
44 (t41) i ®)- Son-1)
P ¢ = Ay poo(20) | DE f1 )7 (Vad®e +am®Vey ) s @i )
2? (105)
48 i / dao Pag (xo / DE zo ff (( X (\/aq(% +amz, ) (ax')” ) ,
49

106
50 (106)
g; vy — /da:o Pao (%o /DE fz ( )~ (\/ ag®¢ + am xo) (ax)” ) :
53 (107)
54
55 where,we use the notation N(-;-,-) for the normal distribution, D¢ for the standard normal
56 meagure and the covariance matrix Q“) is given at each time step by
57
58 9 m®

Q(t) _

29 = m® g
60
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Due to the self-averaging property, the performance of the reconstruction by the AMP
algorithm on an instance of size N can be tracked along the iterations given

N
. 1 .
MSE(z) = i E (& — 0,:)> = q — 2m + qo, (108)
i=1

with only minor differences coming from finite-size effects. State Evolution also provides
an efficient procedure to study from the theoretical perspective the AMP fixed/points for a
generic model, such as the GLM, as a function of some control parameters. It reports the
average results for running the complete AMP algorithm on O(N) variables using axfew scalar
equations. Furthermore, the State Evolution equations simplify further in the Bayes optimal
setting.

Bayes optimal setting When the prior and channel are identical for the{student
and the teacher, the true unknown signal z, is in some sense statistically,equivalent to the
estimate  coming from the posterior. More precisely one can prove the Nishimoriridentities
[OH91, Iba99, Nis01] (or [KKM ™ 16] for a concise demonstration and discussion) implying that
g=m,V =qgo—mand § = m = x. Only two equations are then necessary/to track the
performance of the reconstruction:

g = /de peo(E)/dw dz N (2,w;0, Q™) gous (w, go (z; €)p¥ )? (109)

2
0 = [ am pey(aw) [ e 50 <(a>z<”)1 (\/afi“)fwm%o);<af<“)>1> ~

(110)
o

4.4 Replica method

Another powerful technique from the statistical physics of disordered systems to examine mod-
els with infinite range interactions is the replica method. It enables an analytical computation
of the quenched free energy via non-rigorous mathematical manipulations. More developed
introductions to the method can Be foundiin, [MPV86, Nis01, CCFMO05].

4.4.1 Steps of a replica computation

The basic idea of the replica computation is to compute the average over the disorder of log Z
by considering the identity log Z = limy—,0(Z™ —1)/n. First the expectation of Z" is evaluated
for n € N, then the n — 0 limit is taken by ‘analytic continuation’ Thus the method takes
advantage of the fact thatsthe average of a power of Z is sometimes easier to compute than
the average of a logarithm. We illustrate the key steps of the calculation for the partition
function of the GLM (52).

Disorder average for the replicated system: coupling of the replicas The
average of Z" for.n € Nican be seen as the partition function of a system with n+ 1 non inter-
acting replicas of z indexed by a € {0,--- ,n}, where the first replica a = 0 is representative
of the teacher and the m other replicas are identically distributed as the student:

Ew.yd |25 & Ew / dy dzg pout,0 (y[Wo)pa, (zo) < / dz pout (y|Wa)ps (x)) ]

(111)

=Ew /dy ﬁ (dga Pout,a (YW, )pa, (:ca))] (112)

5w | [ay I1 (02, az, stz, —Wza>pouc,a<y|za>p%<ma>)] -

To perform the average over the disordered interactions W we consider the statistics of z, =
Wa,. Recall that W,; ~ N(W,i;0,1/N), independently for all y and i. Consequently, the z,
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2

3

: are jointly Gaussian in the thermodynamic limit with means and covariances

6 N

7 Eﬂ[zu,,t} =Ew Z Wyitai| =0, Ew [Za,,uzb,V] = Zxa,ixb,i/N = Qab- (114)
8 o P o i=1

9

10 The overlaps, that we already introduced in the SE formalism, naturally re-appear. , We
11 introduce the notation ¢ for the (n41) x (n+ 1) overlap matrix. Integrating out the disorder
12 W shared by the n +1 replicas will therefore leave us with an effective system of nowscoupled
13 replicas:

14

15 Ew,y.z, [2"] = /HdNQab /dg Hdga Pout,a(Y]2,) (115)
a,b a=0

18 exp —722,2@#21;“ B ab—MC((I» n)

p=1 a,b

n N
21
29 /}:[1 dz, poy(2,)0(Ngab — ; Taliy,i )i

~

Change of variable for the overlaps: decoupling of thewariables We con-
sider the Fourier representation of the Dirac distribution fixing the consistency between over-
26 laps and replicas,

N
29 NQab - Zxa iLb, z - / dqab qab(Nqab Zi:l xa,’iwb,i)7 y (116)

24w

31 where §q1 is purely imaginary, which yields

Qab
34 Ew.y.s [2 / HdeIab / H exp (NGabgab) (117)
36 )
37 dy Hdz Pout,a (Y|Zq)exp —722% szu )ab —MC( n)

p=1 a,b

N

39 n
40 / H dga Pzq (Ea) exp | —qab Z Ta,ilh,i

a=1 N\ i=1

43 where C(g, n) is related to the normalization of the Gaussian distributions over the z, variables,

44 and the integralsican be factorized over the i-s and p-s. Thus we obtain
46 Ew 25" / e / [T dduy e tevtene™ o7 DM 2D (118)
47 B ab ab

with

51 fz(g) = /dy Hdza Dout,a(Y|Za) €XP = (119)

52 S o 2 4

l\.’) —
=
9
0‘
Q
=
S

>4 1.(g) = /Hdwa Pro (Ta) €xXp (—GabTas) | (120)
a=1

57 where we introduce the notation § for the auxiliary overlap matrix with entries (§)ap = Gab

58 and we omitted the factor 2im which is eventually subleading as N — +o0. The decoupling of
59 the x; and the 2, of the infinite range system yields pre-factors N and M in the exponential
arguments. In the thermodynamic limit, we recall that both N and M tend to 4+oo while

25
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the ratio « = M/N remains fixed. Hence, the integral for the replicated average is easily
computed in this limit by the saddle point method:

IOg E&vgaﬁo [Zn] = NeXtrﬁ |:¢(g7 g)] ) (,‘b(g, g) = Quanb + o, (g) + j'x(g), (121)
where we defined the replica potential ¢.
Exchange of limits: back to the quenched average The thermodymamic aver=

age of the log-partition is recovered through an a priori risky mathematical manipulation: (i)
perform an analytical continuation from n € N to n — 0

1 1 n o1 n
VEW vz, [log Z] = lim —=Bw .z, (2" -1] = lim —— log Ew .z, [2"] (122)
and (ii) exchange limits
—f= lim lim 11 eE [2"] = lim L extrgg [qs( A)] (123)
T Nenbon N 0BTy, T ason u |PDD)|- ~

Despite the apparent lack of rigour in taking these last steps, the replica method has been
proven to yield exact predictions in the thermodynamic limit for different jproblems and in
particular for the GLM [RP16, BKM"18].

Saddle point solution: choice of a replica ansatz At this point, we are still
left with the problem of computing the extrema of ¢(q, §)/{ To solve,this optimization problem

over q and g, a natural assumption is that replicas, that(are a pure artefact of the calculation,

are equivalent. This is reflected in a special structurefor overlap matrices between replicas

that only depend on three parameters each, S
@0 m m m g6 m “ml m
g= m q qi2 Q12 . §= 717/ Aq (Z1A2 ({12 7 (124)
= m qi2 q qi2 = mo d12 q qi2
m  qi2 qi2 ¢ m g1z Q2. ¢

here given as an example for n =43 replicass Plugging this replica symmetric (RS) ansatz in
the expression of ¢(q, §), taking the limit n — 0“and looking for the stationary points as a
function of the parameters ¢, m, qi2 and Mg, Gi2 recovers a set of equations equivalent to
SE (7), albeit without time indices. Hence the two a priori different heuristics of BP and the
replica method are remarkably.consistent under the RS assumption.

Nevertheless, the replica Symmetry can be spontaneously broken in the large N limit and
the dominating saddle point does not necessarily correspond to the RS overlap matrix. This
replica symmetry breaking (R{B) corresponds to substantial changes in the structure of the
examined Boltzmann distribution. It is among the great strengths of the replica formalism
to naturally capture it. Yet for inference problems falling under the teacher-student scenario,
the correct ansatz is always replica symmetric in the Bayes optimal setting [NisO1, CCFMO05,
ZK16], and we will not investigate here this direction further. The interested reader can refer
to the classical references for an introduction to replica symmetry breaking [MPV86, NisO1,
CCFMO05] inghe context of the theory of spin-glasses.

Bayes optimal setting As in SE the equations simplify in the matched setting, where
the first' replica corresponding to the teacher becomes equivalent to all the others. The replica
free energy of the/GLM. is then given as the extremum of a potential over two scalar variables:

— f=rextrq; {;qé + Z.(§) + aZ(qo, Q)} (125)
Z.(4) = /Df dx pz(x)e_q§+\/551 log </ da’ pz(x/)e_ém;z+‘/55z/> (126)
7.(g,90) = /Df dy dz pout (y|2)N (25 1/4€, g0 — q)

lOg </ dzl pout(y|z/)'/\/'(zl; \/557 qo0 — q)) . (127)
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The saddle point equations corresponding to the extremization (125), fixing the values of ¢
and ¢, would again be found equivalent to the Bayes optimal SE (109) - (110). This Bayes
optimal result is derived in [KMST12] for the case of a linear channel and Gauss-Bernoulli
prior, and can also be recovered as a special case of the low-rank matrix factorization formula
(where the measurement matrix is in fact known) [KKM™16].

4.4.2 Assumptions and relation to other mean-field methods

A crucial point in the above derivation of the replica formula is the extensivity of thesinterac-
tions of the infinite range model that allowed the factorization of the IV scaling of the argument
of the exponential integrand in (118). The statistics of the disorder W and in particular the
independence of all the W,,; was also necessary. While this is an important assumption for the
technique to go through, it can be possible to relax it for some types of correlation statistics,
as we will see in Section 5.2.

Note that the replica method directly enforces the disorder averaging and does not provide
a prediction at the level of the single instance. Therefore it cannot be turned into a practical
algorithm of reconstruction. Nonetheless, we have seen that the saddle point.equations of the
replica derivation, under the RS assumption, matches the SE equations derived from BP. This
is sufficient to theoretically study inference questions under a teacher-student sc¢enario in the
Bayes optimal setting, and in particular predict the MSE following (108)x

In the mismatched setting however, the predictions of thesreplica method under the RS
assumption and the equivalent BP conclusions can be wrong. By introducing the symmetry
breaking between replicas, the method can sometimes be corrected. Itisan important endeavor
of the replica formalism to grasp the importance of the overlaps and, connect the form of the
replica ansatz to the properties of the joint probability distribution examined. When BP fails
on loopy graphs, correlations between variables are not'décaying with distance, which manifests
into an RSB phase. Note that there also exists message passinggalgorithms operating in this
regime [MPO01, MPZ02, MM09, SLL19, AFUZ19, AKUZ19].

5 Further extensions of.interest for learning

In the previous Section we presented the classical mean-field approximations focusing on the
simple and original examples of thé Boltzmann machine (a.k.a. SK model) and the GLM with
Gaussian i.i.d weight matrices. Along the way, we tried to emphasize how the procedures of
approximation rely on structural (e.g. connectivity) and statistical properties of the model
under scrutiny. In the present Section, we will'see that extensions of the message passing and
replica methods have now broadened the span of applicability of mean-field approximations.
We focus on a selection of recent developments of particular interest to study learning problems.

5.1 Streaming AMP- foronline learning

In learning applications, itds sometimes advantageous for speed or generalization concerns to
only treat a subget/of examples at the time - making for instance the SGD algorithm the most
popular training algorithm in"deep learning. Sometimes also, the size of the current data sets
may exceed the-available.memory. Methods implementing a step-by-step learning as the data
arrives are referred to,as online, streaming or mini-batch learning, as opposed to offline or
batch learning.

In [MKTZ18], a mini-batch version of the AMP algorithm is proposed. It consists in a
generalization of Assumed Density Filtering [OW99a, RKI16] that are fully-online, meaning
that only afsingle example is received at once, or mini-batches have size 1. The general
derivation’ principle is the same. On the example of the GLM, one imagines receiving at each
iteration a subset of the components of y to reconstruct z. We denote by y *) these successive
mini-batchies. Bayes formula gives the posterior distribution over z after seeing k£ mini-batches

P ey sy )
Sz ply g lopEy, oy, D

This formula suggests the iterative scheme of using as a prior on z at iteration k the posterior
obtained at iteration k — 1. This idea can be implemented in different approximate inference
algorithms, as also noticed by [BBW ' 13] using a variational method. In the regular version
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of AMP an effective factorized posterior is given at convergence by the input update functions
(85)-(87):
N 2
1 _ Q=)
p(zly, W) = H mpz (i)e 270 . (129)

=1

Plugging this posterior approximation in the iterative scheme yields the mini-AMP algorithm
using the converged values of A, and o(r), at each anterior mini-batch £ < k to dompute the
prior

k—1

_ Z (A oy,i—=i)?
) () = = =
P @) =plally, )y bW = [[ - pete e : (130)

i=1 "

where the Z,; normalize each marginal factor. Compared to a naive mean-field variational
approximation of the posterior, AMP takes into account more correlations and issindeed found
to perform better in experiments reported by [MKTZ18]. Another advantage of the AMP
based online inference is that it is amenable to theoretical analysis by a-corresponding State
Evolution [OW99a, RKI16, MKTZ18].

5.2 Algorithms and free energies beyond i.i:d. matrices

The derivations outlined in the previous Sections of the/equivalent replica, TAP and AMP
equations required the weight matrices to have Gaussian'i.i.d. entries. In this case, rigorous
proofs of asymptotic exactness of the mean-field solutions were found, for the SK model [Tal06]
and the GLM [RP16, BKM ™ 18]. Mean-field inference withidifferent weight statistics is a priori
feasible if one finds a way either to perform the cotresponding,disorder average in the replica
computation, to evaluate the corresponding Onsager ¢orrection in the TAP equations, or to
write a message passing where messages remain uncorrelated (even in the high-connectivity
limit we may be interested in).

Efforts to broaden in practice the class of matrices,amenable to such mean-field treatments
lead to a series of works in statistical physics and signal processing with related propositions.
Parisi and Potters pioneered thisdirection,by deriving mean-field equations for orthogonal
weight matrices using a high-temperature expansion [PP95]. The adaptive TAP approach
proposed by Opper and Winther [OW0Ta,sOWO01b] further allowed for inference in densely
connected graphical models'without prior knowledge on the weight statistics. The Onsager
term of these TAP equations was evaluated using the cavity method for a given weight sample.
The resulting equations were then understood to be a particular case of the Expectation Prop-
agation (EP) [Min01] - belonging to the ¢lass of message passing algorithms for approximate
inference - yet applied in_densely connected models [OWO05]. An associated approximation of
the free energy called Expectation Consistency (EC) was additionally derived from the EP
messages. Subsequently, Kabashima and collaborators [SK08, SK09, Kab08] focused on the
perceptron and the GLMito propose TAP equations and a replica derivation of the free energy
for the ensemble of orthogonally invariant random weight matrices. In the singular value de-
composition of such weight matrices, W = USVT e RM*N “the orthogonal basis matrices U
and V are drawn uniformlyat random from respectively O(M) and O(N), while the diagonal
matrix of singular values S has an arbitrary spectrum. The consistency between the EC free
energy and the replica|derivation for orthogonally invariant matrices was verified by [KV14]
for signalitécovery. from linear measurements (the GLM without G). From the algorithmic per-
spectiyve, Fleteher, Rangan and Schniter [RSF17, SRF16] applied the EP to the GLM to obtain
the (Generalized) Vector-Approximate Message Passing (G-VAMP) algorithm. Remarkably,
these.authors proved that the behavior of the algorithm could be characterized in the thermo-
dynamic limit, provided the weight matrix is drawn from the orthogonally invariant ensemble,
by a set of scalar State Evolution equations similarly to the AMP algorithm. These equations
are,again related to the saddle point equations of the replica free energy. Concurrently, Op-
per, Cakmak and Winther proposed an alternative procedure for solving TAP equations with
orthogonally invariant weight matrices in Ising spin systems relying on an analysis of iterative
algorithms [OCW16, CO19]. Finally, [MFC™19] revisits the above cited contributions and
provides detailed considerations on their connections.

Below we present the aforementioned free energy as proposed by [SK08, SK09, Kab0§],
and the G-VAMP algorithm of [SRF16].
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2
3
4 0. (2D, 20 =
5 5z — @)
6 Pout(ylz) 7 =
/ )
8 lim N (2®@; Wz, A)
9 A—0 —
10
: o)
12
13 pa(z®)
14 Ya(z™,2®) =
§(z® — z@)
15
16 Figure 5: Factor graph representation of the GLM for the derivation of VAMP
17
18
19 5.2.1 Replica free energy for the GLM in the Bayes Optimal.setting
20 Consider the ensemble of orthogonally invariant weight matrices, Wwith spectral density
21 Zil §(A — X)/N of their ‘square’ WIW ' converging in the thermodynamiedimit N — +oco0
22 to a given density pa(A). The quenched free energy of the GLM in the Bayes optimal setting
23 derived in [Kab08, SK09] writes
24
25 L oL -
%6 f=extrgg | =540+ Lo(q) + T=(a0, 0, 0, p2) | (131)
27 R Uqo o
28 T=(q0,q, ¢, px) = extrua | Fpy a(qo — q,0/X0) £ == 5=+ aZ:(goAo/c,u) |, (132)
2 208

29
30 where Z, and Z, were defined as (126)-(127) and the/spectral density pi(\) appears via its
31 mean Ao = Ex[)] and in the definition of
32 1
33 Fpy algu) = §extrAq,Au [—(a — 1)log Ay — Exlog(AulAg + N) + Agq + aAuu]
34 “La n¥sq 1 133
o 5 (log g + 1) G (Iogsn) (133)
36 Gaussian random matrices are a particular case of the considered ensemble. Their singular
37 values are characterized asymptotically by the Marcenko-Pastur distribution [MP67]. In this
38 case, one can check that the aboverexpression reduces to (125). More generally, note that 7.
39 generalizes 7, .
40
41 5.2.2 Vector Approximate Message Passing for the GLM
42 The VAMP algorithm/ consists in writing EP [Min01] with Gaussian messages on the factor
43 graph representation of the GLM posterior distribution given in Figure 5. The estimation of
44 the signal z is decomposed onto four variables, two duplicates of x itself and two duplicates of
45 the linear transformation z = Wx. The potential functions 1, and 1. of factors connecting
46 copies of the same variable‘are Dirac distributions enforcing their equality. The factor node
47 linking z® and z(® is assumed Gaussian with variance going to zero. The procedure of
48 derivationjequivalent to the projection of the BP algorithm on Gaussian messages, is recalled
49 in Appendix E and leads to Algorithm 2. Like for AMP, the algorithm features some auxiliary
50 variables introduced along the derivation. At convergence the duplicated Z,, Z, (and %, 2,)

are equal and either cam be returned by the algorithm as an estimator. For readability, we
51 omitted the time indices in the iterations that here simply follow the indicated update.
52 For a given instance of the GLM inference problem, i.e. a given weight matrix W, one
53 can always launch either the AMP algorithm or the VAMP algorithm to attempt the re-
54 construction. If the weight matrix has i.i.d. zero mean Gaussian entries, the two strategies
55 are conjectured to be equivalent and GAMP can be provably convergent for certain settings
56 [RSE14]. If the weight matrix is not Gaussian but orthogonally invariant, then only VAMP is
57 expected to always converge. More generally, even in cases where none of these assumptions
58 are verified, VAMP has been observed to have less convergence issues than AMP.
59 Like for AMP, a State Evolution can also be derived for VAMP (which was actually directly
60 proposed for the multi-layer GLM [FRS18]). It rigorously characterizes the behavior of the
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Algorithm 2 Vector Approximate Message Passing

Input: vector of observations y € RM and weight matrix W € RM*N:
Initialize: é”f, BY, éi, Bj

oNOYTULT D WN =

until convergence
Output: signal estimate 2; € RY, and estimated covatiance cr L€ RV XN

repeat
2 = f{(BT,4]), C¥ = [f3(Bi,A]) (134)
é; :C:m171 _éfv 75 :C:zlilig —Bgf (135)
4 =fi(B1,4;), C° =/f(B,A]) (136)
A;=Cf T -AY, Bi=Cf T'd, - BY (137)
EZ :gf(fg, gvfgaAg)v C:x2 :95(757 ‘5,7;,145) (138)
Al =Cr, A7, BY=CE - B ~ (139)
22 :gf(fga 5775714;), 222 295(757 gafgaAg) (140)
Ai=C T -Ar, Bi=C%, 4 - B; (141)

algorithm when W is orthogonally invariant. One can also verify that the SE fixed points can
be mapped to the solutions of the saddle point equations of the replica free energy (131) (see
Section 1 of Supplementary Material of [GMI%18]); so that the robust algorithmic procedure
can advantageously be used to compute the fixed points to be plugged in the replica potential
to approximate the free energy.

5.3 Multi-value AMP

A recent extension of AMP/{eonsists in treating the simultaneous reconstruction of multiple
signals undergoing the same mixing step from the corresponding multiple observations. This is
a situation of particular interest for learning appearing for instance in the teacher-student set-
up of committee machines. The authors of [AMB™ 18] showed that the different weight vectors
of these neural networks can be inferred from the knowledge of training input-output pairs
introducing this extended version 'of AMP. Here the same matrix of training input data mixes
the teacher weight vectors to produce the training output data. For a matter of consistency
with the examples used in the previous sections, we here formalize the algorithm for the GLM.
Nevertheless thishis just a matter of rewriting of the committee algorithm of [AMB™18].
Concretely let’s consider a GLM with P pairs of signal and observations {Qk),y(k)}}::l,

gathered in matrices, X € RY*P and Ye RMXP  VWe are interested in the posterior distribu-
tion

Z(Y, Y

— i=1

M
- 1 T P P
p(§|g,g)—wﬂp(zi)ﬂ pou(y JwiX), z, €R”, y cR”. (142)
w). e

Compared to the traditional GLM measure (51), scalar variables are here replaced by vectors
in R”. In Appendix F we present a derivation starting from BP of the corresponding AMP
presented‘in Algorithm 3. The major difference with the scalar GLM consists in the necessity
of tracking covariance matrices between the P different variables instead of simple variances.

This AMP algorithm can also be analyzed by a State Evolution. In [AMB™ 18], the teacher-
student matched setting of the committee machine is examined through the replica approach
and the Bayes optimal State Evolution equations are obtained as the saddle point equations
of the replica free energy. In Appendix F we present the alternative derivation of the State
Evolution equations from the message passing and without assuming a priori matched teacher
and student, as done in [GBKZ19].
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2
3
g Algorithm 3 Approximate Message Passing for multi-value GLM
6 Input: matrix Y € RM*P and matrix W € RM*N:
7 Initialize: Z; Q Vi and Jout 3£goutu Y
8 repeat
9 1) Estimate mean and variance of z " given current Z;
11 (t) — Hr ~x (T
" v => N (143)
i=1
13 N N 2
w, W5
s ) =3 TR Y ) g 40
15 1=1 i=1
1? 2) Estimate mean and variance of the gap between optimal z . and w,, given Y,
18 aggout(t) = ggout(y w() K(t)) (]—45)
——u = =
19 ‘ ~
20 goutff) - gout (y &S),K}(L)) (146)
21 . . . .
22 3) Estimate mean and variance of z; given current optimal z "
23 M W2 -
24 g = | =D Ougour” (147)
25 p=1 B
26
;; A =3 4 g L” Jous (148)
4
29
30 4) Estimate of mean and variance of z, augmented of| the information about the prior
31 cr Y = A, a) (149)
= 2 v L
32
33 g™ = [, a) (150)
34
35 until convergence
36
38 i=1-dN .
39 Pout (Ya| g~ 1)
40 | a=1---Q
41
42
43
44
45
46
47
48 Figure 6: Factor graph representation of a generic 2-layer GLM.
49
50 ‘s . .
51 5.4 " Model composition and multi-layer inference
52 Another recent and ongoing direction of extension of mean-field methods is the combination of
53 solutions 6f elementary models to tackle more sophisticated inference questions. The graphical
54 representations of probability distributions (reintroduced briefly in Appendix B) are here of
55 great help. In a complicated joint probability distribution, it is sometimes possible to identify
56 welltknown sub-models, such as the GLM or the RBM. Understanding how and when it is
57 justified to plug-in different solutions is of course non-trivial and a very promising direction
58 of Tesearch.
59 A particularly relevant extension in this direction is the treatment of multi-layer GLMs,
60 or in other words multi-layer neural networks. With depth L, hidden layers noted uf € R™¢,

31



oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-112869.R1

5 Further extensions of interest for learning

and weight matrices 2@ € RNe+1XNe it formally corresponds to the statistical model

U =T~ Pao(Zo) s (151)
u’ pr,ut(qul*lge*l) YW=1---L—-1, (152)
Y~ Poue (y| 27T, (153)

In [MKMZ17] a multi-layer version of AMP is derived, assuming Gaussian i.i.d weight ma-
trices, along with a State Evolution and a replica free energy. Remarkably, thé asymptotie
replica prediction was mathematically proven correct in [GMLT18]. In [FRS18], the multi-
layer version of the VAMP algorithm is derived with the corresponding State Evolution for
orthogonally invariant weight matrices. The matching free energies were obtaified indepen-
dently in [GML"18] by the generalization of a replica result and by [RP16] from a different
argument.

In the next paragraph we sketch a derivation of the 2-layer AMP presented in Algorithm 4,
it provides a good intuition of the composition ability of mean-field inference methods.

~

Heuristic derivation of 2-layer AMP The derivation of the multilayer AMP follows
identical steps to the derivation of the single layer presented in Seetion 4.3, yet for a more
complicated factor graph and consequently a larger collection of messagess Without conducting
the lengthy procedure, one can form an intuition for the resulting algorithmistarting from the
single-layer AMP. The corresponding factor graph is given on Figure 6. Compared to the
single-layer case (see Figure 3), an interface with a set of My= Nyvhidden variables u,, is
inserted between the N = Ny signals z; and the Q = N2 observations y,. In the neighborhood
of the inputs x; the factor graph is identical to the single-layer and the input functions can be
defined from a normalization partition identical to (85)y

_@i=ap)? 4
Z%(Niy04) :/dwi pe(zi)e 20, (154)

yielding updates (170)-(171). Similarly, the neighborhood of the observations y, is also un-
changed and the updates (160) and (161) are following from the definition of

_(Za*WZ)Z
Zgut(w§7va2) = /dzd pgut(ga|z‘1) € 2Va2 9y (155)

identical to the single layer (79). At the interface however, the variables u, play the role
of outputs for the first GLM and, of inputs for the second GLM, which translates into a
normalization partition function of mixed form

1 1 41 1 1 - ('“u*ii) (2“7“]1“)2
gut(wua Vp, ) A;uo-p,) = fdzﬂ /du# Pout (UH|ZH) X e 2”“ € QVM .

Updates (166) and (167) dre obtained by considering that the second layer acts as an effective
channel for the first,layer, i.e. from the normalization interpreted as

_Gume)®

;’ut(w}“\/,},/\i,ai) = /dzu pf,ift(zu) e Wy (156)

Finallyipdate equations (172) and (173) are in turn derived considering the first layer defines
an effective priordor the hidden variables and rewriting the normalization as

_ (o)

= e T (157)

Theyrest ©f the algorithm updates follows as usual from the self-consistency between the
different variables introduced as they correspond to different parametrization of the same
marginals. The schedule of updates and the time indexing reported in Algorithm 4 results
from the entire derivation starting from the BP messages. The generalization of the algorithm
to an arbitrary number of layers is easily obtained repeating the heuristic arguments presented
here.
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2
3
4
5
? Algorithm 4 Generalized Approximate Message Passing for the 2-layer GLM
) Input: vector y € RM and matrices ®° € RM*N ¢! ¢ RQXM;
9 Initialize: &z € RNV, C* € RN, 4 € RM c" ¢ RM, gow € RM 3gout1 € RM, @ € Ry
10 8gout2 S RQ and t = 0.
11 repeat
12 1) Update auxiliary variables of second layer:
13 ()
t " t—1
14 20 Z 1) gy 2 (158)
15
16 (®L )
2(t) _ u (t)
17 Vo' = —~ Cu (159)
18 "
t t t
19 gouti( ) = Yout (y w2( ) Va2( )) - (160)
20 t t t
21 awgoutz( ) = 8wgout2(ya7wg( )a Va2( )) (161)
22 (pl (I>1 2
® _ 1 au o) (Pau) ON
23 >\/1L = 0'/,, <Z Goutq 7aw9011ta uu) (162)
24 = VN N
25 Pl )2 -1
a t
26 bl = <—Z( A’;) Do ot )> (163)
27 a
28 - .
29 1) Update auX1hary variables of first layer: 4
2
t i ((I)Oi) t—1
30 1( ) Z # (f) Z £ Cmigout,lt( ) (164)
31 - N
32 2
®0)
33 i 5~ Pu) o 165
34 N ; N i ( )
35 t t t t t
by goutt():gout1( 1() V1() )\1() 1()) (166)
t t t t t
37 Outout) " = Dugous (ol Bt A ) (167)
38 —1
39 (®° )
(t) i (t)
40 0? = |~ z ZI\L[ augout;ll (168)
41 i N
42 2
o7 (P)) ®)
43 20 = o0 pi i) \Pui o done P s 1
44 1 0-1, ; \F Outu N a g ut’u X ( 69)
45
46 3) Update mean$ andwariances of variables of both layers, x and w:
47 A(t+1) _ e ( 0 t) (t))
Z, A 170
48 = A (170)
49 Cx (t+1) _ fz ()\O(t O(t)) (171)
50
t+1 w150 1@) 1(75)
g; L L ( VO g1 ) (172)
53 Cﬁ(H—l fu ( 1(¢) V1( ) )\1(75)7 plt(t)) (173)
54
55 t=t+1
56 until convergence
57 Qutput: signal estimate # € RV, and estimated variance C* € RY
58
59
60
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6 Some applications

6.1 A brief pre-deep learning history

The application of mean-field methods of inference to machine learning, and in particular to
neural networks, already have a long history and significant contributions to their records.
Here we briefly review some historical connections anterior to the deep learning revival of
neural networks in the 2010s.

Statistical mechanics of learning In the 80s and 90s, a series of works pioneered. the
analysis of learning with neural networks through the statistical physics lense. By focusing on
simple models with simple data distributions, and relying on the mean-field methéd of replicas,
these papers managed to predict quantitatively important properties such as<eapacities: the
number of training data point that could be memorized by a model, or learning curves: the
generalization error (or population risk) of a model as a function of the size of the training set.
This effort was initiated by the study of the Hopfield model [AGS85], an undirected neural
network providing associative memory [Hop82]. The analysis of feed forward networks with
simple architectures followed (among which [Gar87, Gar88, OH91, MZ95,0W96, MZ04], see
also the reviews [SST92, WRB93, Opp95, Saa99, EV01]). The dymamics of simple learning
problems was also analyzed through a mean-field framework (not covered'in the previous
sections) initially in the simplifying case of online learning with infinite training set [SS95a,
SS95b, BS95, Saa99] but also with finite data [SB97, LM99].

Physicists, accustomed to studying natural phenomenay fruitfully brought the tradition of
modelling to their investigation of learning, which translated into assumptions of random data
distributions or teacher-student scenarios. Their approach was in contrast to the focus of the
machine learning theorists on worst case guarantees: bounds for an hypothesis class that hold
for any data distribution (e.g. Vapnik-Chervonenki§ dimension agd Rademacher complexity).
The originality of the physicists approach, along with the heuristic character of the derivations
of mean-field approximations, may nonetheless explain the minor impact of their theoretical
contributions in the machine learning community at the time.

Mean-field algorithms for practictioners Along with these contributions to the sta-
tistical mechanics theory of learning, mew, practical training algorithms based on mean-field
approximations were also proposed at the same period (see e.g.[Won95, OW96, Won97]). Yet,
before the deep learning era, mean-field methods probably had a greater influence in the
practice of unsupervised learning through density estimation, where we saw that approximate
inference is almost always necessary. In particular the simplest method of naive mean-field,
our first example in Section 4] was easily adopted and even extended by statisticians (see
e.g. [WJ08] for a recent textbook and [BKM17] for a recent review). The belief propagation
algorithm is another example of a well known mean-field methods by machine learners, as it
was actually discovered dn botlrcomminities. Yet, for both methods, early applications rarely
involved neural networks and rather relied on simple probabilistic models such as mixtures
of elementary distributions. They also did not take full advantage of the latest simultaneous
developments in statistical physics of the mean-field theory of disordered systems.

Transferring advanced'mean-field methods In this context, the inverse Ising prob-
lem has been a notable, exception. The underlying question, rooted in theoretical statistical
physics, is{toinfer the parameters of an Ising model given a set of equilibrium configura-
tions. Thisis related to the unsupervised learning of the parameters of a Boltzmann machine
(without hidden units) in the machine learning jargon, while it does not necessarily rely on a
maximum Jdikelihood estimation using gradients. The corresponding Boltzmann distribution,
with,pairwise interactions, is remarkable, not only to physicists. It is the least biased model
under the assumption of fixed first and second moments in the sense that it maximizes the
entropy. For this problem, physicists proposed dedicated developments of advanced mean-field
methods for applications in other fields, and in particular in bio-physics (see [NZB17] for a
recent review). A few works even considered the case of Boltzmann machines with hidden
unit§; more common in the machine learning community [PA87, Gal93].

Beyond the specific case of Boltzmann machines, the language barrier between communi-
ties is undoubtedly a significant hurdle delaying the global transfer of developments in one
field to the other. In machine learning, the potential of the most recent progress of mean-
field approximations was advocated for in a pioneering workshop mixing communities in 1999
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1 6.2 Some current directions of research
2
3
4 [OS01]. Yet the first widely-used application is possibly the Approximate Message Passing
> (AMP) algorithm for compressed sensing in 2009 [DMMO09]. Meanwhile, in the different field
6 of Constraint Satisfaction Problems (CSPs), there have been much tighter connections be-
7 tween developments in statistical physics and algorithmic solutions. The very first popular
8 application of advanced mean-field methods outside of physics, beyond naive mean-field and
9 belief propagation, is probably the survey propagation algorithm [MPZ02] in 2002. It borrows
10 from the 1RSB cavity method (not treated in the present paper) to solve efficiently certain
11 types of CSPs.
12
1 Z 6.2 Some current directions of research
15 The great leap forward in the performance of machine learning with neural networks brought
16 by deep learning algorithms, along with the multitude of theoretical and practical challenges it
17 has opened, has re-ignited the interest of physicists for the theory of neural networks{ In this
18 Section, far from being exhaustive, we review some current directions of-research leveraging
19 mean-field approximations. Another relevant review is [CCC™19], which providésmréferences
20 both for machine learning research helped by physics methods and convérsely research in
physics using machine learning.
21 Works presented below do not necessarily implement one of the classicalginference meth-
22 ods presented in Sections 4 and 5. In some cases, the mean-field limit corresponds to some
23 asymptotic setting where the problem simplifies: typically some correlations weaken, fluctua-
24 tions are averaged out by concentration effects and, as a resulty ad-hoe. methods of resolution
25 can be designed. Thus, in the following contributions, different assumptions are considered to
26 serve different objectives. For instance some take an infinite size limit, some assume random
27 (instead of learned) weights or vanishing learning ratessHence, there is no such a thing as one
28 mean-field theory of deep neural networks. The below cited.works are rather complementary
29 pieces of solving a great puzzle. 4
30
31 6.2.1 Neural networks for unsupervised learning
gg Fundamental study of learning Given their similarity with the Ising model, Restricted
Boltzmann Machines have unsurprisingly attracted a lot of interest. Studying an ensemble
34 of RBMs with random parameters using the teplica method, Tubiana and Monasson [TM17]
35 evidenced different regimes of typical pattern of activations in the hidden units and identified
36 control parameters as the sparsity of the weights, their strength (playing the role of an effec-
37 tive temperature) or the type of prior for the hidden layer. Their study contributes to the
38 understanding of the conditionssunder which the RBMs can represent high-order correlations
39 between input units, albeit without including data and learning in their model. Barra and
40 collaborators [BGST17, BGST18], exploited the connections between the Hopfield model and
41 RBMs to characterize RBM learning understood as an associative memory. Relying again on
42 replica calculations, they characterize the retrieval phase of RBMs. Mézard [Méz17] also re-
43 examined retrieval in the Hopfield model using its RBM representation and message passing,
44 showing in partieular that the addition of correlations between memorized patterns could still
allow for a mean-field treatment at the price of a supplementary hidden layer in the Boltzmann
45 Machine representations This result remarkably draws a theoretical link between correlations
46 in the training data and the necessity of depth in neural network models.
47 While the above results do not include characterization of the learning driven by data, a
48 few others_were able to discuss the dynamics of training. Huang [Hual7] studied with the
49 replicadmethod and"TAP equations the Bayesian leaning of a RBM with a single hidden unit
50 and binary sveights. Barra and collaborators [BGST17] empirically studied a teacher-student
51 scenario,of unsupervised learning by maximum likelihood on samples of an Hopfield model
52 which they eould compare to their theoretical characterization of the retrieval phase. Decelle
53 and collaberators [DFF17, DFF18] introduced an ensemble of RBMs characterized by the
54 spectral properties of the weight matrix and derived the typical dynamics of the corresponding
55 order,parameters during learning driven by data. Beyond RBMs, analyses of the learning in
56 other generative models are starting to appear [WHLP18].
57
58 Training algorithm based on mean-field methods Beyond bringing theoretical
59 insights, mean-field methods are also found useful to build tractable estimators of the likelihood
60 in generative models, which in turn serves to design novel training algorithms.
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6 Some applications

For Boltzmann machines, this direction was already investigated in the 80s and 90s, [PA87,
Hin89, Gal93, KR98], albeit in small models with binary units and for artificial data sets very
different from modern machine learning benchmarks. More recently, a deterministic training
based on naive mean-field was tested on RBMs [WHO02, Tie08]. On toy deep learning data
sets, the algorithm was found to perform poorly when compared to both CD and PCD, the
commonly employed approximate Monte Carlo methods. However going beyond naive mean-
field, considering the second order TAP expansion, allows to bridge the gap in efficiency
[GTK15, TGM 18] . Additionally, the deterministic mean-field framework offers,a tractable
way of evaluating the learning success by exploiting the mean-field observables to visualize the
representation learned by RBMs. Interestingly, high temperature expansions of estimators
different from the maximum likelihood have also been recently proposed as efficient inference
method for the inverse Ising problem [LVMCI18].

By construction, variational auto-encoders (VAEs) rely on a variational approximation of
the likelihood. In practice, the posterior distribution of the latent represéntation given an
input (see Section 2.2) is typically approached by a factorized Gaussian'distribution with
mean and variance parametrized by neural networks. The factorization assumption relates
the method to a naive mean-field approximation. ~

Structured Bayesian priors With the progress of unsupervisedslearning, the idea of
using generative models as expressive priors has emerged.

For reconstruction tasks, in the event where a set of typical signals is available a priori,
the latter can serve as a training set to learn a model of thesunderlying data distribution
with a generative model. Subsequently, in the reconstruction of a new signal of the same
type, the generative model can serve as a Bayesian prior.. In particular, the idea to exploit
RBMs in CS applications was pioneered by [DHD12] and,[TDK16], who trained binary RBMs
using Contrastive Divergence (to locate the support of the non-zero entries of sparse signals)
and combined it with an AMP reconstruction. They demonstrated drastic improvements in
the reconstruction with structured learnedspriors compared to the usual sparse unstructured
priors. The approach, requiring to combine thexAMP reconstruction for CS and the RBM TAP
inference, was further generalized in [TMC "16, TGM ' 18] to real valued distributions. In the
line of these applications, several works have also investigated using feed forward generative
models for inference tasks. Usingsthis time multi-layer VAMP inference, Rangan and co-
authors [PSRF19] showed that VAESs, could help for in-painting partially observed images.
Note also that a different line of works, mainly considering GANs, examined the same type
of applications without resorting to mean-field algorithms [BJPD17, HLV18, HV18, MV18].
Instead they performed the inference via gradient descent and back-propagation.

Another application of gemerative priors is to model synthetic data sets with structure.
In [GML*"18, ALM*19, GMKZ19], theyauthors designed learning problems amenable to a
mean-field theoretical treatment by assuming the inputs to be drawn from a generative prior
(albeit with untrained weights'sofar).This approach goes beyond the vanilla teacher-student
scenario where input data isftypically unstructured with i.i.d. components. This is a crucial
direction of research as the role of structure in data appears as an important component to
understand thedpuzzling efficiency of deep learning.

6.2.2 Neural networks for supervised learning

New results in the replica analysis of learning The classical replica analysis of
learningwith simple architectures, following bases set by Gardner and Derrida 30 years ago,
contintes to/be explored. Among the most prominent results, Kabashima and collaborators
[Kab08; SK08, SK09] extended the mean-field treatment of the perceptron from data matri-
ces.with i.i.d entries to random orthogonal matrices. It is a much larger class of random
matrices where matrix entries can be correlated. More recently, a series of works explored
in depth the specific case of the perceptron with binary weight values for classification on
random inputs. Replica computations showed that the space of solutions is dominated in
the thermodynamic limit by isolated solutions [HWK13, HK14], but also that subdominant
dense clusters of solutions exist with good generalization properties in the teacher-student sce-
nario case [BIL" 15, BBCT16, BGK™ 18]. This observation inspired a novel training algorithm
[€CST17]. The simple two-layer architecture of the committee machine was also reexamined
recently [AMB™ 18]. In the teacher-student scenario, a computationally hard phase of learning
was evidenced by comparing a message passing algorithm (believed to be optimal) and the
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replica prediction. In this work, the authors also proposed a strategy of proof of the replica
prediction.

Signal propagation in depth Mean-field approximations can also help understand the
role and implications of depth by characterizing signal propagation in neural networks. The
following papers consider the width of each layer to go to infinity. In this limit, Sompolinsky
and collaborators characterized how neural networks manage to progressively separate/data
manifolds fed as inputs [KS16, CLS18, CCLS19]. Another line of works focused ofisthe initial-
ization of neural networks (i.e. with random weights), and found an order-to-chaos tramsition
in the signal propagation as a function of hyperparameters of training [PLR™"164SBGT17].
As a result, the authors could formulate recommendations for combinations of hyperparame-
ters to practitioners. This type of analysis could furthermore be generalized to convelutional
networks [NXL719], recurrent networks [GCC'19] and networks with bateh-normalization
regularization [YPR'19]. The space of functions spanned by deep random networkshin the
infinite-size limit was also studied by [LS18, LS20], using the different but related approach
of the generating functional analysis. Yet another mean-field argumentythis timewrelying on a
replica computation, allowed to compute the mutual information between layers of large non-
linear deep neural networks with orthogonally invariant weight matrices [GML" 18], Using this
method, mutual informations can be followed precisely along the learning for an appropriate
teacher-student scenario. The strategy offers an experimental test bed to characterize possible
links between the generalization ability of deep neural networks'and information compression
phases in the training (see [TZ15, SZT17, SBD"18]).

Dynamics of SGD learning in simple networks and generalization A number
of different mean-field limits led to interesting analyses,of the dynamics of gradient descent
learning. In particular, the below mentioned works contribute te shed light on the general-
ization power of neural networks in the so-called overparametrized regimes, that is where the
number of parameters exceeds largely either the number of training points or the underlying
degrees of freedom of the teacher rule. Im linear networks first, an exact description in the
high-dimensional limit was obtained for the\teacher-student setup by [AS17] using random
matrix theory. The generalization was predicted to improve with the overparametrization of
the student. Non-linear networks awith one infinitely wide hidden layer were considered by
[MMN18, RVE18, CB18b, SS18] who showedithat gradient descent converges to a finite gen-
eralization error. Their results are related to others obtained in a slightly different limit of
infinitely large neural networks [JGH18]. Fomarbitrarily deep networks, Jacot and collabora-
tors [JGH18] showed that, in‘ajcertain setting, gradient descent was effectively performing a
kernel regression with a kernel.function converging to a fixed value for the entire training as
the size of the layers increages. In both, related limits, the absence of divergence is account-
ing for generalization not deteriorating despite of the explosion of the number of parameters.
The relationship betweensthe two, above limits was discussed in [CB18a, MMM19, GSJW19].
Subsequent works, leveraged/the formalism introduced in [JGH18]. Scaling for the general-
ization error as a function of network sizes were derived by [GJST19]. Other authors focused
on the characterization of the network output function in this limit, which takes the form of
a Gaussian process [LXS+19]. This fact was probably first noticed by Opper and Winther
with one hidden. layer JOWAQ9b|, to whom it inspired a TAP based Bayesian classification
method using Gaussian processes. Finally, yet another limit was analyzed by [GAST19],
considering, a finite number of hidden units with an infinitely wide input. Following classi-
cal works on the mean-field analysis of online learning (not covered in the previous sections
[SS95a,45595b, BS95578aa99]), a closed set of equations can be derived and analyzed for a col-
lection of ovérlaps. Note that these are the same order parameters as in replica computations.
The resulting learning curves evidence the necessity of multi-layer learning to observe the
improvement_of generalization with overparametrization. An interplay between optimization,
architecture and data sets seems necessary to explain the phenomenon.

7 Conclusion

This review aimed at presenting in a pedagogical way a selection of inference methods coming
from statistical physics. In past and current lines of research that were also reviewed, these
methods are sometimes turned into practical and efficient inference algorithms, or sometimes
the angle stone in theoretical computations.
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A Index of notations and abbreviations

What is missing There are more of these methods beyond what was covered here. In
particular the cavity method [MPV86], closely related to message passing algorithms and
the replica formalism, played a crucial role in the physics of spin glasses. Note also that,
we assumed replica symmetry, which is only guaranteed to be correct in the Bayes optimal
case. References of introductions to replica symmetry breaking are [MPV86, CCFMO05], and
newly proposed message passing algorithms with RSB are [SLL19, AFUZ19, AKUZ19]. The
methods of analysis of online learning algorithms pioneered by [SS95a, SS95b, BS95],and
reviewed in [Saa99] also deserve the name of classical mean-field analysis. They are currently
actively serving research efforts in deep learning theory [GAS™ 19]. Another importantumethod
is the off-equilibrium mean-field theory [CS88, CHS93, CK93], recently used for example to
characterize a specific type of neural networks called graph neural networks [KTO18] or to
study properties of gradient flows [MKUZ19].

On the edge of validity We have also touched upon the limitations of<the mean-field
approach. To start with, the thermodynamic limit is ignoring finite-size effects. Moreaver,
different ways of taking the thermodynamic limit for the same problem sometimes lead to
different results. Also, necessary assumptions of randomness for weightsfor data, matrices are
sometimes in clear contrast with real applications. ~

Thus, the temptation to apply abusively results from one field to the.other can be a dan-
gerous pitfall of the interdisciplinary approach. We could mention here the characterization of
the dynamics of optimization. While physicists have extensively studiedsLangevin dynamics
with Gaussian white noise, the continuous time limit of SGD js,unfortunately not an equiva-
lent in the general case. While some works attempt to draw insights from this analogy using
strong assumptions (e.g. [CHM 15, JKAT17]), others seek'precisely torinderstand the differ-
ences between the two dynamics in neural networks optimization (e.g. [BJSG'18, SSG19]).
Alternatively, another good reason to consider the powér of mean-field methods lies in the ob-
servation rooted in the tradition of theoretical physics'that one,can learn from models a priori
far from the exact neural networks desired, but that retain some'key properties, while being
amenable to theoretical characterization. For example, [MKUZ19] studied a high-dimensional
non-convex optimization problem inspired/by the physics of spin glasses apparently unrelated
to neural networks, but gained insights on therdynamics of gradient descent (and Langevin)
that is of primal interest. Another example of this,surely promising approach is [WHLP18],
who built and analyzed a minimal model of GANs.

Moreover, the possibility to combinerwell-studied simple settings to obtain a mean-field the-
ory for more complex models, as recently demonstrated in a series of work [TDK16, TMC™ 16,
TGM*18, MKMZ17, FRS18, GML™ 18, ABM™ 19], constitutes an exciting direction of research
that should broaden considetably the limit of applications of mean-field methods.

Patching the pieces together and going further Thus the mean-field approach alone
cannot to this day provide complete answers to the still numerous puzzles on the way towards
a deep learning theory. Yet, /considering different limits and special cases, combining solutions
to approach ever more complex models, the approach should help uncover more and more
corners of the big black box.‘ilopefully7 intuition gained at the edge will help revealing the
broader picture.
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A Index of notations and abbreviations
[N] - Set of integers from 1 to N
0(-) - Dirac distribution
o(z) = (14 e ®)~! - Sigmoid
relu(z) = max(0, z) - Rectified Linear Unit
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1 B.0

2

3

: X - Matrix

6 x - Vector

7 L € RM*N _ Identity matrix

8 () - Average with respect to the Boltzmann distribution

9 O(N) ¢ R¥*N _ Orthogonal ensemble

:(1) 1RSB - 1 Step Replica Symmetry Breaking

12 AMP - Approximate message passing

13 BP - Belief Propagation

14 cal-AMP - Calibration Approximate Message Passing

15 CD - Contrastive Divergence

16 CS - Compressed Sensing

:; CSP - Constrain Satisfaction Problem

19 DAG - Directed Acyclic Graph -

20 DBM - Deep Boltzmann Machine

21 EC - Expectation Consistency

22 EP - Expectation Propagation

23 GAMP - Generalized Approximate message passing

24 GAN - Generative Adversarial Networks

;2 GD - Gradient Descent

27 GLM - Generalized Linear Model

28 G-VAMP - Generalized Vector Approximate Message Passi’ng

29 i.i.d. - independent identically distributed

30 PCD - Persistent Contrastive Divergénce

g ; r-BP - relaxed Belief Propagation

33 RS - Replica Symmetric

34 RSB - Replica Symmetry Breaking

35 RBM - Restricted Boltzmann Machine

36 SE - State Evolution

37 SGD - Stochastic Gradient,Descent

38 SK - Sherrington-Kirkpatrick

23 TAP - Thouless Anderson Palmer

41 VAE - Variational Autoangoder

42 VAMP - Vector Approximate message passing

43

44 B Statistical models representations

45

46 Graphical représentationsthave been developed to represent and efficiently exploit (in)dependencies
between random variables encoded in joint probability distributions. They are useful tools to

47

48 concisely present the model under scrutiny, as well as direct supports for some derivations of

49 inferencesprocedures. Let us briefly present two types of graphical representations.

50 v A . e . .
Probabilistic graphical models Formally, a probabilistic graphical model is a graph

51 G =V, E) withmodes V representing random variables and edges E representing direct inter-

52 actions between random variables. In many statistical models of interest, it is not necessary

53 to keep track of all the possible combinations of realizations of the variables as the joint prob-

54 ability distribution can be broken up into factors involving only subsets of the variables. The

55 strueture of the connections F reflects this factorization.

56 There are two main types of probabilistic graphical models: directed graphical models

57 (or Bayesian networks) and undirected graphical models (or Markov Random Fields). They
allow to represent different independencies and factorizations. In the next paragraphs we

58

59 provide intuitions and remind some useful properties of graphical models, a good reference to

60 understand all the facets of this powerful tool is [KF09].
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Statistical models representations

Figure 7: Left: Directed graphical model for p(z, Y, W) without assumptions of factorizations for the
channel and priors. Right: Directed graphical model reflecting factorization assumptions for p(g,ﬂﬂ).

Undirected graphical models In undirected graphical models the direet interaction
between a subset of variables C' C V is represented by undirected edges interconnecting each
pair in C'. This fully connected subgraph is called a cligue and associated.with a real positive
potential function ¢ over the variable To = {z;}icc carried by C. /The join,kdistribution
over all the variables carried by V', z,, is the normalized product of all potentials

play) = 3 [] veleo). (174)

ceC

Example (i): the Restricted Boltzmann Machine,

Pz t) = ze L, @0 (175)

with factorized p, and p: is handily represented using anpundirected graphical model
depicted in Figure 2a. The corresponding set of cligues is the set of all the pairs with one
input unit (indexed by ¢ = 1--- N) and one hidden unit (indexed by o = 1--- M), joined
with the set of all single units. The potential functions are immediately recovered from

(175),
C={{i},{a},{i,a};i=1---N,a=1---M}, Via (T, o) = €"1Wiole (176)
N M
p(z,t) = % [T ¢iatotdh ] pe(zd T petta). (177)
{i,a}tee i=1 a=1

It belongs to the subclass of pairwise undirected graphical models for which the size of
the cliques is at most two.

Undirected graphical models handily encode conditional independencies. Let A, B,S C V
be three disjoint subsets§ of nedes.of'G. A and B are said to be independent given S if
p(A, B|S) = p(A|S)p(B|S).4 In the graph representation it corresponds to cases where S
separates A and B: there s no path between any node in A and any node in B that is not
going through S

Example (i): In the. RBM, hidden units are independent given the inputs, and conversely:

bitle) = [ [ptal2),  palt) = [ [ pla:lo)- (178)

This property is easily spotted by noticing that the graphical model (Figure 2a) is bipar-
tite:

Directed graphical model A directed graphical model uses a Directed Acyclic Graph
(DAG), specifying directed edges E between the random variables V. It induces an ordering of
the random variables and in particular the notion of parent nodes m; C V of any given vertex
i € Vi the set of vertices j such that j — i € E. The overall joint probability distribution
factorizes as

p() = [[ p(ilz,,)- (179)

i€V
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1 C.0
2
3
4 Example (ii): The stochastic single layer feed forward network y = g(Wa; ¢), where g(-; ¢)
5 is a function applied component-wise including a stochastic noise € that is equivalent to a
6 conditional distribution pout(y \Kx), and where inputs and weights are respectively drawn
7 from distributions p;(z) and pw (W), has a joint probability distribution
8
9 (Y, 2, W) = pout (Y Wa)pe (z)pw (W), (180)
10 precisely following such a factorization. It can be represented with a three-node DAG as
11 in Figure 7. Here we applied the definition at the level of vector/matrix valuied random
12 variables. By further assuming that pout, pw and p. factorize over their compouents, we
13 keep a factorization compatible with a DAG representation
14 N M N
15
i p(y,z, W) = [ [ pe(@s) [ ] pout @ul Y Waszs) [ [ pw (Wiao).- (181)
i=1 p=1 i=1 P
17
18 For the purpose of reasoning it may be sometimes necessary to get.torthe finest /level of
19 decomposition, while sometimes the coarse grained level is sufficient. ~
20 While a statistical physicist may have never been introduced to the formal definitions of
21 graphical models, she inevitably already has drawn a few - for instance when considering the
22 Ising model. She also certainly found them useful to guide physical intuitions. The following
23 second form of graphical representation is probably newer to her.
24 . . . : . 4 e
25 Factor graph representations Alternatively, high-dimensional jjoint distributions can
be represented with factor graphs, that are undirected bipartite graphs G = (V, F, E) with two
26 subsets of nodes. The variable nodes V' representing the random variables as in the previous
27 section (circles in the representation) and the factor'modes FE. representing the interactions
28 (squares in the representation) associated with potentials.”The gdge (i) between a variable
29 node ¢ and a factor node u exists if the variable i\ participates in the interaction u. We note
30 0t the set of factor nodes in which variable ¢ is involved, they are the neighbors of ¢ in G.
31 Equivalently we note du the neighbors of factor 1 in Gy they carry the arguments {x;}icopu,
32 shortened as z,,,, of the potential ¢,. The overall distributions is recovered in the factorized
33 form:
34 1 M
35 p(a) =5 1T ¥utzs,). (182)
36 p=1
37 Compared to an undirected graphical model, the cliques are represented by the introduction
38 of factor nodes.
39 Examples: The factor-graph representation of the RBM (i) is not much more informative
40 than the pairwise undirected graph (see Figure 2a). For the feed forward neural networks
41 (ii) we draw the factor graph.of p(y, z|W) (see Figure 2b).
42
43 C/ Mean-field identity
44
45 We derive the exact identity (42) for fully connected Ising model with binary spins z € {0,1}",
46
47
1 1
22 (Ti)pr= Z Z Z; exp ,Bij:rj +3 Z Wiz (183)
z€{0,1} N J Jk
50
51
1 1 Bbixzi+ ) Wijzix;
gg = = Z exp Bijl’j + §ZWL'J'.T¢$J' Z x;e ZJ Jee
z,,€{0,1} N1 J#i k#i z;€{0,1}
54 i
55 . . o
56 where z,, is the vector of z without its ¢-th component. Yet
57 5bzrz+ZWsz”—f
Z ‘ zie 5 Vi J
>8 o(Bbi+ Y fWijzy) = =2l ; (184)
59 — ﬁbrﬂr‘rz, Wijz;zj
JjEOi xie{O,l}e J
60
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D  Georges-Yedidia expansion for generalized Boltzmann machines

so that multiplying and dividing (183) by the denominator above we obtain the identity (42)
in Section 4.1

(@i)p = (o (Bbi+ Y BWiszs))p - (185)

jeai

D Georges-Yedidia expansion for generalized Boltzmann
machines

We here present a derivation of the Georges-Yedidia for real-valued degrees of freedom on the
example of a Boltzmann machine as in [TGM ' 18]. Formally we consider z € RVagoverned by
the energy function and parametrized distribution

N N
Bl) ==Y W, = 5 Y logpa(@ist) . pla) = 57 L [[ (o0, 156)
i=1

(25)

where pg(x;;6;) is an arbitrary prior distribution with parameter 6;. \Fof a Bernoulli prior
with parameter o(8b;) we recover the measure of binary Boltzmann,machines{ However we
choose here a prior that does not depend on the temperature a priori;y, We now derive the
expansion for this general case following the outline discussedsin 4.2.1, andyhighlighting the
differences with the binary case.

Note that inference in the generalized fully connected Boltzmannrmachine is somehow
related to the symmetric rank-1 matrix factorization problem, which also features pairwise
interactions. Similarly, inference for the bi-partite RBM, maps to the asymmetric rank-1
matrix factorization. However, conversely to the Boltzmann inference, these factorizations are
reconstruction problems. The mean-field techniques, derivedyin fRK716, LKZ17], allow there
to compute the MMSE estimator of unknown signals from approximate marginals. Here we
focus on the evaluation of the free energy.

Minimization for fixed marginals While fixing the value of the first moment is suf-
ficient for binary variables, more than one constraint is\now needed in order to minimize the
Gibbs free energy at a given value/of thesmarginals. In the same spirit of the AMP algorithm
we assume a Gaussian parametrization of the marginals. We note a the first moment of x and
¢ its variance. We wish to compute the comstrained minimum over the distributions ¢ on RY

Gla,c) = min [(B(2))g ~H(0)/F | (@)a = a,(z")g =0’ +¢], (187)
where the notation of squared vectors corresponds here and below to the vectors of squared
entries. It is equivalent to_an Qlconstrained problem with Lagrange multipliers A(a, ¢, 8) and

&(a, ¢, B)
Gla,0) =aniny| (B} — Hl0)/B 2T (@)y —0)/8 ~ §((a”)s —a* —0)/B] . (189)

The terms depending on, the distribution ¢ in the functional to minimize above can be inter-
preted as a Gibbs free energy for the effective energy functional

E(z)y=E(x)—A'z/8-¢ 2%/8. (189)

The solution of the minimization problem (188) is therefore the corresponding Boltzmann
distribution

e—BE(z) 1

a,c\&L) = = = =€
Gac(@) E E

T T.2
—BE(z2)+A(a,c,8) ' z+€(a.c,8) 'z (190)

and the miinimum G(a, ¢) is

—BG(a,¢) = -ATa—¢" (@® + o) + log/dg e PE@+A st e

_ log/dg e*BE@HAT(E*gHéT@Q*f*9)’ (191)
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where the Lagrange multipliers A(a, ¢, 8) and {(a, ¢, 8) enforcing the constraints are still im-
plicit. Defining a functional G for arbitrary vectors A € RY and f € RY,
~ i1 ¢ 7BE(I)+5\T(zfa)+§—r(z27azfc)
76G(Q7§3A7§) :log dge e (192)
we have
oG 2*°G
i = (Ti)qy. = B 5| =0, -8 5| ={()a.—al>0, (198)
- 8A7, A;ﬁ 8)\1 A»é
e >’’G
¢ +a; = (m?>q2,£ = -8 —= =0, -7 - = <(az?)2>%£ — (e + af)2 > 0.
0¢&; At 0¢; v
(194)
Hence the Lagrange multipliers are identified as minimizers of —8G and
—BG(a,¢) = —BG(a, ¢, Ma, ¢, B),&(a, ¢, B)) = min —5G(a, ¢, A, ). e (195)
X =

The true free energy F' = —log Z/8 would eventually be recoveréd, by minimizing the con-
strained minimum G(g, ¢) with respect to its arguments. Nevertheless, the ¢omputation of G
and G involves an integration over z € RY and remains intractable. The following step of the
Georges-Yedidia derivation consists in approximating these funetionals by /a Taylor expansion
at infinite temperature where interactions are neutralized.

Expansion around =0 To perform the expansion we introduce the notation A(f,a,c) =
—BG(a,c). We also define the auxiliary operator

z

&

U; ) = —sz' Wz + —(z' W),

1
T2
(196)

that allows to write concisely for any observable O the derivative of its average with respect

to 3,

0(z; 8)) qa,. _ /00(z; B) ' .
98 = < 93 >q =(U(z; B)O(2; B)) g - (197)
To compute the derivatives of A and £ with respect to 8 we note that
0A oG
5, = Paqg, = MBha o) —288(5,a. o), (198)
DA oG N
5. = Pag, =684 c); (199)

where we used thatVdG/OX; = 0/and 0G/9€; = 0 when evaluated for A(a, ¢, 8) and £(a, ¢, B).
Consequently,

06 4004 0Ni 0 04 4 2, 3
o8 [ dc; 0B o8~ da; 98 B’
We can now proceed to compute the first terms of the expansion that will be performed for
the funetional A.

(200)

Zeroth order Substituting 8 =0 in the definition of A we have
A(O7Q7 Q) = _A(Oy a, Q)TQ - §(07 a, Q)T(Q2 + Q) + log Z~0(A(O7Qa Q),§(07 a, g)): (201)
with

N
Z2%(\(0,a,¢),£(0,a,¢)) = /d£ 2(0.2.0) "2 +£(0.0.0) T 2 Hpm(xi;&-) (202)

i=1

Il
.EZ

Il
=

/dfl e>\ (0,a,¢)x;+£;(0,a, C>z’p (wi; 92) (203)

7
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At infinite temperature the interaction terms of the energy do not contribute so that the
integral in Z° factorizes and can be evaluated numerically in the event that it does not have
a closed-form.

First order We compute the derivative of A with respect to 3. We use again that
Ala, ¢, B) and £(a, ¢, B) are stationary points of G to write

8A aé a — T a,c T(L‘*ﬂ. a,c TJ)*(I —C
% = ,5% 5 [log/dxe BE(z)+A(a,e,8) " (z—a)+E(a,cf) T (z®—a? )] (204)
o AT o’
_<8ﬁ( BE(z)) + a5 (&—Q)+6—5 (z° —a® —¢) (205)
da,c
= %@T@%@,E- (206)

At infinite temperature the average over the product of variables becomes a prod@ of averages
so that we have

a'Wa=Y Wijaa,. (207)
(i5)

Second order Using the first order derivative of Adwve ¢an compute the derivatives of
the Lagrange parameters (200) and the auxillary operator at infinite temperature,

== Wija;, U@ 0)= ZW” ai)(z; — aj).
=0

jEdi (45)

0&;
op =0

o\

9?A
2
B2 |,

The second order derivative is then easily fomputed at infinite temperature
1 _
= —§<U(£; 0)(z" Wa))yt (208)

1 0
0 T2 % (@TKI)qg’g) p=0

= Z Wh((zi — a)@a(z; = aJ) Z Wieic;. (209)

(i5) (5)

TAP free energy for the generalized Boltzmann machine Stopping at the second
order of the systematic expansion, and gathering the different terms derived above we have

—BG(a,¢) = —A(0,a,6) a —£(0,a,¢) " (a® + ¢) + log Z°(A(0, g, ), £(0, a, ¢)) (210)

+5ZWZJIICLJ+—Z i7CiCi,

(i5) (i5)

a—
N

where the values of the parameters A(0, a,c) and £(0, a, c) are implicitly defined through the
stationary conditions (193)-(194). The TAP approximation of the free energy also requires to
consider the stationary points of the expanded expression as a function of a and c.

This second condition yields the relations

20,0, ==<8" > Wic; = A (211)
JjEODT
Ai(0.a,c) = Asa; + B Z Wija; = B; (212)
JEDT

where we define new variables A; and B;. While the extremization with respect to the Lagrange
multipliers gives

Aq .
a; = ;m da wipe (i3 0:)e™ 2 " TP = f7(By, A 0)), (213)
1 2 7ﬁzg+B~z' 2 x
6=z dw; 22ps (i3 0:)e” 2 % T0i% _ 2 = £2(B;, Ais 6,), (214)
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where we introduce update functions f{ and f3 with respect to the partition function
x —ﬂ12+Bvr-
27 (Bi, Ais0:) = [ dai pa(wisfi)e” 2 77 (215)
Finally we can rewrite the TAP free energy as
N
~BG(a,c) = —B'a+A"(a® +¢)/2+ Y _log 2" (Bi, Ai; 0;) (216)
i=1

+8 Z Wijaia; + %2 Z Wiieicks

(5) (45)

with the values of the parameters set by the self-consistency conditions (211)4(212), (213)and
(214), which are the TAP equations of the generalized Boltzmann machine at second order.
Note that the naive mean-field equations are recovered by ignoring the seeond,order terms in

g2 =

Relation to message passing The TAP equations obtained above must correspond
to the fixed points of the Approximate Message Passing (AMP) following therderivation from
Belief Propagation (BP) that is presented in Section 4.3.3. In,the Appendix B of [TGM 18]
the relaxed-BP equations are derived for the generalized Boltzmann machine:

Bz(t—>>j - Z ﬁW ak%z’ 7.—>] = Z ﬁ 2k Sctln’ (217)
kedi\j keoi\j
1 1 1 1
0y = EBLD, ALY 00, ol = 5 (BN 0. (218)
&
To recover the TAP equations for them we define
B = 8Waall,,, ALY = - SUBWA (219)
keoi keot
o = fFBEY, AT 0, D = @B A 0,). (220)
As B<t) Bft_)” + BWi; agiz and A(t) Afzj BZWZQJ ;t_)” we have by developing f3 that
Et) = 52] + O(B) so that
AY =52y " wiel Lo(B). (221)
JjEODL

By developing f{ we also havK

D= (B BWaS S, ALY — Bwiel D 0) (222)
3]
= af TGl + o) (223)
with ggk (B,it_l), Agfl); 0r) = c,it). Finally, by replacing in the definition of B; the messages
we obtain
Bi(t) = Z ,BWZka,(:LZ Z BWZkaff) zC;(:)a,E:kl)- (224)

keod keoi

As az(.t_jkl) = agtfl) + O(B) and using the definition of Az@, we finally recover

BUR S Waa?) + AV, (225)
keoi

Hence we indeed recover the TAP equations as the AMP fixed points in (220), (221) and
(225). Beyond the possibility to cross-check our results, the message passing derivation also
specifies a scheme of updates to solve the self-consistency equations obtained by the Georges-
Yedidia expansion. In the applications we consider below we should resort to this time indexing
with good convergence properties [Boll4].
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1/1z(§(1)7§(2)) =
5= _ @)
Pout (y|2) (2 z%)

= ()
lim NV (2 Wz®,A)
A—0 —
=) e)

(D)
po(a?) b (2D, 2@ =

5@(1) — £(2))

Figure 8: Factor graph representation of the GLM for the derivation of VAMP (reproduction of
Figure 5 to help following the derivation described here in the Appendix).

~

Solutions of the TAP equations As already discussed in Section' 4.2, the TAP equa-
tions do not necessarily admit a single solution. In practice, differént fixed points are reached
when considering different initializations of the iteration of the self-consistent equations.

E Vector Approximate Message Passing for the GLM

We recall here a possible derivation of G-VAMP diseussed in Section 4 (Algorithm 2). We
consider a projection of the BP equations for the factor graph F'gure 8.

Gaussian assumptions We start by»parametrizing marginals as well as messages
coming out of the Dirac factors. For a = 1,2:

Moy (@ @) = N (@@, 2@, @@ mie) (21V) = N (2@, 2@, ¢*@) (226)
and
_1,.(a)T g¢a) . (a) (a) T (a)
My, o (2(®) oc e 2L EGE T HES 2T (227)
_1)T ga) ()@ T ()
My oo (2 ) oce 28 T2 TEET 20 (228)
N

Self consistency of/the parametrizations at Dirac factor nodes Around v,
the message passing equations.are simply

(2)) b

mwwﬁgu) (l mg(l)aww (z(z)% mwmag(l) (2(1)) = mg@)%d@ (2(1)) (229)

and similarly around 2.. Moreover, considering that messages are marginals to which the
contribution of the 6pposite message is retrieved we have

WY oM,y (@) /1y, Lo (1), (230)

My @y, (%) 0 Mg o) (@) /10y, uo (2?). (231)

my_,, (@

Combining this observation along with (229) leads to updates (139) and (135). The same
reasoning can be followed for the messages around . leading to updates (141) and (137).

Input and output update functions The update functions of means and variances
of the marginals are deduced from the parametrized message passing. For the variable z®
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taking into account the prior p,, the updates are very similar to GAMP input functions:
& “/dﬁ(l) 2Wpe (M), 0 @) (232)
1 1) (1))~ 12T AW 0T M) e (1) (1)
= <o dz'” z' ps(z')e =, > = 1B, AY), (233
1 T 1, T MW T )
o= 20 /dﬁ(l) 2Wa® p,(aW)e 2 Ao TR (234)

— FEBD, AV (8D, AM)]
= 5B, AY), (235)
where ZS) is as usual the partition ensuring the normalization.

Similarly for the variable z(!), the update functions are very similar to the GAMP output
functions including the information coming from the observations:

~
2 / a2 oyl () (236)
L & (1))~ 320 TAW W4 pOT 0 ) 0
= Z(l) d§ pout(y|§ )6 - = fl (Ez 7éz )7 (237)
. 1 T 1, 4 (W) ' 1)
oW = = /dg(l) 2W20 po(ylzM)e 22 2EEEEENE (238)

_ ff(B<1>,A<1>)ff(3<1>,A“>)T

= f5(BM,AY). (239)

L

Linear transformation For the miiddle factor node we consider the vector variable
concatenating T = [g<2>§<2)] € RVNTM The computation of the corresponding marginal with
the message passing then yields

L1 TA@ 5T 1. T 4@, g7,
mz(z) o lim N(z?; Wa'® AT e 2* Sy otB” 2 ez AR 2 (240)
= A—0 — =M
The means of §(2) and g@) are then updatedsthrough
T T
£ 5@ — aremin [H@—ElF/A +§Té(.2)§* 2B? £+§Té<2>§* 2B® 4|,
(241)

at A — 0. At this poinb it is}dvantageous in terms of speed to consider the singular value
decomposition W = USV T and t6 simplify the form of the variance matrices by taking them

proportional to,the,identify, i.e. éf) = Af! o ete Under this assumption the solution of
the minimization problem is

2® = GBRANB®, A?) =V D (Ai”""s:UTﬁEf) + Aﬁfﬂg@f)) . (242)
P &g BP AP B AP = Wt (BP, AP, B, AP, (243)

—1 —1
with 2 a diagonal matrix with entries D;; = (Ag) S?i + A(IQ) )_1. The scalar variances are

then updated using the traces of the Jacobians with respect to the B® g

O = A (o3 ) 1, = & S A7 o
1=1

= g; (Ef)a AC(E2) > E}(ﬁ)} Aiz>) (245)

c® = A (03108 1, = S Su(A® s+ B )L (216)
=1

=gs(BY, AP, BY, AD). (247)
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Figure 9: Factor graph of the Generalized Linear Model (GLM) on vector variables corresponding
to the joint distribution (248).

~

F  Multi-value AMP derivation for the. GLM

We here present the derivation of the multi-value AMP and its SE motivated in Section 5.3,
focusing on the multi-value GLM. These derivations also appear,in [GBKZ19].

F.1 Approximate Message Passing

The systematic procedure to write AMP for a givendjoint,probability distribution consists in
first writing BP on the factor graph, second project the messagesyon a parametrized family of
functions to obtain the corresponding relaxed-BP ‘and ghird close the equations on a reduced
set of parameters by keeping only leadingerms in the thermodynamic limit.

For the generic multi-value GLM the posterior measure we are interested in is

N M
_ 1 T P P
P(QLE)*Z(Tml_[lp(zi)nlpout(gulwué/vl\f), z; €RY, y €R". (248)
= = i= u=

where the known entries of matrix W are drawmi.i.d from a standard normal distribution (the
scaling in 1/+/N is here made explicit). The corresponding factor graph is given on Figure 9.
We are considering the simultaneous reconstruction of P signals z, ) € R™ and therefore
write the message passing on\the variables z, € RP. The major difference with the scalar
version (P=1) of AMP issthatswe will«consider covariance matrices between variables coming
from the P observations instead of scalar variances.

Belief propagation (BP) We start with BP on the factor graph of Figure 9. For all
pairs of index i — u, we,define the update equations of messages function

- () _ 1 Wi (t)
my, - (&) = Z0 /Hd&z Pout Q,JZ TN Hmi,_m(zi,) (249)

i j i

1 1 -
W @S z ) [T i) (250)
' #p

where Z,; and 2Z;_,,, are normalization function that allow to interpret messages as probabil-
ity distributions. To improve readability, we drop the time indices in the following derivation,
and only specify them in the final algorithm.

Relaxed BP (r-BP) The second step of the derivation is to develop messages keeping
only terms up to order O(1/N) as we take the thermodynamic limit N — +oo (at fixed
a = M/N). At this order, we will find that it is consistent to consider the messages to be

48

Page 48 of 64



Page 49 of 64

oNOYTULT D WN =

AUTHOR SUBMITTED MANUSCRIPT - JPhysA-112869.R1

F.1  Approximate Message Passing

approximately Gaussian, i.e. characterized by their means and co-variances. Thus we define

T, = /dzzmmu(g) (251)
T A AT
Cji_w = /dgﬂ Misp(z) =2, ,,2, ,, (252)
and
W,ui/ I8
Yysi = Z o Loy (253)
Vi VN
WQ'/
_ ni’ ~w
i = Tgi/—’lt7 (254)
i’ i
where w i and V. are related to the intermediate variable z, = w/ X.
i 10 I

~
Expansion of m,_,; - We defined the Fourier transform pout of pout(yugu) with re-

spect to its argument z, = QZé,

—ig ! 2

ol €)= [ dz, oy, )¢ 505 (255)
Using reciprocally the Fourier representation of pout (gu|§ M),

1 Tz

s, 12,) = ey [ 4, Bl J6,) €555, (256)

we decouple the integrals over the different z,, in (249);

- R iv—Vlﬂ§Tz. iwwl z.¢'z,
Mu—i(z,;) X déﬂ Pout (y#|§#) e VN i H dz, my . (z,)e VN T (257)
il £
ig " (Mﬁﬁ-g Hi) -1yt ¢
“/ g, pou (3, f6 JE M T S (258)

where developing the exponentials of the product in (249) allows to express the integrals over
the z,, as a function of the definitions (253)-(254), before re-exponentiating to obtain the final
result (258). Now reversing the-Fourier transform and performing the integral over £ we can
further rewrite a

.
-3 (z‘ﬁ%zfﬂ‘ﬁi) v (5“7 vj‘;}ig *ﬁu%i)
Mu—i(z;) o< [ d2, pout@PJE“) e e (259)

2
W w2,
vl Wi Wi Tyl

.
Eu %) X i z; VoZ;
oc/dgu P°“t(§u5gu%i’guﬁi)e(w ﬂH) =u—i VN NS =T (260)

where we are led to.introduce the output update functions,

Pout(gu;gug,wlu_ﬂ.) = Pout (gy‘lgu) N(é‘ﬁﬂ“*}wlu_”-) ) (261)
Zout(y, Wil )= /dzu Pout (gﬂlzﬂ) Nzpiw, ol ), (262)
1 820ut 8gout

and 8£gout = (263)

@(guagp%’”lﬂ—)i) - Zout Ow

Ow ’

where NV (z;w, V) is the multivariate Gaussian distribution of mean w and covariance V. Fur-
therexpanding the exponential in (260) up to order O(1/N) leads to the Gaussian parametriza-
tion

i W Wi
mu%i(gi) <l ﬁigoutgi + 27\; L‘T(goutgoutT + 6ﬁgoutl)£¢ (264)
. —1, Ty T,
x efﬂ,*}l =i 2=i :“‘,ift’ (265)
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with
Bi= %@(yu»ﬂwiéw) (266)
4,.= *W]Qﬁ%g(yw@w’gw)- (267)
Consistency with m;_,, - Inserting the Gaussian approximation of 7, —; in the

definition of m;_.,, we get the parametrization

B, Ta —1aTA . — L. -\, 1 A
M) o pala) [[ e 5B A o (g ) FE R 2, B2
wFp
(268)
with
~
Ai*}u = gi_m B,u ! —i (269)
W Fp
-1

gi—>,u, = Z é,u’—n’ : (270)

W Fp

Closing the equations - Ensuring the consisténgy,with the definitions (251)-(252) of
mean and covariance of m;—,, we finally close our set.of equations by defining the input update

functions, S
v /dx pa(z)eFEDTo @) (271)
I /dx @ pa(z)e” FE TE EW (272)
i /dx o Pl — s@=NTa Nz-2) _if(é’ g)if(3> g)'r7 (273)
so that
@i_w = [ Qe ) (274)
L= Qi . (275)

The closed set of equations (253), (254), (266) (267), (269), (270), (274) and (275), with

restored time indices, defines the r-BP algorithm. At convergence of the iterations, we obtain
the approximated.anarginals

]. — Lz, T0'71 T—A,
mi(z;) =gpa(Z;)e g 2, (@2 (276)
with
M
A =0, B, (277)
p=1
-1
M
g, 4 : (278)
§

As usual, while BP requires to follow iterations over M x N message distributions over
vectors in R”, r-BP only requires to track O(M x N x P) variables, which is a great simpli-
fication. Nonetheless, r-BP can be further reduced to the more practical GAMP algorithm,
given the scaling of the weights in O(1/v/N).
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1 F.2  State Fvolution
2
3
4 Approximate message passing We define parameters w,, V and &;, C* , likewise A
Z and g defined above and consider their relations to the original /\Zﬁw Zi 0 Yuorio Vu_”, iy
7 and gi—m As a result we obtain the vectorized AMP for the GLM presented in Algorithm 3.
8 Note that, similarly to GAMP, relaxing the Gaussian assumption on the weight matrix entries
9 to any distribution with finite second moment yields the same algorithm using the Central
Limit Theorem.

10
11 .
12 F.2 State Evolution
13 We consider the limit N — 400 at fixed @« = M/N and a quenched average over the disor-
14 der (here the realizations of éo’ s0, Y and W), to derive a State Evolution analysis of the
15 previously derived AMP. To this end, our starting point will be the r-BP equations.
16
17 F.2.1 State Evolution derivation in mismatched prior and channel setting
18 Definition of the overlaps The important quantities to follow the/dynamie.of iterations
19 and fixed points of AMP are the overlaps. Here, they are the P x P matrices
20
21 1 N 1 . 1 T
% 1=y @), m= ¥ Z}%T 4 =% z_:%% - (279)
23
24 Output parameters Under independent statistics ofthe entries of W and under the
25 assumption of independent incoming messages, the variable w " ; defined in n (253) is a sum of
26 independent variables and follows a Gaussian distribution by the Central Limit Theorem. Its
27 first and second moments are
28 Ew [ _ 3 s =

W QMAM'] = E& I:W,uz/} Lt sy = 04 - 4 (280)
29 VN i~
30

1 T _
By [ ] = 5 3 3 B (P 200050, )
i/ i il #i
33
1
34 :NZEl[le]xz%uxz’%u:NZ £l p 7,~>u O(l/N)
35 i #£i /=1
36 ol T
37 DD TN A (aAf - BHZxT) +0(1/N)
38 =
39
20 _ *2 o +0 1/\/N) (282)
41
42 where we used the facts that fhe Wj;-s are independent with zero mean, and that B,,—.;, defined
43 in (266), is of order,O(1/A/N). Similarly, the variable Zyi = Zi,# %L/ is Gaussian with
44 first and second moments
45
46 EW [ u—n \/— ZEW i’ xo s =0, (283)
i £i
47
40 Eyg [_“_ngu_”} = Zxo vZoy' +O (1/ ) (284)
50 A
51 Furthermore, their covariance is
52 T 1 )
=3 Ew, [ ‘Hzgﬁl} =~ > B Wi zo0il, = Zxo s2h ., +0(1/N)  (285)
54 il i z/ 1
55 e~ :
56 - N ZEO,HL'T’ - lo,iaiflgiﬁf—n (1/N) (286)
57 o
58 1 AT ( )
= - i1 Loy 1 N . 2

59 N 2120,1 Z; + 0 /\/7 ( 87)
60 -
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Multi-value AMP derivation for the GLM

Hence we find that for all p-s and all i-s, w W,y and Z,_,; are approximately jointly Gaussian
in the thermodynamic limit following a unique distribution ./\f( Zysip Wi 0, Q) with the
block covariance matrix a
q m
=0 —_—
Q= . (288)
= T
m g

For the variance message V., defined in (254), we have
i

By |V, ] =D Ew [ } C O (1/N) (289)
il #i
:i%C ” O(l/\/ﬁ), (290)
/=1 ~

where using the developments of A, , , and g ., (269)-(270), along withithe scaling of B
in O(1/v/N) we replaced

=p—i

C =g )= £ Q) - 0ffe B, <P o) 40 (V).
(291)

Futhermore, we can check that

2
n B [v? e[y, ] ] o, N (209)
Notoo — —>i — |=p—i

meaning that all lﬂﬁi concentrate on their identical mean in the thermodynamic limit, which
we note

(293)

£-re

Input parameters Here we use the re-parametrization trick to express y, asa function

2 \

go(-) taking a moise ¢, ~ pc(€,)has inputs: Y, = go(gzéo,gu). Following (267)-(266) and
(276),

-1
= Al = Ngout (%7 gu—)z’—— z) (294)
p=1
M
Wy,q,’ Wy,i’ Wy,i
= ou x i/+7£ Em y W ,-,K . 295
u=1 \/Ng t( ; VN VNTOUT R T (2%5)

w,
' N pi ,u,'L’
_§ :\/Ngo‘“ § : mO i & ’QH—”"ZMAM'

=1 ’#1

+ Z N zGout (gO ( ’“EM) 7@;1*)17!#_”,) Qo,zw (296)

The first term is again a sum of independent random variables, given the W,; are i.i.d. with
zeromean, of which the messages of type u — ¢ are assumed independent. The second term
has non-zero mean and can be shown to concentrate. Finally recalling that all ln—ﬂ' also

concentrate on V. we obtain the distribution

gz_lél ~N <G’;1Ai; O‘@O,i’ A /Oltij) (297)
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1 F.2  State Fvolution

2

3

4 with

5

6 .

- i= / de pe(€)dso ps (s0) / dw dz N (z,w; 0, @)gout (90 (2, €) , w, V) X (298)

g M(go (§7§)7ﬂ7¥)’r>

10 = /dg pe(€)dso pso(SO)/dg dz N(z,w; 0, Q)9:gout (90 (2, €) ,w, V). (299)

1 o

1; For the inverse variance g;l one can check again that it concentrates on its mean

14 M W2

15 -1 _ wi —~

16 g, = N aig(gmgu—n’?guﬁi) = aé: (300)
p=1

17

18 = */dg pe(€)dso psy(s0) /dg dz Nz, w; 0, Q)0 gout (90 (2, €) 5V (301)

19 ~

20 . .

21 Closing the equations These statistics of the input parametérs must ensare that con-

22 sistently

23 L&

24 V-3 =R [0, (302)

25 = N ; vooTEETE

26 1 &

27 0= 5 D &a =By [0 )], (303)

28 B i=1 o B IS

29 1 N T T

30 n=x Zizlm =Exg [ff (A, 2)g s } ) (304)

31 i=1

gg which gives upon expressing the computation of the expectations

34

35 V= /dg() pzo(go)/l?éi: <(a>_2)1 ( agt + amxo) ;(002)1> , (305)

36 N N - B

37 1 1 T

38 m= / dzg pao (2o) / DES (eR)™ ( agé + amwo) (ex) |z s (306)

39

T
43 T ~Ay—1 ~ A ~y—1

44 il (O‘é) agj—kayo §(O‘§) . (307)
45

46 The State Eyolution analysis of the GLM on the vector variables finally consists in iterating
47 alternatively the equations (298), (299), (301), and the equations (305), (306) (307) until
48 convergence.

49

50 Performance analysis The mean squared error (MSE) on the reconstruction of X by
51 the AMP algorithm is then predicted by

52

53 MSE(X) = ¢ — 2m + qo, (308)
54

55 where the scalar values used here correspond to the (unique) value of the diagonal elements of
56 the €orresponding overlap matrices. This MSE can be computed throughout the iterations of
57 State Evolution. Remarkably, the State Evolution MSEs follow precisely the MSE of the cal-
58 AMP predictors along the iterations of the algorithm provided the procedures are initialized
59 consistently. A random initialization of Z, in cal-AMP corresponds to an initialization of zero

overlap m = 0, v = 0, with variance of the priors ¢ = ¢o in the State Evolution.
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F  References

F.2.2 Bayes optimal State Evolution

The SE equations can be greatly simplified in the Bayes optimal setting where the statistical
model used by the student (priors p, and ps, and channel poyt) is known to match the teacher.
In this case, the true unknown signal X 0 is in some sense statistically equivalent to the
estimate § coming from the posterior. More precisely one can prove the Nishimori identities
[OH91, Iba99, Nis01] (or [KKM T 16] for a concise demonstration and discussion) implying that

g=m, V=q —m, Q:@:X and r=vr. (309)

@:/dzo paco(go)/Dgff <(am)—1 (\/@HX@O) ;(am)—1> ol (310)
@:/dépe(é)dso pso(so)/dg dz N(z,w; 0, Q)gout (go (26w gem) ) x |(311)

N
Jout (go (2 )hw. g~ m)) ;

Q= : (312)
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