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DEGREE CORRELATIONS IN SCALE-FREE
RANDOM GRAPH MODELS

CLARA STEGEHUIS,* Eindhoven University of Technology

Abstract

We study the average nearest-neighbour degree a(k) of vertices with degree k. In many
real-world networks with power-law degree distribution, a(k) falls off with k, a property
ascribed to the constraint that any two vertices are connected by at most one edge. We
show that a(k) indeed decays with k in three simple random graph models with power-
law degrees: the erased configuration model, the rank-1 inhomogeneous random graph,
and the hyperbolic random graph. We find that in the large-network limit for all three
null models, a(k) starts to decay beyond n*=2/=D and then settles on a power law
a(k) ~ k¥ =3, with T the degree exponent.
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1. Introduction

Complex networks are often studied via mathematical analysis of null models that can
match the network degree distribution. For scale-free networks, this degree distribution follows
a power law. In many real-world networks, such as the Internet, social networks, and biological
networks, the power-law exponent T was found to be between 2 and 3 [1, 19, 30, 43]. In such
scale-free networks, high-degree vertices called hubs are likely present, and give rise to scale-
free properties such as small distances and fast information spreading. The hubs also crucially
influence local properties such as clustering [26, 41] and the occurrence of subgraphs [36].
Clustering can be measured in terms of the probability c(k) that a degree-k vertex creates
triangles. Both empirically [33, 38] and theoretically [17, 41], it has been shown that c(k) falls
off with k, and hence that hubs are less likely to take part in triangles.

Whereas triangles and even larger subgraphs require us to study the correlation between at
least three vertices, in this paper we study the degree correlation between pairs of two vertices
in terms of a(k), the average degree of a neighbour of a vertex of degree k. According to several
studies [2, 15], this degree—degree correlation is an essential local network property, because it
also falls off with k and can largely explain the fall-off of c(k) [9, 15, 40]. We provide support
for this statement by identifying an explicit relation between a(k) and c(k) for large k. But
the main goal of this paper is to explain the full spectrum k — a(k) for all k, and to provide
theoretical underpinning for the widely observed a(k) fall-off.

There exists a vast array of papers, empirical, non-rigorous, and rigorous, on a(k) [2, 3,
9, 10, 15, 34, 37, 38, 42, 45]. The function k + a(k) describes the correlation between the
degrees on the two sides of an edge, and classifies the network into one of the following
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FIGURE 1: a(k) for the YouTube friendship network [32].

three categories [35]. When a(k) increases with k, the network is said to be assortative:
vertices with high degrees mostly connect to other vertices with high degrees. When a(k)
decreases in k, the network is said to be disassortative. Then high-degree vertices typically
connect to low-degree vertices. When a(k) forms a flat curve in k, the network is said to be
uncorrelated. In this case, the degrees on the two different sides of an edge can be viewed as
independent of each other, a desirable property when studying the mathematical properties of
networks. But the fact is that the majority of real-world networks with power-law degrees and
unbounded degree fluctuations (t € (2, 3)) show a clear decay of a(k) as k grows large [33, 38].
Figure 1 illustrates this for the YouTube friendship network [32]. Hence, scale-free networks
are inherently disassortative, and hubs are predominantly connected to small-degree vertices.
In complex network theory, such a well-established empirical fact then asks for a theoretical
explanation. Typically, this explanation comes in the form of a null model that matches the
degree distribution and has the empirical observation as a property, in this case disassortivity,
or more specifically, the essential features of the curve k — a(k).

The popular configuration model [11] generates random networks with any prescribed
degree distribution, but only results in uncorrelated networks when including self-loops and
multi-edges. Hence, the configuration model can never explain the a(k) fall-off. We therefore
resort to different null models that, contrary to the configuration model, generate random
networks without self-loops and multi-edges. The resulting simple random networks are
therefore prone to the structural correlations that come with the presence of hubs. We study
a(k) for three widely used random graph models: the erased configuration model, the rank-1
inhomogeneous random graph (also called hidden variable model), and the hyperbolic random
graph. We show that these models display universal a(k)-behaviour: For k sufficiently small,
a(k) is independent of k. Thus, in simple scale-free networks, neighbours of small-degree
vertices are similar. We then identify the value of k for which a(k) starts decaying. An intuitive
explanation for the a(k) fall-off is that in simple networks, high-degree vertices have so many
neighbours that they must reach out to lower-degree vertices, because networks typically only
contain a small amount of high-degree vertices. This causes the average degree of a neighbour
of a high-degree vertex to be smaller. Thus, single-edge constraints may cause the decay
of a(k).
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674 C. STEGEHUIS

2. Main results

We first define the average nearest-neighbour degree a(k, G) of a graph G in more detail.
Let (D;)ic[n) be the degree sequence of the graph, where [n] =1, ..., n. Furthermore, let Nj
denote the total number of degree k vertices in the graph, and let AV; denote the neighbourhood
of vertex i. The average nearest-neighbour degree of graph G is then defined as

aw(n———Z:E:D (1)

zD =k jeN;

Note that it is possible that no vertex of degree k exists in the graph, and in this situation we
set a(k, G) = 0. We therefore analyse

ag(k, G)= 8( 1 > > p )

ieM, (k) jeN;

where
My (k)={ie[n]: D;e k(1 —e), k(1+e)]}.

When M. (k) = @, we set a.(k, G) =0. We will show that in the models we analyse, M. (k) is
non-empty with high probability, so that a.(k, G) is well-defined with high probability. Note
that a(k, G) = ap(k, G). We now analyse a,(k, G), first for the erased configuration model in
Section 2.1 and then for the rank-1 inhomogeneous random graph and the hyperbolic random
graph in Sections 2.3 and 2.4.

2.1. The erased configuration model

Given a positive integer n and a degree sequence (D1, D, . .., Dy) such that the sum of the
degrees is even, the configuration model is a (multi)graph where vertex i has degree D; [11].
We start with D; free half-edges adjacent to vertex j, forj=1, ..., n. The configuration model

is then constructed by pairing free half-edges uniformly at random into edges, until no free
half-edges remain. Conditionally on obtaining a simple graph, the resulting graph is a uniform
graph with the prescribed degrees. This is why the configuration model is often used as a null
model for real-world networks with given degrees. When the degree distribution has an infinite
second moment, however, the probability of obtaining a simple graph tends to zero as n grows
large (see e.g. [23, Chapter 7]). In this setting the configuration model can no longer be used
as a null model for simple real-world networks. The erased configuration model is the model
where all multiple edges are merged and all self-loops are removed [13]. We take the original
degree sequence to be an i.i.d. sample from the distribution

P(D=k)=ck ", 3)

where t € (2, 3) so that E[D?] = 0o. We denote E[D] = w. When this sample constructs a
degree sequence such that the sum of the degrees is odd, we add an extra half-edge to the
last vertex. This does not affect our computations. We denote the actual degree sequence of
the graph after merging the multiple edges and removing self-loops by (D");c[n], and we call
these the resulting degrees.

2.1.1. Stable random variables. The limit theorem of a(k, G,) for the erased configuration
model contains stable random variables. A random variable X follows a stable distribution if,
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FIGURE 2: Illustration of the behaviour of a(k, G,) in the erased configuration model.

for any positive numbers a; and aa, there exists a real number b; = bj(ay, az) and a positive
number br» = by(ay, ap) such that

ar X1+ axXn i171 + byX, 4

where X and X, are independent copies of X. Stable random variables can be parametrized by
four parameters, and are usually denoted by Sy (o, B, 1) (see e.g. [44, Chapter 4]). Throughout
this paper, we will only use stable distributions with o =1, 8 =1, © =0 and we denote S, =
Sy (1, 1, 0) to ease notation.

We now state the main result for the erased configuration model.

Theorem 1. (a(k, G) in the erased configuration model.) Let (G,),>1 be a sequence of erased
configuration models on n vertices, where the degrees are an i.i.d. sample from (3). Take €, =
1/(log (log (n))) and let T" denote the gamma function.

(i) Fork < n®=2/C=D/log (n),

ag, (k. Gp) a1 (273G =37 a(r = D))/

where Sz —1)2 is a stable random variable.
(i) For n®=2/C=D « k <« n'/C=D/log (n),

ag,(k, Gy) P _
#—)—cuz T2 -1). (6)

Remark 1. The convergence in (5) also holds jointly in k£ and n, so that for fixed m > 1 and
1<ki <ky<---<ky<n™2/C=D/1og (n),

5 1 2/(t—1
(ae, (ki G))icim) d 1<2CF(§—§T) COS(n(r—l))) /e >S(t_1)/217

no-o/c-h e D3 =1 4

where 1 € R™ is a vector with m entries equal to 1. Thus, a;,(k;, G,) and a,,(k;, G,) converge
to the same realization of the random variable S;_1)/2. We will prove this remark at the end
of the proof of Theorem 1.
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Figure 2 illustrates the behaviour of ag, (k, G,). First, it stays flat and does not depend
on k. After that, a(k, G,) starts decreasing in k, which shows that the erased configuration
model indeed is a disassortative random graph. Theorem 1 shows that n‘™ =2/ D gserves as a
threshold. Thus, the negative degree—degree correlations due to the single-edge constraint only
affect vertices of degrees at least n("=2/("=1_This can be understood as follows. In the erased
configuration model the maximum contribution to a,(k, G) (see Propositions 1 and 2) comes
from vertices with degrees proportional to n/k. The maximal degree in an observation of n i.i.d.
power-law distributed samples is proportional to n!/*=1 w.h.p. Therefore, if k <« n(F=2/(t=1,
such vertices with degree proportional to n/k do not exist w.h.p. This explains the two regimes.

For k small, a,, (k, G,) converges to a stable random variable, as was also shown in [45]
for k fixed. Thus, for k£ small, different instances of the erased configuration model show wild
fluctuations. The joint convergence in k of Remark 1 shows that a(k, G,) still forms a flat curve
in k for one realization of an erased configuration model when & is small. In contrast, a;, (k, G;,)
converges to a constant for large k-values, so that different realizations of erased configuration
models result in similar a;, (k, G,)-values.

2.2. Sketch of the proof

We now give a heuristic proof of Theorem 1. Conditionally on the degrees, the probability
that vertices with degrees D; and D; are connected in the erased configuration model can be
approximated by [24] 1 — e DiDj/un ety e M, (k), and let X;, denote the indicator that vertex
i is connected to v. The expected degree of a neighbour of v can then be approximated by

de, (k. G) k™' Y DIPXiy =1~ k™" ) Di(1 — e~ P, )

ic[n] i€[n]

The maximum degree in an i.i.d. sample from (3) scales as n!/"=1 w.h.p. Thus, as long as
k<« n™=2/t=D we can Taylor-expand the exponential so that

1
e, (k, Gp) ~ — > D}

i€[n]

Because (D;);c[n) are samples from a power-law distribution with infinite second moment, the
Stable Law Central Limit Theorem gives Theorem 1(i).
When k> n®=2/ =D _we approximate the sum in (7) by the integral

oo
asn(k, Gn ~ an_l / xl_r(l — e_Xk/(,u”)) dx
1

3—
:c,ﬂ—f<f> r/OO VT —e ) dy
k K/(un)

using the degree distribution (3) and the change of variables y = xk/(un). When k < n, we can
approximate this by

n 3—71 00 n 3—1
ag, (k, Gn) ~ cp> " (%> / YT —e ) dy= —cuz_’<%> rQ-n.
0

The proof of Theorem 1(ii) then consists of showing that the above approximations are indeed

valid. We prove Theorem 1 in detail in Sections 3.2 and 3.3.
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2.3. Rank-1 inhomogeneous random graphs

We now turn to the rank-1 inhomogeneous random graph (or hidden variable model). This
model constructs simple graphs with soft constraints on the degree sequence [9, 16]. The graph
consists of n vertices with weights (%;);c[,]. These weights are an i.i.d. sample from the power-
law distribution (3). We denote the average value of the weights by n. Then, every pair of
vertices with weights (i, /') is connected with probability p(h, h’). In this paper, we take

p(h, ') =min (hh' /(un), 1),

which is the Chung—Lu version of the rank-1 inhomogeneous random graph [16]. This
connection probability ensures that the degree of a vertex with weight 4 will be close to A
[9]. We show the following result.

Theorem 2. (a(k, G,) in the rank-1 inhomogeneous random graph.) Let (G;,),>1 be a sequence
of rank-1 inhomogeneous random graphs on n vertices, where the weights are an i.i.d. sample
from (3). Take ¢, = 1/(log (log (n))) and let I" denote the gamma function.

(i) For1 < k< n™=2/C=D/log (n),

ag,,(k, Gn) _d) 1 ZCF(% - %‘L’) cos 7-[(1— _ 1) 2/(1’*1)8
n(3—t)/(‘[—l) M (‘L’ _ 1)(3 . ‘L') 4 (t—1)/2»

where Sz_1),2 is a stable random variable.
(i) For n™=2/=) « k < n'/=D/log (n),

as, (k. Gp) . cp’"
— .
n3—Tkt=3 B-1)(1=2)
Theorem 2 is almost identical to Theorem 1. The proof of Theorem 2 exploits the deep
connection between the two models, and essentially carries over the results for the erased
configuration model to the rank-1 inhomogeneous random graph. The similarity can be
understood by noticing that in the erased configuration model the probability that vertices i
and j with degrees D; and D; are connected can be approximated by 1 —exp (— D;D;/Ly)

which is close to
. ( DiDj>
min | 1, ,
un

the connection probability in the rank-1 inhomogeneous random graph. Arguments similar to
those that led to (7) show that a,, (k, G,) can be approximated by

®)

ag, (k. Gy) ~ k™" > by min (hik/pn, 1).

ie[n]

This sum behaves very similarly to the sum in (7), so that the only difference between
Theorem 1 and 2 is the limiting constants in (6) and (8). The main difference between the
two models is that in the rank-1 inhomogeneous random graph the presence of all edges is
independent as soon as the weights are sampled. This is not true in the erased configuration
model, because we know that a vertex with sampled degree D; cannot have more than D;
neighbours, creating dependence between the presence of edges incident to vertex i. We show
that these correlations between the presence of different edges in the erased configuration
model are small enough for a, (k, G,) to behave similarly in the erased configuration model
and the rank-1 inhomogeneous random graph.
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2.4. Hyperbolic random graphs

The third random graph model we consider is the hyperbolic random graph. This model
was introduced in [31] and samples n vertices on a disk of radius R =2 log (n/v), where the
density of the radial coordinate r a vertex p = (r, ¢) is

sinh (ar)

P = osh @R — 1

with o = (r — 1)/2. The angle of p is sampled uniformly from [0, 277]. Then, two vertices
are connected if their hyperbolic distance is at most R. The hyperbolic distance of points u =
(ru, @) and v = (ry, ¢,) is defined by

cosh (d(u, v)) = cosh (r,,) cosh (r,,) — sinh (r,) sinh (r;,) cos (6,,), )

where 6, denotes the relative angle between ¢, and ¢,. This creates a simple random graph
with power-law degrees with exponent t [31]. The parameter v fixes the average degree of the
graph.

The hyperbolic random graph creates simple sparse random graphs with power-law degrees,
but in contrast to the erased configuration model and the rank-1 inhomogeneous random graph,
can at the same time create many triangles due to its geometric nature [14, 31]. In both
the rank-1 inhomogeneous random graph and the erased configuration model, the connection
probabilities of different pairs of vertices are (almost) independent. In the hyperbolic random
graph, this is not true. When u is connected to v and u is connected to w, then v and w should
also be close to one another by the triangle inequality. However, if we define the type of a
vertex as

1(u) = e®=w)/2

then we show that we can approximate the probability that vertices u# and v are connected by

P(X, 1| #u), 1) ;Sin_l wru)t(v)/n) vi(uy(v)/n <1,
uv = u), 1(v)) =

1 vi(u)t(v)/n>1,

which behaves similarly to the connection probability in the rank-1 inhomogeneous random
graph. Furthermore, by [7, Lemma 1.3], the density of 2 In (#(x)) can be written as

-1
Foin () = <TT) e~ D21 1 o(1)),

where the o(1) term is with respect to the network size n. Therefore,
P(t(u) > x) =P In (1)) > 2 In (x)) =x~ (1 + o(1)), (10)

so that on a high level the hyperbolic random graph can be interpreted as a rank-1 inhomo-
geneous random graph with (#(«)),c[,) as weights (see [7, Section 1.1.1] for a more elaborate
discussion).

The next theorem shows that indeed the behaviour of g, (k, G,) in the hyperbolic random
graph is similar to the rank-1 inhomogeneous random graph.
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Theorem 3. (a(k, G,) in the hyperbolic random graph.) Let (G,),>1 be a sequence of hyper-
bolic random graphs on n vertices with power-law degrees with exponent T and parameter V.
Take ¢, = 1/ 1og (log (n)) and let I" denote the gamma function.

() Forl Kk« n(f_z)/(f_l)/ log (n),

ae, k. Gp) a v( 2 (5 1 r(r—1) 2/“‘“8
w0l 7 \3=¢ \2 27\ T (r=Dy/2:

where Sz_1),2 is a stable random variable.

(ii) For n@=2/C=D « k < n'/@=D/1og (n),

n3-Tkt-3 2t —2)I'(2 — %) 7t —2) .

2.5. Discussion

2.5.1. Universality. The behaviour of ag, (k, G,) is universal across the three null models we
consider. The erased configuration model and the rank-1 inhomogeneous random graph are
closely related. They are known to behave similarly, for example, under critical percolation
[4, 6], in terms of distances [18] when t > 3, and in terms of clustering when 7 € (2, 3)
[41]. The hyperbolic random graph typically shows different behaviour, for example in terms
of clustering [14, 22], or connectivity [7, 8]. Still, the behaviour of a,(k, G,) is similar in
the hyperbolic random graph and the other two null models. In all three null models, the
main contribution for k 3> n*=2/(*=1 comes from vertices with degrees proportional to n/k
(see Propositions 1 and 2). In the hyperbolic random graph, we can relate this maximum
contribution to the geometry of the hyperbolic sphere. A vertex i of degree k has radius
ri ~ R —2log (k). Similarly, a vertex j of degree n/(vk) has radius r; ~ R — 2log (n/(kv)) =
2log (k). Then, rj~ R —r;, so that the major contributing vertices have radial coordinate
proportional to R — r;.

2.5.2. Expected average nearest-neighbour degree. In Theorems 1-3 we show that a;, (k, G,,)
converges in probability to a stable random variable when & is small. Thus, when we generate
many samples of random graphs, for fixed &, the distribution of the values of a;, (k, G,) across
the different samples will look like a stable random variable. We can also study the expected
value of a(k, G,) across the different samples. For the erased configuration model for example,
we can show that (see Section 3.4)

Elak, Gl 5.

The difference between the scaling of the expected value of a(k, G,,) and the typical behaviour
of a(k, G,) in Theorem 1(i) is caused by high-degree vertices. In typical degree sequences, the
maximum degree is proportional to n'/~D Tt is unlikely that vertices with higher degrees are
present, but if they are, they have a high impact on the average nearest-neighbour degree of
low-degree vertices, causing the difference between the expected average nearest-neighbour
degree and the typical average nearest-neighbour degree. Thus, the expected value of a(k, G,)
is not very informative when k is small, since Theorem 1 shows that a(k, G;,) will almost
always be smaller than its expected value when £ is small.

Figure 3 illustrates this difference in terms of the mean and median value of a(k, G,) over
many realizations of the erased configuration model, the rank-1 inhomogeneous random graph,
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(a) Erased configuration model (b) Inhomogeneous random graph (c) Hyperbolic random graph
FIGURE 3: a(k, G,) for different random graph models with n = 10°. The solid line is the median

of a(k, G,) over 10* realizations of the random graph, and the dashed line is the average over these
realizations. The dotted line is the asymptotic slope k¥ 3.

and the hyperbolic random graph. Here indeed we see that the expected average neighbour
degree scales as a power of k over the entire range of k, where the median shows the straight
part of the curve from Theorem 1. Thus, it is important to distinguish between mean and
median of a(k, G,) when simulating random graphs.

2.5.3. Vertices of degree k. Definition (1) assumes that a vertex of degree k is present. For large
values of k, this is a rare event, by (3). Indeed, vertices of degree at most nl/7 are present with
high probability in the erased configuration model, whereas the probability that a vertex of
degree k >> n'/7 is present tends to zero in the large network limit [45]. We avoid this problem
by averaging a(k, G,) over a small range of degrees. Another option is to condition on the event
that a vertex of degree k is present. Our proofs for k < n(*=2/(z=1 for the erased configuration
model can easily be adjusted to condition on this event. For k larger, we leave the behaviour of
a(k, G,) conditionally on a vertex of degree k being present open for further research.

2.5.4. Fixed degrees. In the proof of Theorem 1 we show that the fluctuations that come
with the stable laws for small k are not present when we condition on the degree sequence.
Thus, the large fluctuations in a, (k, G,) for small k are caused by fluctuations of the i.i.d.
degrees, weights, or radii. For a given real-world network, its degrees are often preserved, and
many erased configuration models or inhomogeneous random graphs with the same observed
degree sequence are created. In this fixed-degree setting, the sample-to-sample fluctuations of
ag, (k, Gy,) are relatively small.

2.5.5. Relation with local clustering. The local clustering coefficient c(k) of vertices of degree
k measures the probability that two randomly chosen neighbours af a randomly chosen vertex
of degree k are connected. In many real-world networks as well as simple null models, c(k)
decreases as a function of k [9, 26, 39, 41, 43]. The relation between the decay rate of c(k) and
the decay rate of a(k) has been investigated for the rank-1 inhomogeneous random graph, where
it was shown that c(k) < a(k)/k [40]. Using recent results for c¢(k) on the erased configuration
model and the rank-1 inhomogeneous random graph, we can make the relation between c(k)
and a(k) more precise. When k >> /n, c(k) in the erased configuration model satisfies [26]

ctk) =T 2 — )23 T 7,51 + 0x(1)).
Then, by Theorem 1, when k> /n,

a(k)?
c(k) = ——(1 + op(1)). (12)
un
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aw
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FIGURE 4: The neighbours of a vertex of degree k have average degree a(k).

Intuitively, we can see this relationship in the following way. Pick two neighbours of a vertex
of degree k. By definition, these vertices have degree a(k) on average. See Figure 4. Since
k> /n, by Theorem 2, a(k) < /n. Therefore, the probability of two vertices with weight a(k)

being connected is approximately 1 — e ak?/un a(k)?/un. Since the clustering coefficient
can be interpreted as the probability that two randomly chosen neighbours are connected, the
clustering coefficient should satisfy c(k) ~ a(k)?/pun when k > »/n. In particular, the decay of
the clustering coefficient should be twice as fast as the decay of the average neighbour degree.
Analytical results on c(k) on the rank-1 inhomogeneous random graph show that (12) is also
the correct relation between clustering and degree correlations in the rank-1 inhomogeneous
random graph [41]. Future research might explore the relation between c(k) and a(k) in other
null models, such as the hyperbolic random graph or the preferential attachment model. It
would also be interesting to see if the difference between expectation and typical behaviour
that is present in a(k) also occurs for the local clustering coefficient c(k).

2.5.6. Correlations in the hyperbolic random graph. The relation in (12) is based on the
fact that in the erased configuration model and the rank-1 inhomogeneous random graph the
connection probabilities of pairs of vertices (i, j), (i, k), and (j, k) are (almost) independent.
In the hyperbolic random graph, the geometry causes a strong dependence between these
connection probabilities. If vertices j and k are neighbours of i, they are likely to be
geometrically close to one another due to the triangle inequality. This makes the probability
that j and k are connected larger than in the rank-1 inhomogeneous random graph or the erased
configuration model. These correlations do not play a role when computing a(k, G,), since it
only involves the connection probability of two different vertices. When computing statistics
of the hyperbolic random graph that include three-point correlations, the equivalence between
the hyperbolic random graph and the rank-1 inhomogeneous random graph may fail to hold,
as in the example of c(k).

Interestingly, the number of cliques was also shown to be similar in the hyperbolic random
graph, the rank-1 inhomogeneous random graph and the erased configuration model [20],
even though cliques clearly involve three-point correlations. Cliques in the hyperbolic random
graph are typically formed between vertices at radius proportional to R/2 [20], so that their
degrees are proportional to /7 [7]. These vertices form a dense core, which is very similar to
what happens in the erased configuration model and the rank-1 inhomogeneous random graph
[29]. In the erased configuration model, many other small subgraphs typically occur between
vertices of degrees proportional to /7 [27]. It would be interesting to see if the number of
these small subgraphs behaves similarly in the hyperbolic random graph.

3. Average nearest-neighbour degree in the ECM

In this section, we prove Theorem 1. For k < n(*=2/=1 / Jog (n), we couple the degrees of
neighbours of a uniformly chosen vertex of degree k to i.i.d. samples of the size-biased degree
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distribution in Section 3.2. When k> n®=2/ =D this coupling is no longer valid. We then
show in Section 3.3 that a specific range of degrees contributes most to ag, (k, G,).

3.1. Preliminaries
We say that X,, = Op(b,,) for a sequence of random variables (X,),>1 if |X,|/b, is a tight

sequence of random variables, and X, = op(b,) if X,/ bniko. Let L,, denote the total number
of half-edges, so that L, = Zi D;. We define the events

Jo={lLy — pn| < ”2/T}a

An ={IMe, (k)| = nk' ="/ log ()},

B, = {max D; < n"/"~Dlog (n)}. (13)

1

By [25, Lemma 2.3], P(J,,) - 1 as n — oo. Furthermore, since the degree sequence is an
i.i.d. sample from (3), also P(13,) — 1. Note that .4,, implies that |M,, (k)| > 1 as long as k <
n'/@=D /1og (n). Below, we will show that P(A,) — 1 for k < n'/@=D/log (n). Throughout
the rest of the paper, we will often condition on the event

A,=J,NA,NB,. (14)

Note that P(A,) — 1.

In the rest of this paper, we will often condition on the degree sequence. For some event
&, we use the notation IP,(£) =P(E | (D))ie[n]), and we define E, and Var, similarly, where
we often assume that the event A, holds. In this notation P,(&1 | &) =P(&1 | &2, (Diieqa))-
In this notation, we often work on the event A,. That is, we assume that the degree sequence
satisfies the event A, and we compute P(E | (Dj)icn) € An)-

We often want to interchange the sampled degree of a vertex i, D; and its resulting degree
D";. The next lemma shows that D; and D®”; are close.

Leema 1. Let G be an erased configuration model where the degrees are i.i.d. samples from a
power-law distribution with T € (2, 3). Assume the event J,, N\ 3, N\ D,(D;), where

(DiDj) 11—t }
E Y{\—— ) <D, n log(n) ¢,
un

Dy(Di) = {
jeln)
and Y (x) =x—1+e~". Then,
P(D; — D*; > £D;) < O(e™ ' (Di/n)" ~* log (n)) + O(e ™' Di/n). (15)
Note that by [28, Theorem 3(ii)], for D distributed as in (3), E[y(D/f)] = O(t~ "~ D) so that
E[Y/(DiD;j/(un)) | D] =0MD] 'n'"").
This shows that for all D;, P(D,(D;)) — 1.

Proof. We use [24, (4.9)], which calculates p(n, m, L), the probability that a set of n half-
edges does not connect to another set of m half-edges, when the total number of half-edges
equals L. Then, choosing n = D;, m = D; yields p(D;, Dj, L,) = P,(X;; =0), so that by [24,
(4.9)]

Di—1 N )

D; D?D; D2D:

P,(X;;=0) < l_[ (1_ i >+ i~ < e DiDj/Ln 4. 7D
5s=0

L,—2D;—1) " (L,—2D)? — (Ln —2Dp)*
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Let ¥(x) =x — 1 4+ e, The expected number of erased edges at vertex i satisfies

E[Di — D] =Di — Y (1 = P,(X;=0))

JEln]
D?D;
< Z ( DiDj/Ln + l—]2>
= (Ly —2D))
- (% ) o(7)
jeln] L"
D2
-y w( )(1 +o <1>)+o< )
jeln] n
Thus, on the event D,,,
En[D; — D] = O(n~"*2D! " log (n)) + O(D} /n). (16)

Using the Markov inequality, we obtain
Py(D; —D*; > D) < O(e™ ' (Di/n)"* log (n)) +O(e ™' Di/m).

O

We now use Lemma 1 to show that P(A,) — 1, with A, as in (13). Let v be a uniformly
chosen vertex and denote I(k, &,) = [k(1 — &,), k(1 + &,)]. Then,

E[IM,, (k)1 = nP(D",, € I(k, £1))
> nP(D, € I(k, £,/2))P(D*", € I(k, &,) | Dy € I(k, £,/2))
> nP(D, € I(k, £,/2))P(D, — D", < ke, /2 | Dy =k(1 — £,/2), Jn, Du(k))
x P(J, N'Dy(k)). (17)

Furthermore, for some C| > 0,

k(1+en) L k(e
P(Dy €Ik, £,/2))= Y i "=C / X7 dr.
i=k(1—e,) k(A=en)
Therefore, using (17), for some 6‘2 >0,
~ k(14¢€4/2)
E[|M,, (k)] > Cl”/ X7 dx(1 — O(e;, ' (k/n)" 2 log (n)))
k(1—&,/2)

= Conk' e, (14 0(1)),

where we used (15) combined with the choice of g, in Theorem 1. Thus, P(A,) — 1 for k <«
n'/@=1 /log (n) by the choice of &, in Theorem 1.
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3.2. Small k: coupling to i.i.d. random variables

In this section we investigate the behaviour of a, (k, G,) when k < n"=2/C=D /log (n).
We first pick a random vertex v € M, (k). We couple the degrees of the neighbours of v to i.i.d.
copies of the size-biased degree distribution D}, where

N
PaDy=))= 1~ > =

" ieln]
We then use this coupling to compute ag, (k, G,).

Proof of Theorem 1(i). We first condition on the degree sequence (D;)ic[n) € A of (14),
since P(A,) — 1. Let v be a vertex of degree d. In the configuration model, neighbours of v
are constructed by pairing the half-edges of v uniformly to other half-edges. The distribution
of the degree of a vertex attached to a uniformly chosen half-edge is given by D}. However,
the degrees of the neighbours of v in the erased configuration model are not an i.i.d. sample
of D} due to the fact that the half-edges should attach to distinct vertices that are different
from v. We now couple the degrees of the neighbours of v by an i.i.d. sample of D}. Denote
degrees of neighbours of v by By, ..., Bg. Let Yy, ..., Y4 be i.i.d. samples of D). We use a
similar coupling as in [5, Construction 4.2] to couple B; to Y;. Set Vo = v. Then, for i € [d] the
coupling is defined in the following way.

e Take a uniformly chosen half-edge (with replacement), let v/ be the vertex attached to it,
andset Y; =D,.

e Sample a uniformly chosen half-edge from the set of half-edges not incident to V;_. Let
w; denote the vertex incident to the chosen half-edge.

o If vi¢ V_y,thenset B;=Y;. and V;=V;_1 UV
° va; eVi_i,setB;=D,, and V;=V,_1 Uw;.
Summarizing,

(DV;" Dv:) when V; ¢Vi_q,

Y, B) =
(¥i. Bi) (Dvl/_, D,,;,) when V; eVi_i,

where (v;.),-e[d] are vertices attached to uniformly chosen half-edges (with replacement), and
w; are vertices attached to uniformly chosen half-edges from the set of half-edges not incident
toVi_.

Informally, at every step i we sample a uniformly chosen half-edge from all half-edges, and
select the vertex v/ incident to it. If this vertex is different from all previously selected vertices
and unequal to v, we declare the vertex to be a neighbour of v, and B; =Y; = D,,. If not, we
redraw the selected half-edge to ensure that all neighbours of v are distinct and ulnequal to v,
and declare the vertex attached to this half-edge, w; to be a neighbour of v and set B; = D,,,.
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When B # Y5, B is drawn in a size-biased manner from the vertices that are not chosen
yet. Then, because D; > 0 for all i,

o Zi¢VS D12
]En[Bs | Vs, Bs 7é Ys] - m
Zle[n] D
B Zze[n] Di =3 icy, Di
. Zie[n] Dzz

_ <1 n Zier D; )

Zie[n] D; Zie[n] D; — Zievx D;
On the event B, Dimax < n'/@~V log (n), so that ZieVS D; < sDpax = O(sn'/"=V log (n)) for
all possible Vj, so that for s = o(n™=2/*=1 / log (n))

2
_ Zie[n] D;

En[Bs | Bs # Y]
Ly,

(1+0(1)) =E[D;]1(1 + o(1)). (18)
Let A, (U) denote a uniformly chosen neighbour of vertex v of degree o(n™ =2/~ /log (n)).
Then, by (18) and the fact that E,,[Y;] = E,[D;}],

En[D v un] = EIDRI(1 + o(1)).

When i € M,, (k), D7; = k(1 4+ o(1)). Let E, denote the total number of erased edges in the
erased configuration model. By [28, Theorem 1],

E, = Op(min (n"/=D p#/@=D=2y) (19)

Then, conditionally on the degree sequence

g, (k. Gy) = >, 2D
kIMg,,(k)I Mo () JN;
> DD > YW=
k|M8"(k)| ieMe, (k) jeN; klMe"(kN ieMe, (k) jeN;

= (1 + o(1)E[ Dy, )] + Ok~ M, (k)" ])

= (1 + o()EAD s, )] + Op (k™ *n~ " log (n) min (/7= p¥/(F=D72),
where V) denotes a uniformly chosen vertex in M, (k), and J\/Vk(U) is a uniformly chosen
neighbour of vertex V. Here the third equality holds because the average nearest-neighbour
degree averages over all neighbours of vertex j and over all vertices in My, (k), together with the
fact that Dy, = k(1 4+ o(1)). The fourth equality follows from (19) and on the event .A,,. Note

that for k < n™=2/@=1 /]og (n) and T € (2, 3), the last term is op(1). Then, conditionally on
the degree sequence, on the event A,

g, (k, Gy) = (1 + o(EA[D s, @] + 0p(1) = (1 +0(D)(um) ™" Y~ Df +0x(1).  (20)

ie[n]

For t large, we obtain from (3) that

P(D? > 1) = P(D > /1) = T_ilﬁ‘*”/z(] +o(1)).
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We then use the Stable Law Central Limit Theorem (see e.g. [44, Theorem 4.5.2]) to conclude
that

r_ 2¢ 5 1 iz —D\\/ 4
Z D%/(nz/( U(—(T G- r)r(i - zr) cos ( 1 )) >—>S(r—l)/2»

i€[n]

where S(;_1),2 is a stable random variable. Combining this with (20) results in

ae,(k, Gp) a1 (203 — 37) =1 2/<r—1)8
nB-0)/(x=1) —) T-D3-1) cos 1 (1—1)/2-

To prove the joint convergence of Remark 1, note that, for fixed m, the probability
that M, (k;) satisfies the condition in (13) for all i € [m] tends to 1, by a proof similar
to the proof that A, defined in (13) satisfies P(A,) — 1. Thus, we may condition on the
event that Mg, (k;) > nk! =t /log (n) for all i € [m]. Then, the fact that (20) is the same for
all k; < n™=2/C=D/log (n) and it only depends on the degree sequence proves the joint
convergence. U

3.3. Large k

Now we study the value of ag, (k, G,) when k> n™=2/=D_ We show that there exists a
range of degrees W,’f (6) which gives the largest contribution to ag, (k, G,). For ease of notation,
we write ag, (k) for ag, (k, G,) in this section. We define

WE() = {u: Dy, € [Sun/k, jun/(8k)]}, Q1)

and we write

k (er) D(er>
e (D)= k|Mg<>| 2 2D k|M w2 X
" €M, (k) jeWk(8) €My, (k) j¢ Wk(5)
=: ag, (k, WE(8)) + ag, (k, WE(8)), (22)

where ag, (k, W,’f (8)) gives the contribution to ay, (k) from vertices in W,’j(é) and ag, (k, Wo(e))
denotes the contribution from vertices not in W,]f(é). In the rest of this section, we prove the
following two propositions, which together show that the largest contribution to ay, (k) indeed
comes from vertices in W,’;(S).

Proposition 1. (Minor contributions.) There exists k > 0 such that, for k < n'/=1),

. Ela,, (k, W(8))]
limsup —————

m su (/= =0(8").

Proposition 2. (Major contributions.) For n™=2/=D « k « n'/=D /log (n),

ag,(k, W) » 5 . (V% . .
—(n/k)3*1' —>Ci ,/5 x (1 —eY)dx

We now show how these propositions prove part (ii) of Theorem 1.

Downloaded from https://www.cambridge.org/core. University of Bath, on 09 Feb 2020 at 11:24:30, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/jpr.2019.45


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jpr.2019.45
https://www.cambridge.org/core

Degree correlations in scale-free random graph models 687

Proof of Theorem 1(ii). By the Markov inequality and Proposition 1,

ag, (k, WE(8))

=0p(8).
(n/k)>= P00
Combining this with Proposition 2 results in
Ag, k) P 2 1/ 1— _
W—)Cﬂ, I/B X r(l — ¢ x)dx—i-O]p((SK) (23)
Taking the limit of § — 0 then proves the theorem. (]

The rest of this section is devoted to proving Propositions 1 and 2.

3.3.1. Conditional expectation. We first compute the expectation of ag,(k, W,’j(&)) condi-
tionally on the degree sequence and on the event (D;)ic[n] € Ap N Dy(un/k). Define the
event

Wy = { Z D, — D, < |WX(©&)|nk! " log (n)}'
ueWk(s)

Using (16), we obtain
E[ > D“”M—Du] = Y. 0Dy ') = |W,()I0(mk! ™),
ueWwk(s) ueWk(s)

so that P(WW,)) — 1 by the Markov inequality.
Leema 2. When k> n"=2/C=D o the event (Diiein) € An "W, N Dyy(un/k),

Eplag, (k, Wy(8)1 = (1 + 0(1))% D Dyl — e Puktn,
ueWk(s)

Proof. Let X;; denote the indicator that i and j are connected. By (22),

1
Eyla, (k, W,f(s))]:m Yo Y DOPX = ).
N Ve, (k) ue wk(s)

By [24, (4.6) and (4.9)]

D;—1

’ D; DD, + DD,
Py(Xyy=1)= 1— +0[ = u
S = 1) Eo( Ln_w,._l) ( =

(24)

— 1 — e DuDy/Ln 4 O<D%Du + DiDv>

Ly
since D;, Dj=o0(n) and L, = pun(1+o(1)) on A,. Thus, when D, € un/k[8, 1/8] and v €
M, (k),

(X = 1) = (1 — e P41+ o(1)).
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Since Y, cwi(s) Du = IWE(8)|O(n/k) and n/k > nk! =" log (n) for k> n™=2/("=D on the
event W,,

Y 0= 09 -Dy+ Y Du=(+0(1) ¥ D,

ueWwk(s) ueWwk(s) ueWwk(s) ueWk(s)

Because | —e Puk/ln c[1 —e% 1 —eS] whenu e Wfl(é), this also shows that
Z D(er)u(l _ e_Duk/Ln) — (1 + O(l)) Z Du(l _ e—Duk/Lrl). (25)
ueWk(s) ueWk(s)
Thus, we obtain
1 _
Bylae, (6, Wy@)]=(+o(), Y Du(l —e Pt/
uewk(s)

1
=(1+o(1), > D1 —e P,
ueWk(s)

O

3.3.2. Convergence of conditional expectation. We shall now show that [E,[a,, (k, Wllj(é))] of
Lemma 2 converges to a constant when we take the i.i.d. degrees into account.

Leema 3. When k>> n"=2/C=D on the event (Di)iein) € Ap "W, N Dy(un/k),

En[as?,:(k, W,]:((g))] lcuz_f /1/5 xl—r(l B e_x) "
n3-tkt-3 5

Proof. First of all, notice that for k > n(t=2/(=1)

[bun/k] bun/k
P(D € [a, blun/k) = (1 + o(1)) Z et T < (14 o(1)) ex Tdx
1=[aun/k] apn/k—1

= (1 + o(1) —— ((bun/l)'~* = (apn/k = ')

c 1—1 1—1
=+ o(l)):((bun/k) — (apun/k)' )

bun/k
=(1+o0(1)) cx” Fdx.
aun/k
Similarly,
lbun/k|+1
P(D € [a, blun/k) > (1 4+ o(1)) ex Tdx
[apun/k]
bun/k
> (1 +o0(1)) ex Tdx
aun/k+1
bun/k
=(1+o0(1)) ex T dx,
aun/k
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so that
bun/k
P(D € [a, blun/k) = (1 +o(1)) e Tdx when k3 a2/,
aun/k
Define the random measure
1
M”[a, b] = W Z L, ecla,blun/k)- (26)

ue(n]
Since the degrees are i.i.d. samples from (3), the number of vertices with degrees in interval
[a, b] is binomially distributed. Then,
M"[a, b] = ;I{ : Dy €la, blun/k}|
a, 01 = Ml—rnZ—rkr—l u- Uy la, bljun

=(1+oﬂ><1))Pf€[“’ blun/k)

l—rn2—rkr—l

Ltop(l) fomnk o (P
=—( l—fkr—l/ cx de—)/ cy T dy
un) apn/k a

=: Aa, b],
where we used the change of variables y = xk/(un). By Lemma 2,

Y uewk(sy Du(1 — e Pul/bn)

Eulae, (k, WE()] = (14o0(1))

k
ue (Dyuk/(un))(1 — efDuk/(lm))
:%Z W) ’ T
/inrn?’*r 1/8
T /5 (1 — ™) dM (1)1 + o(1). @7)

Fix n > 0. Since #(1 — e~ ") is bounded and continuous on [8, 1/8], we can find m < oo, disjoint
intervals (B;)ie[m) and constants (b;);e[m) such that UB; =[§, 1/5] and

m
(1—e™) = bilyeny

i=1

<n/x([8, 1/8)),

for all € [8, 1/8]. Because M®(B;)—s A(B;) for all i,
nlggo P(IM™(B;) — A(B;)| > n/(mb;)) = 0.

Furthermore,

1/8 1/8
‘ / (1 —e ) dM™ (1) —f (1 —e ) da()
8 8

=

1/8 m
/ t(1—e™) = > biljepy dM®(1)
)

i=1
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1/8 m
+ ‘ / (1 - e H— Z bil{teBi} dA(r)
8 i=1

1/ m 1/ m
‘ / Z bilyep,y dM™ (1) — / > bilyes,) di)|.
5 =1

(28)

Using the fact that
1/8
f Lyes, dM®()) = M (B)
)

yields
1/s m

1/s m
‘/ Zbl{teB}dM( )(t)—/ Zbil{zeB,-} dA(®)
i=1

Zb (M"(B;) — 1(B; ))‘

i=1

Z op(n/m)‘ = 0p(1).

i=1

Thus, (3.3.2) results in

M™([8, 1/5])

Um + 1+ op(n).

1/8 1/8
‘ / (1 —e HdM™ (1) — / (1 —e Hdr@)| <
s s

Using the fact that M“([8, 1/8]) = Op(A([8, 1/8])) proves that

1/8 P 1/5 1/8
/ (1 —e )dM" (1) — / (1 —e da() = c/ xl_r(l —e M) dx, 29)
s 5 s

which together with (27) proves the lemma. U

3.3.3. Conditional variance of a(k). We now show that the variance of a,, (k, W,]f(S)) is small
when conditioning on the degree sequence, so that a, (k, W,’f(S)) concentrates around its
expected value computed in Lemma 2. Define the event

K ={IW5(@®) <n(n/k)' " log (n)}.

Since the degrees are i.i.d. samples from (3), |W,’§(8)| is distributed as a binomial with
parameters (7, C(n/k)l_f) for some constant C. Therefore, P(C,,) — 1.

Leema 4. When n*=2/C=D « k < n'/@=D/log (n), on the event
(Di)ie[n] S An N Dn(//«n/k) N Wn N ]Cn,

we have
Var,,(ay, (k, W (5)))

Elag, (k, WE@))
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Proof. We write the variance of a,, (k, W,’;(S)) as

1
- D(cr) D(cr)
k2|Mgn(k)|2 Z Z u w

i,jEMe,, (k) u,ve Wk(5)
X (By(Xiu = Xjo = 1) — Py(Xius = DE,(Xj = 1) (30)

Vary (ag, (k, Wr(8))) =

Equation (30) splits into various cases, depending on the size of {i,j, u, v}. We denote the
contribution of |{i, j, u, v}| =r to the variance by V" (k). We first consider V¥ (k). We can
write
Pn(Xiu = v = 0) =Pu(Xiy = O)PH(X]V =0 [ Xy =0).

For the second term, we first pair all half-edges adjacent to vertex 7, conditionally on not pairing
to vertex u. Then the second term can be interpreted as the probability that vertex j does not pair
to vertex v in a new configuration model with L, = L, — D; = L,,(1 + O(n~" =2/ =D Jog (n)))
half-edges, where the new degree of vertex j is reduced by the number of half-edges from
vertex i that paired to j, X;;. Similarly, the new degree of vertex v is reduced by the amount of

half-edges from vertex i that paired to v, X;,. Since )A(,-j can be dominated by a binomial random
variable with parameters D;, D;/Ly,

P(X; > Djn_(f_z)/(r_l)) < e DTV,

and a similar statement holds for X;,. Let 7,, denote the event that )A(ij < Djn’(f’z)/ =D and
%, > Dy~ (T=2/=),

Py(Xjy =0 | Xiy =0) =Pu(Xjy =0 | Xy =0, Tu)Pu(Tp) + OPu(T,)).
On the event 7, the new degree of vertex j is lA)/ =D;j(1+ O(n~"=2/t=Dy) and a similar

statement holds for vertex v. Furthermore, since i, j € Mg, (k), n* =2/ « D;, D; < n!/*=D
and since u, v € Wﬁ(c‘;), n*=2/C=D « p,, D, < n"/T=D as well. Thus,

Pu(TE) = O(C,Djn—(r_zv(r—l) i e—Dvn‘("M"”) _ O(efD_,-DV/Ln)
Furthermore, by (24),
Pu(Xjy =0 | Xiu =0, Tp) = e 2P/ 0= =2/ D 10g (n))
=e DiPv/Ln(1 4 o(1)),

so that
Py(Xiy = Xjy =0)  =e PiPu/bn = DiDV/In (] 4 o(1)),
using the fact that D;D,,, D;D,, = O(n). This results in
]P)n(Xiu = Ajy = D=1- IP)n(Xiu = O) - ]P)n(va = O) + ]Pn(Xiu =Ajy = 0)
=1+(— e~ Duk/Ly _ o—=Dvk/Ly + e*Duk/Ln*ka/Ln)(l +o0(1))

= (1 — e Puk/Lny(1 — e~ PK/Lny(1 4 o(1)),
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where the last equality holds because D,k = ®(n) and D,k = ®(n) for u,v e W,’j(S). Since
(1 — e~ Duk/Lny(1 — e=Pvk/Lny € [§f (n), f(n)/8] for some f(n) when Dy, D, € WX(8), these error
terms are uniform in i, j € M, (k) as well as u, v € W,’j(s). Therefore

1

“4) _
V= o

Z Z D(er)uD(er)v(l _ e_Duk/Ln)(l _ e—ka/Ln)(l +o(1))

ij€EMe, (k) u,veWk(s)
— D, D, (1 — e Pk/lny(1 — e Puklny(1 4 o(1))

- Z (k2D Dy(1 — e~ Dek/Lny(] — ¢=Dek/Lny)
u,veWA(s)

= o(E,[as, (k, W),

where we replaced D with D as in (25) and the last equality follows from Lemma 2. Since
there are no overlapping edges when {i, j, u, v} = 3, V® (k) can be bounded similarly.

We then consider the contribution from V®, which is the contribution where the two edges
are the same. By Lemma 3, we have to show that this contribution is small compared to
n®~27k27=6 We bound the summand in (30) as

Dy(Py(Xiu = 1) — Pu(Xa = 1)) < D;.
Thus, using the fact that on A, |M;, (k)| > 1, V® can be bounded as
1 1
VO < _ D= D2 = O(n’k~)|Wr()].
SEnr 2= 2 Pisppa 2 Pi=00tkhIwie)
" €M, (k) ue Wk(5) " ueWk(s)

Thus, on the event /C,;,
V(Z) — Oﬂ)(n4ftk‘r75)

which is smaller than 7827 k27=0 when k >> n(t=2/(=D 4 required. O

Proof of Proposition 2. Since P(A, N D, (un/k) N W, NK,) — 1, Lemma 4 together with
the Chebyshev inequality shows that

ae, (k, Wa(®)  »
Enlag, (k, WE8))]

Combining this with Lemmas 2 and 3 yields

ae, (k, Wk@) » 5 . (1 N
W—)C}f T/a 7T —e ) dx

O

3.3.4. Contributions outside W,’f(B). In this section, we prove Proposition 1 and show that
the contribution to ag, (k) outside of the major contributing regimes as described in (21) is
negligible.

Proof of Proposition 1. We use the fact that

D:D
IP’n(X,-jzl)fmin<1, i ’).
L,
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This yields

Elae, (k, W(8))] = E[E,[ac, (k, W)

)
5%1[43 D min l,L—n Lipeikesy

n (Sun/lk—r : kx n * l—7 . kx
<K- X min{ 1, — Jdx+ K- x "min| 1, — ) dx, (31)
k Jo un k Junysi un

for some K > 0. For ease of notation, we assume that u = 1. We have to show that the
contribution to (31) from vertices u such that D, < dn/k or D, > n/(5k) is small. First, we
study the contribution to (31) for D, < én/k. We can bound this contribution by taking the
second term of the minimum, which bounds the contribution as

sn/k §3-t
/ P T dx= (k/n)"=3.
0 -3

Then, we study the contribution for D, > n/(ke). This contribution can be bounded by taking
1 for the minimum in (31):

f/w = o= 3 Gy,
k n/(8k) T—2

Taking x = min (t — 2, 3 — t) > 0 then proves the proposition. U

3.4. Expected average nearest-neighbour degree

As in (22), we can write
Ela(k, G,)] = Efa(k, WX(8)] + Efa(k, WE(@&)]. (32)

By Proposition 1, .
Efa(k, W)/ (n/k)* > = O(5).

We now focus on the first term. The expected degree of a neighbour of a randomly chosen
vertex of degree k can be written as

Ela(k, W;(8)] = ]E[D“”va<U)1{D/wk<u>e[6,l/a]un/k}]
= E[DNVk(U)l{DNVk(U)e[(S,l/B]un/k}](l +o(1)),

where va(U) denotes a uniformly chosen neighbour of a vertex of degree k. By (24), we
can write the connection probability between a vertex of degree k and a neighbour of degree
del8, 1/8\un/k as 1 —ekd/(um(] 4 o(1)). Therefore

un/(8k)

Efa(k, W) = (1 4 o(1)) / ex!TT(1 — e K/ gy
Sun/k

1/8
=(1+o()(n/ky Tep® " / 7T —e ) dx.
S

Combining this with (32) and Proposition 1, and letting first n — oo and then § — O,
proves (11).
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4. Proofs of Theorem 2 and 3

We now briefly show how the proof of Theorem 1 can be adapted for the rank-1
inhomogeneous random graph and the hyperbolic random graph to prove Theorems 2 and 3.
We let P, denote the probability conditioned on the weights in the rank-1 inhomogeneous
random graph or conditioned on the radial coordinates in the hyperbolic model.

4.1. Inhomogeneous random graph

First, we show how to prove Theorem 2(i). In the rank-1 inhomogeneous random graph, the
degree of vertex i with weight 4; satisfies D; = h;(1 + op(1)) when &; > 1 [41]. We condition
on the event that the largest weight is smaller than n'/®—Y log (1), which happens with high
probability. Then, when 7 <« nt=2/@=by log (n), p(h, k") = hh'/(un) for all vertices. When
u € M,,(k), h, = k(1 4+ op(1)), so that conditionally on the weight sequence

TP MPILECAD

uEMS,[(k) le[n

ag, (k) =

—<1+oﬂ>(1)> > w M—

1E[n]

h?
= +ox(1) 3 .,

i€[n]

which is equivalent to (20) because the weights are also sampled from (3). This proves
Theorem 2(i).
Similarly to (21), we define for the rank-1 inhomogeneous random graph

WEIYMS) = {u: hy, € [Spn/k, un/(8K)]). 33)

Then it is easy to show that Proposition 1 also holds for the rank-1 inhomogeneous random
graph with (33) instead of W,]j (). Because the weights are sampled from (3) and P,(X;; = 1) =
min (s;h;/(un), 1), (31) and therefore also Proposition 1 hold for the rank-1 inhomogeneous
random graph as well.

We now sketch how to adjust the proof of Proposition 2 to prove an analogous version for
the rank-1 inhomogeneous random graph, which states that

k, WkivM(s 1/8
Gl P L [ i (34)
(n/ky3=* 8

Following the proofs of Lemmas 2—4, we see that these lemmas also hold for the rank-1
inhomogeneous random graph if we replace the connection probability of the erased configu-
ration model of 1 — e~PiPi/Ln with min (h;h;/un, 1). Note that for the rank-1 inhomogeneous
random graph the contribution to (30) from three or four different vertices is 0, because the
edge probabilities in the rank-1 inhomogeneous random graph conditioned on the weights are
independent. From these lemmas, (34) follows. This then shows similarly to (23) that

aen(k) P 2—1 /‘OO -7 _.: _ CH
—(n/k)3_’ —>Cl A X min (x, 1)dx= —(3 v

which proves Theorem 2(ii).

2—1

Downloaded from https://www.cambridge.org/core. University of Bath, on 09 Feb 2020 at 11:24:30, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/jpr.2019.45


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jpr.2019.45
https://www.cambridge.org/core

Degree correlations in scale-free random graph models 695

4.2. Hyperbolic random graph

We first provide a lemma that gives the connection probabilities conditioned on the radial
coordinates in the hyperbolic random graph. Similarly to (13), let .4, denote the event that the
maximal type is smaller than n'/*=1 Jog (n). Because #(x) is distributed as (10), P(A,) — 1.
Leema S. Denote

2

—sin” (x) x<l1,
g)=17"

1 x>1.

Then the probability that u and v are connected in a hyperbolic random graph conditionally
on the radial coordinates and on the event A,, equals

Pp(Xuy = 1) = gt(u)t(v)/n)(1 4 o(1)), (35)
where the o(1) term is uniform in u and v.
Proof. Suppose vi(u)t(v)/n > 1. Then,

_ vE(u)t(v) v eR e=(utm)/2 _ it

n n v

so that r, + r, <2log (n/v) = R. Thus, by (9),

1

cosh (d(u, v)) = cosh () cosh (r,,) — sinh (r,) sinh (r,,) cos (6,,)
< cosh (r, + r,) < cosh (R),
so that the distance between u and v is less than R and u and v are connected.

Now suppose that vt(u)t(v)/n < 1, so that r, + r, > R. We calculate the maximal value of
. such that u and v are connected, which we denote by 6. When the angle between « and v

equals 6,7, the hyperbolic distance between u and v is precisely R. Thus, using the definition
of the hyperbolic sine and cosine, we obtain
R —R r —Fu aly - T —Fu al —ry
et —e e'v —eTTuelv—e™v  en4euev e
= — cos (67). 36
2 2 2 2 2 Ouw) (36)

Since, on the event A,, the maximal type is at most n!/*=1 log (n),
e = (11)/1w)* = 0> TV log* (n))
uniformly in # and v. Similarly,
e =0T Vlog? (n)) and e v <& =0TV log? (n))
uniformly in « and v. Furthermore, e % = O(n~2), so that (36) becomes
%eR +0(mn %)= %e’ﬁrvu —cos (0),)) + 0¥~V 1og? (n)). (37)

By the definitions of #(u), #(v) and R

2
e/utry = eR(eUrutr—RI/2Y2 _ oR n )
vt(u)t(v)
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This yields for (37) that, uniformly in # and v,

2 2,002 10\2
1 — cos (ejv)=2<"t(”3’(v)> +O<n2/(rl)2 log? (ny L 10) )

n2
2
— 2<Vt(u)t(v)) (1 + O(n—Z(‘L’—z)/(T—l) 10g2 (I’l))),
n

so that
6, =cos™ ! (1 = 2(r(uyr(v)/m)*)(1 + o(1)).

Because u and v are connected if their relative angle is at most 6,5, and the angular coordinates
of u and v are sampled uniformly, we obtain that

Pp(Xpw=1)= % cos™' (1 = 2wt(u)t(v)/n)*)(1 + o(1))
= ; sin™! (viu)t(v)/n)(1 + o(1)).

O
Using this lemma, we now prove Theorem 3.

Proof of Theorem 2. We first focus on k < n™=2/®=1 /1og (n) and condition on the event
A,. By [22, Section 4.3], for vertex u with radial coordinate r,,,

F.[D, 1= 1M(1 O(e " —Mt)l O((¢ 2 38)
n[Dy]l = (n— )n(ot—l/Z) +O(e ))_JT(‘L'—Z) ()1 + O((1(w)/n)7)), (

where we used that o = (1 — 1)/2, t(u) = e~ ®~74/2 and R =log (n/v). By [12, Theorem 2.7],
for every 7 and v, we can interpret the hyperbolic random graph as a variant of the geometric
inhomogeneous random graph, defined in [12], where every vertex u has weight w, = #(u).
By [12, Lemma 3.5(i1)], D, = E,,[D,](1 4 op(1)) in geometric inhomogeneous random graphs
when w, = t(u) > 1. Combining this with (38) we obtain that, in the hyperbolic random graph,

2v(t — 1)
m(t—2)

when 1 < #(u) < n. When u € M, (k), D,, = k(1 4+ o(1)). Using (39) then shows that

1w)(1 + o0p(1)) (39)

u=

n(t —2)

SRR TR

k(1 + op(1))

when k > 1 and u € M, (k). On the event A,,, the largest type is O(n!'/@=D1og (n)). Therefore,
if u e Mg, (k), then t(u)t(v)/n =o(1) for all v. Applying that sin~! () =x+ O@(2) to (35) then
shows that, for u € M;, (k),

2 -2
PpXw =1)= %(1 +o(l)) = %@(1 + ox(1)).
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Thus, conditionally on the types,

1
a5, = Frr > ZDVIP”(XW:D

ueMgn (k) ve[n]
2u(t t(v)k(r 2)
= +o() 2)k Z =

n

2uz(v)2

=(1+o0x(1) Y.

veln]

Combining this with the power-law distribution of the types (10) proves Theorem 3(i), which
is the same as Theorem 2(i) where u is replaced with 7 /(2v) and ¢/(t — 1) with 1.

We now investigate the case k > n(*=2/=1_Similarly to (21), we define for the hyperbolic
random graph

WEHRG(8) = {u: 1(u) € [8¢n/k, ¢n/(8K)])

with ¢ =2(t — 1)/(;r(r — 2)). Using the fact that 2 sin~! (x)/7 <x combined with Lemma 5,
we obtain

P,(Xyy = 1) <min Qut(u)t(v)/(wn), 1).

Combining this with the fact that the #(«)s are sampled from a distribution similar to (3) shows
that (31) also holds for the hyperbolic random graph, apart from a multiplicative constant.
From there we can follow the same lines as the proof of Proposition 1, so that Proposition 1
also holds for the hyperbolic random graph.

We follow the lines of the proof of Lemma 2, replacing 1 — e P«Pv/In with g(vi(u)t(v)/n)
and using (39) to show that

. (1+o0(1)
Enlas, (k, W) = k| o, ) GA;(M ue%j@) Dug(vi(u)t(v)/n)

_»@-1 3 r(u)g(—t(")kn(:)z))(l +ou(1)

kn(t —2) W) 2n(t
k
—U+o)% Y )g(t(;’n (40)
UeWk(s)

where the error term may be placed in front of the summation since the summand is in
n/k[f1(8), f>(8)] for some 0 < f1(8), f>(8) < oo not depending on n. We analyse this expression
following the lines of the proof of Lemma 3. We define

1
M®[a, b] = et Z 1D, efa.bicn/ky

ue(n]

similarly to (26). From there, we follow the lines of the proof of Lemma 3, again replacing the
connection probability 1 — e DiDi/(un) of the erased configuration model with g(v#(u)t(v)/n)
and replacing the constant ¢ from (3) with its equivalent constant for the hyperbolic model of
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T — 1 (see (10)) and p by ¢. Then (40) results in

2
Bl (e W) = (1 o) - 3 (1)

ueWk(s)

3-t p1/8
=1 +op()v <n§ ) / tg(t) dAM™(1).
§

&k
Similar steps that prove (29) then show that

Enlae, (k, WEHRS(8)] B .
R —>(t—1)v§‘3 /5 x! g(x) dx.

Furthermore, because conditionally on the radial coordinates, the probabilities that two distinct
edges are present are independent, Lemma 4 also holds for the hyperbolic random graph. This
proves an analogous proposition to Proposition 2, which states that

ag, (k, WEHRS(8)) p Y L
W_)(I_I)VCS [; x!'"Tg(x) du.

Therefore, steps similar to those that led to (23) then show that

ag, (k) P _ 3—1 /oo 1-7
—(n/k)3—f —(t — e A x " "g(x)dx.

Finally,

oo 2 1 oo
/ X TTg)de= = / x!' 7 sin! (x)dx+/ x T dx
0 T Jo

1

2127 sin~! 1 1 1 2—1 1
_2 [x sin (x):| n / X et
0

T 2—1 0o T—2 1—x2 T—2

1 1/2m)
=— / sin (1277 dt,
T— 0

where the last equation uses the substitution # = sin (x). By [21, equation 3.621.5]

1/@2m) _ _
1 / sin (127 di = N@B-0/2ra/2) /@G -1)/2)
0

T—2 2t =24 —1)/2) 2(t —=2)I((4—1)/2)’
where I" denotes the gamma function, which finishes the proof of Theorem 3(ii). U
Acknowledgements

This work was supported by NWO TOP grant 613.001.451. The author would like to thank
Remco van der Hofstad and Johan S. H. van Leeuwaarden for their useful comments.

References

[1] ALBERT, R., JEONG, H. AND BARABASI, A.-L. (1999). Internet: diameter of the world-wide web. Nature
401, 130-131.
[2] BARABASI, A.-L. (2016). Network Science. Cambridge University Press.

Downloaded from https://www.cambridge.org/core. University of Bath, on 09 Feb 2020 at 11:24:30, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/jpr.2019.45


https://www.cambridge.org/core/terms
https://doi.org/10.1017/jpr.2019.45
https://www.cambridge.org/core

Degree correlations in scale-free random graph models 699

[3] BARRAT, A., BARTHELEMY, M., PASTOR-SATORRAS, R. AND VESPIGNANI, A. (2004). The architecture of
complex weighted networks. Proc. Natl Acad. Sci. USA 101, 3747-3752.

[4] BHAMIDI, S., DHARA, S., VAN DER HOFSTAD, R. AND SEN, S. (2017). Universality for critical heavy-tailed
network models: metric structure of maximal components. Available at arXiv:1703.07145.

[S] BHAMIDI, S., VAN DER HOFSTAD, R. AND HOOGHIEMSTRA, G. (2017). Universality for first passage
percolation on sparse random graphs. Ann. Probab. 45, 2568-2630.

[6] BHAMIDI, S., SEN, S. AND WANG, X. (2017). Continuum limit of critical inhomogeneous random graphs.
Probab. Theory Related Fields 169, 565-641.

[7]1 BODE, M., FOUNTOULAKIS, N. AND MULLER, T. (2015). On the largest component of a hyperbolic model
of complex networks. Electron. J. Combin. 22, P3.24.

[8] BODE, M., FOUNTOULAKIS, N. AND MULLER, T. (2016). The probability of connectivity in a hyperbolic
model of complex networks. Random Structures Algorithms 49, 65-94.

[9] BOGUNA, M. AND PASTOR-SATORRAS, R. (2003). Class of correlated random networks with hidden
variables. Phys. Rev. E 68, 036112.

[10] BOGUNA, M., PASTOR-SATORRAS, R. AND VESPIGNANI, A. (2003). Absence of epidemic threshold in scale-
free networks with degree correlations. Phys. Rev. Lett. 90, 028701.

[11] BOLLOBAS, B. (1980). A probabilistic proof of an asymptotic formula for the number of labelled regular
graphs. European J. Combin. 1, 311-316.

[12] BRINGMANN, K., KEUSCH, R. AND LENGLER, J. (2015). Sampling geometric inhomogeneous random
graphs in linear time. In 25th European Symposium on Algorithms (ESA 2017) (Leibniz International
Proceedings in Informatics 87), art. 20. Leibniz-Zentrum fiir Informatik, Schloss Dagstuhl.

[13] BRITTON, T., DEUFEN, M. AND MARTIN-LOF, A. (2006). Generating simple random graphs with prescribed
degree distribution. J. Stat. Phys. 124, 1377-1397.

[14] CANDELLERO, E. AND FOUNTOULAKIS, N. (2014). Clustering and the hyperbolic geometry of complex
networks. In Algorithms and Models for the Web Graph (WAW 2014) (Lecture Notes in Computer Science
8882), pp. 1-12. Springer, Cham.

[15] CATANZARO, M., BOGUNA, M. AND PASTOR-SATORRAS, R. (2005). Generation of uncorrelated random
scale-free networks. Phys. Rev. E 71, 027103.

[16] CHUNG, F. AND LU, L. (2002). The average distances in random graphs with given expected degrees. Proc.
Natl Acad. Sci. USA 99, 15879-15882.

[17] COLOMER-DE SIMON, P. AND BOGUNA, M. (2012). Clustering of random scale-free networks. Phys. Rev. E
86, 026120.

[18] VAN DEN ESKER, H., VAN DER HOFSTAD, R. AND HOOGHIEMSTRA, G. (2008). Universality for the distance
in finite variance random graphs. J. Stat. Phys. 133, 169-202.

[19] FALouTsos, M., FALOUTSOS, P. AND FALOUTSOS, C. (1999). On power-law relationships of the internet
topology. In ACM SIGCOMM Computer Communication Review, vol. 29, pp. 251-262. ACM.

[20] FRIEDRICH, T. AND KROHMER, A. (2015). Cliques in hyperbolic random graphs. In INFOCOM Proceedings
2015, pp. 1544-1552. IEEE.

[21] GRADSHTEYN, I. AND RYZHIK, I. (2015). Table of Integrals, Series, and Products. Elsevier.

[22] GUGELMANN, L., PANAGIOTOU, K. AND PETER, U. (2012). Random hyperbolic graphs: degree sequence
and clustering. In ICALP Proceedings 2012, Part II, pp. 573-585. Springer, Berlin and Heidelberg.

[23] VAN DER HOFSTAD, R. (2017). Random Graphs and Complex Networks, vol. 1. Cambridge University Press.

[24] VAN DER HOFSTAD, R., HOOGHIEMSTRA, G. AND VAN MIEGHEM, P. (2005). Distances in random graphs
with finite variance degrees. Random Structures Algorithms 27, 76—123.

[25] VAN DER HOFSTAD, R., VAN DER HOORN, P., LITVAK, N. AND STEGEHUIS, C. (2017). Limit theorems for
assortativity and clustering in the configuration model with scale-free degrees. Available at arxiv:1712.08097.

[26] VAN DER HOFSTAD, R., JANSSEN, A. J. E. M., VAN LEEUWAARDEN, J. S. H. AND STEGEHUIS, C. (2017).
Local clustering in scale-free networks with hidden variables. Phys. Rev. E 95, 022307.

[27] VAN DER HOFSTAD, R., VAN LEEUWAARDEN, J. S. H. AND STEGEHUIS, C. (2017). Optimal subgraph
structures in scale-free configuration models. Available at arXiv:1709.03466.

[28] VAN DER HOORN, P. AND LITVAK, N. (2015). Upper bounds for number of removed edges in the erased
configuration model. In Algorithms and Models for the Web Graph (WAW 2015) (Lecture Notes in Computer
Science 9479), pp. 54-65. Springer, Cham.

[29] JANSON, S. AND LUCZAK, M. J. (2007). A simple solution to the k-core problem. Random Structures
Algorithms 30, 50-62.

[30] JEONG, H., TOMBOR, B., ALBERT, R., OLTVAI, Z. N. AND BARABASI, A.-L. (2000). The large-scale
organization of metabolic networks. Nature 407, 651-654.

[31] KRIOUKOV, D., PAPADOPOULOS, F., KITSAK, M., VAHDAT, A. AND BOGUNA, M. (2010). Hyperbolic
geometry of complex networks. Phys. Rev. E 82, 036106.

Downloaded from https://www.cambridge.org/core. University of Bath, on 09 Feb 2020 at 11:24:30, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/jpr.2019.45


https://arxiv.org/abs/1703.07145
https://arxiv.org/abs/1712.08097
https://arxiv.org/abs/1709.03466
https://www.cambridge.org/core/terms
https://doi.org/10.1017/jpr.2019.45
https://www.cambridge.org/core

700 C. STEGEHUIS

[32] LESKOVEC, J. AND KREVL, A. (2014). SNAP Datasets: Stanford large network dataset collection. Available
at http://snap.stanford.edu/data.

[33] MASLOV, S., SNEPPEN, K. AND ZALIZNYAK, A. (2004). Detection of topological patterns in complex
networks: correlation profile of the internet. Phys. A 333, 529-540.

[34] MAYO, M., ABDELZAHER, A. AND GHOSH, P. (2015). Long-range degree correlations in complex networks.
Comput. Social Networks 2, 4.

[35] NEWMAN, M. E. J. (2002). Assortative mixing in networks. Phys. Rev. Lett. 89, 208701.

[36] OSTILLI, M. (2014). Fluctuation analysis in complex networks modeled by hidden-variable models: necessity
of a large cutoff in hidden-variable models. Phys. Rev. E 89, 022807.

[37] PARK, J. AND NEWMAN, M. E. J. (2003). Origin of degree correlations in the internet and other networks.
Phys. Rev. E 68, 026112.

[38] PASTOR-SATORRAS, R., VAZQUEZ, A. AND VESPIGNANI, A. (2001). Dynamical and correlation properties
of the internet. Phys. Rev. Lett. 87, 258701.

[39] RAVASZ, E. AND BARABASI, A.-L. (2003). Hierarchical organization in complex networks. Phys. Rev. E 67,
026112.

[40] SERRANO, M. A. AND BOGURNA, M. (2006). Percolation and epidemic thresholds in clustered networks. Phys.
Rev. Lert. 97, 088701.

[41] STEGEHUIS, C., VAN DER HOFSTAD, R., VAN LEEUWAARDEN, J. S. H. AND JANSSEN, A. J. E. M. (2017).
Clustering spectrum of scale-free networks. Phys. Rev. E 96, 042309.

[42] VAzZQUEZ, A. (2003). Growing network with local rules: preferential attachment, clustering hierarchy, and
degree correlations. Phys. Rev. E 67, 056104.

[43] VAZQUEZ, A., PASTOR-SATORRAS, R. AND VESPIGNANI, A. (2002). Large-scale topological and dynamical
properties of the internet. Phys. Rev. E 65, 066130.

[44] WHITT, W. (2006). Stochastic-Process Limits. Springer, New York.

[45] YAo0, D., VAN DER HOORN, P. AND LITVAK, N. (2018). Average nearest neighbor degrees in scale-free
networks. Internet Mathematics 2018. doi:10.24166/im.02.2018.

Downloaded from https://www.cambridge.org/core. University of Bath, on 09 Feb 2020 at 11:24:30, subject to the Cambridge Core terms of use, available at
https://www.cambridge.org/core/terms. https://doi.org/10.1017/jpr.2019.45


http://snap.stanford.edu/data
https://doi.org/10.24166/im.02.2018
https://www.cambridge.org/core/terms
https://doi.org/10.1017/jpr.2019.45
https://www.cambridge.org/core

	Introduction
	Main results
	The erased configuration model
	Stable random variables.

	Sketch of the proof
	Rank-1 inhomogeneous random graphs
	Hyperbolic random graphs
	Discussion
	Universality.
	Expected average nearest-neighbour degree.
	Vertices of degree k.
	Fixed degrees.
	Relation with local clustering.
	Correlations in the hyperbolic random graph.


	Average nearest-neighbour degree in the ECM
	Preliminaries
	Small k: coupling to i.i.d. random variables
	Large k
	Conditional expectation.
	Convergence of conditional expectation.
	Conditional variance of a (k).
	Contributions outside Wnk().

	Expected average nearest-neighbour degree

	Proofs of Theorem 2 and 3
	Inhomogeneous random graph
	Hyperbolic random graph

	Acknowledgements
	References

