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ASYMPTOTIC FORMULAE IN THE THEORY OF PARTITIONS
By C. B. HASELGROVE a~xp H. N. V. TEMPERLEY
Recetved 10 September 1953

1. Introduction. It is the object of this paper to obtain an asymptotic formula for
the number of partitions p,,(n) of a large positive integer  into m parts A,, where the
number m becomes large with n» and the numbers Ay, A,, ... form a sequence of positive
integers. The formula is proved by using the classical method of contour integration
due to Hardy, Ramanujan and Littlewood. It will be necessary to assume certain
conditions on the sequence A,, but these conditions are satisfied in most of the cases of
interest. In particular, we shall be able to prove the asymptotic formula in the cases
of partitions into positive integers, primes and kth powers for any positive integer k.

By considering the differences of the function p,,(n) with respect to the integral
variables m and n we shall prove (at any rate for sufficiently large n) a conjecture of
Auluck, Chowla and Gupta (1), who predicted that, in the case of partitions into the
positive integers, the function p,,(n), when regarded as a function of m, would attain
its maximum value for at most two consecutive values of m. We shall deduce from our
asymptotic formulae that in a certain range of m (depending on n) the function p,,(n)
increases monotonically with 7 until it reaches its maximum value and then decreases
monotonically, and that this maximum is not attained for any m outside the range.

The asymptotic formulae that we prove have some applications to the theory of
Bose-Einstein assemblies in statistical mechanics; it is hoped to publish an account
of these applications in due course.

Ingham (5) has developed a method of Tauberian analysis which enables us to obtain
an asymptotic formula for the total number of partitions p(n) of » into parts A,
assuming only some rather weak conditions on the A,. Ingham shows how asymptotic
formulae may be obtained for the number of numbers in a given range which can be
partitioned into integral or non-integral parts A,, weighted according to the number of
partitions. If the number of solutions of the inequality

A+ A+ ... <u (1)
in integers 7, > 0 is denoted by P(u), Ingham obtains an asymptotic formula for
P(u)—P(u—h)

h 3

which in the case of partitions into integers reduces to the number of partitions of the
largest integer less than u, when % = 1. The results of several recent papers may be
obtained immediately by using Ingham’s Theorem 1, or more simply in some of the
easier cases by using Theorem 2. Auluck and Haselgrove (2) have shown how some of
Ingham’s conditions may be relaxed. For the sake of simplicity we shall not extend
our results to partitions into non-integral parts in the present paper, but it is fairly
simple to carry through the necessary analysis, and the results would be very similar
to those of this paper.
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We do not use Ingham’s Theorem in the theory below as we have assumed different
conditions on the A, in order to prove the asymptotic formulae for the number of
partitions of n into m parts. As the formulae for the total number of partitions follow
from our results, there is no need to use Ingham’s method, which would make it neces-
sary to prove further properties of the A, (although these can probably be deduced
from our assumptions).

We shall use the symbols O, 0 and ~ ; the constants involved in the O symbol will
be independent of the variables, but may depend on certain quantities which we may
regard temporarily as fixed. Similarly, the symbols 0 and ~ will hold uniformly in
the variables.

2. The generating function. We see that p,(n) is the number of solutions in non-
negative integers r; of the equations

AL+ 1A+ ... =,
111 27%2 B } (2)
Ty Tt = m.
The generating function of p,,(n) is
G(z,2) = ¥ X pu(n)am"
m=0n=0
= II (1 —z2M)L, (3)
r=1
where 0 <A; €A, <A;<... is an infinite sequence of positive integers. We shall assume
that the series A2 (4)
r

converges. If this series diverges it is possible, as we shall indicate at the end of § 3,
to apply the saddle-point method to both of the variables 2 and z (as is often done in
works on statistical mechanics), provided only that suitable conditions on the A, are
satisfied. But when the series (4) converges the saddle-point method cannot be used
for the x variable (a formal application leads to an incorrect asymptotic formula for
Pm(n)), and a different method such as that introduced in this paper must be used.

It is convenient to make some changes of variable. We write 2 = ¢, 2 = ¢~ and
then v = aw. Then if G(z,2) = g(a, )

gla,w) = ﬁ {1 —eArtare}-1, (5)

. r=1
If R > 0 the product for g(e, w) is absolutely convergent. Hence g(a, w) is an analytic
function of a with poles at the points @ = — A, = 2smiw! for any fixed value of w.
We shall be concerned, in the first instance, with the behaviour of g(a, w) for small w.
We construct a function with similar behaviour.

Let - i}
° K@) =T {1+£} " i, (6)

r=1
Since A2 converges, the infinite product for K(a) converges, and K («) is an analytic
function with poles at the points & = — A,. Thus we see that g(a, w)/K(x) is a regular
function of « for | & | < 27Rw—2. Further, this function has no zeros. Hence

x(@, 0) = log{K (a)/g(a, )}
is regular for | a | < 27w~
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We shall now prove the

Levma. If w— 0in a fized Stolz angle A (i.e. w0 in such a way that | Jw | < ARw),
and if |a| < 3nf| | J(1+A2), then

Ao, w) = of|w]-2). )

To prove this lemma we observe that

1 — e Arta)o
Rx(a, w) = Z log | ———r——1.
r=1 (1 + ﬁ) el
A,
Now for |a| = 87| w|tand A, < 4m|w|™?,
1— e—(/\,.+a)m

<+ 612") eBalArlwl),

-

By the maximum modulus principle applied to the complex variable o the above
inequality holds for («|<87|w | and A, <47 |w |

Now for |a|<2n|w|, | e~Artao | < g2r—Mto,
If also A, > 47| w |-t we have

a |2
(1 +——;) e~ = 1+0(L~ 'J)
Hence for |a|< 27| 0|,

o] o [?

Ry(e, )< T O( ) + 3 O(e‘xﬁ‘“’ + —~—2~) .
A< dlol A Ar> o)t A

Since 222 converges,

1 — -1
A,<dnlof—? ’\r B O(l wl ! 1
d ~A R — o ~———.
. A»Ewlﬂe a,>5iu|-‘ ((/\rﬁ‘w)")
= o((Rw)~2).
Hence for |a|<27|w|™,  fy(a,0) <o(Rw)),

It should be noted that we have not proved that Ry(e, ») cannot take arbitrarily
large negative values. In fact it will take such values in the neighbourhood of the poles
of g(a, w) which are not poles of K{a).

Now ©
X(0,w) = Tlog (1 —e)
1

= —A,Rw
A,sdznlwl -t (’\r | |) +A >4§:iwl ‘O(e )

= o((Rw)~?).
But x(a, ) is regular for | a | < 27w, and so for | a | < 27/ w| (1 + A?), so that we
deduce, using Carathéodory’s theorem, that for | o | < 2nrf] | /(1 +A?)
X(a, @) = o((Rw)?),
which is the required result.
We may now apply Cauchy’s integral formula to deduce an estimate for

i _ X(1,0)
BTﬂX(a’w % (1— oc)3d

15-2
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Integrating round a circle of radius 377/| w | 4/(1 + A?) and centre 7 = 0, we deduce that

for |a|<nf|w ]| J(1+A%
xlsmlely S S X,0) = (1) ®)

Hence xlet, w) = A(w) +aB(w)+o(a?)
for || <7f| w| /(1 +A?). Putting @ = 0 we deduce that

A(w) = —logg(0, w).
Differentiating y(a, @) with respect to o at « = 0 we deduce that

bed 7
B((z)) =,.=Z_l Z’ir“’——_l .
We write for convenience B(w) = omy(w),
°° 1
where my(w) = e"T—i
Hence g(e, w) = K(a)g(0, w) exp { — awmy(w) + o(a?)} (9)

uniformly for | & | <71/| | 4/(1+ A%) as w->0in A. It should be noted that the existence
of poles of K(a) and g(«, ») does not affect this result.

The equation (9) separates the behaviour of ¢(«, w) between the variables « and w.
It will be shown that the variation of m,(w) can be neglected in our estimation of the
integrals.

For shortness we write ¢(0, @) = g(») and then

log g(®) = — El'jlog (1= e4) = ¥(w).

Then Y'(w) =— 21 e"_r"’/‘_f—_l ,
" $ A7 M
Vo) =2 ey

Alternatively we see that Y (w) = — 2‘, Z A, e,
r=1i=

Thus ¥ (w) = — 2_‘, 2 ABtZe— Ao,

r=1¢t=

Hence if we split w into its real and imaginary parts so that w = £+, we have

[Y7(w)]| < —¥"(£). (10)
‘We shall suppose that the A, are such that
EY7(E) = OY'(E)} for £—0. (11)
” ” _ g ”
Then ¥@) %701 = 03 ¥"®).

We then obtain the formula

¥(w) = W<g>+m‘1f'<5>—w‘1’”(g)+0( ‘If”@)) (12)

£
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Further we see that Y (f)>0 as £—0. (13)
Now _mO(g) w (e,\A;e )
[ Are/\,{
- $069+ £ iy

for any integer v such that A, < 1/£. Thus by Cauchy’s inequality

’ . hd /\12’ et - et ¥
mo(E) = O(67%) + 0{ (% (1), 2 (= 1)2) }

- gy +ofer@ne( 3 A:?)*}-

Now since £2¥"(£)—>oc0 and 2A;2 converges, the right-hand side may be made
o{€-1(¥’(£))}} by making v— co in such a way that v = of£(¥"(£))}} and A, < 1/£.

Thus we obtain, since | my(w) | < —mq(£),
mo(w) = mo(£) +o(nE{F"(£)}})
and wmy(w) = wmy(£) +o(n{T"(£)}}), (14)

as w—0in A, Substituting these results in our formula (9) for g(«, w), we obtain

g(x, 0) = K(a) exp {¥(£) + in¥"'(§) - $7°¥" () — awmy(€)}
exp {o(na(¥V"(£))}) + 0§77 (£)) + o(a?)}, (15)
provided that | 7 | < Af and | « | <#/£(1 + A?) (since this last implies that
|| <7/| w]4/(1+A2)).
3. The contour integration. The result (15) will enable us to estimate certain integrals
involving g(a, w). Suppose, in the first instance, that we are dealing with the problem

of partitions of an integer n into m integral parts of the type A,. To estimate this
number, which we denote by p,,(n), we use the relation

_ 1 Gz, 2)
pm(n) - (27T’I:)2f amt+ly n+1d dz

= (T;t?ffg(a, w) ématne oy dadaw. (16)

We carry out the integration over the ranges —¢m + £, ¢m + £ for w, and —é7jw, imjw
for . If » is sufficiently large we may choose £ so that n+¥’'(£) = 0. We see that
£ 0 as n—>c0. Then we split the ranges of integration into the parts

(A) |n|<ngd, |al<p,

(B) |n|<pts, p<|a|sm|o]|?,

(©) pEo<|y|<m,
where § = £-1{¥"(£)}~t. We notice that 6 >0 as n—>oco. We shall make y— 00 ag n—> o,
but later assume that x> oo sufficiently slowly for certain conditions to be satisfied.
We shall denote the contributions to p,(n) of the integrals over the ranges (4), (B)
and (C) by J,, Jg and J,; respectively.

Consider the range (4) first. We have to evaluate the integral

(iplol)/w (matn)
Ja= (277)2f f(wlwl)lw gla, @) ensinewdadsy. (17
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Substituting for g(«, w) we see that

(ple)iw
Lo= i) [ exp (@)~ b (@) 1)

Guloblo

x K(x)exp {(m me(£)) wat exp {O(PE~ Y7 () + o(qu(F" (EN}) + o(u*)} wdeedny,

(18)

since if 4 — co sufficiently slowly there exists A such that | 7| < Afand |« | < 7/£(1 + A?)
throughout the range of integration. Weeasily see by the results above that all the error
terms O(p3£-1W"(£)), o(nu(¥"(§))}) and o(x?) may be replaced by o(1) throughout the

range of integration provided that x —co sufficiently slowly.

We now observe that
K(x) = O(| e¢|21) for any A;>0,

as | | >oco with | Ree | < ; for

K(a)
K®Ra)| r—- A +o
A+ Ra
and Nt <l

We shall consider separately the cases
(i) |m-my(f)|Et<1,
(i) |m—mg(£)|ESt>1.
In case (i) (m—my(E)) Edu?->0 if uté—0,
which we may suppose to be the case, and then

{m —mg(£)} wa = {m—my(£)} € +o(1).
Thus (18) becomes

21
J, = (-2;})—@ f exp (¥ (£) +né - 12" (£)}

y f‘""“""“ K(a) exp {(m —mo(£)) €a +o(1)} wdzdy.

= (iplo))/w
Now w(2Ll) - ogure) = otom,
since u% = o(1). By (19) and (21)
Giple)/e
[ | K@)exp (- mo(e) 2} da| = 0

~(iplo)/o
and fiﬂ | K(c)exp {(m —my(§)) Ea}da | = o(1).
Gplul)lw
i
Further [ 1K@ exp fom—mon ey | < o0

Hence

(19)

(20)

(21)

J’(iltlwnlw K (@) exp {(m — my(£)) £} dec =fi:° K(a)exp {(m —my(£)) Ea}da +0(1). (22)

—(iglol)/o

In the case (ii) we see that | m —my(£)| | @ | >co. Hence since the argument of the

exponential is imaginary it can be proved by integration by parts that
(lploD/w
2 K expim - mo(@) aw}da = of1)

—Gplol)o

(23)
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for any fixed u, using (19) and the fact, which can be deduced from (19) by Cauchy’s
integral formula, that K'(a) = O(| &|~*) in the strip | Rz | <. The result (23) also
holds if # — oo sufficiently slowly. Also in this case by the Riemann-Lebesgue theorem

fijw K(x)exp {(m—my(8)) Ea}da = o(1), (24)
since fm | K(et)da | <co. (25)

Thus in both the cases (i) and (ii) we have

iplw]) o i
f(ﬂ ) K(a)exp{(m—my(f)) aw}da = |  K(x)exp {(m —my(£)) ak}da+o(1).

—(ilol) /e —i
(26)
By straightforward integration we obtain
P2
3] xR L) +n =y € wdy
- @g{‘if”@)}‘* exp[¥() +nEl{1 +o()}.  (27)
Thus '
Ta = o SO exp¥(©) 48] (5 [ Kl oxp (om—mo(@) ) +ol1).
(28)
We notice further that
uEd
ar | 900 e~ o (O} exp [¥(©) +me]. (29)

To deal with the ranges of integration (B) and (C) it is necessary to introduce some
conditions on the numbers A,. These conditions are essential to the nature of the
problem; for suppose that numbers A, were all even, then it would be impossible to
partition an odd number into even parts and no smooth asymptotic formula would
describe the behaviour of p,,(n). Our proof of the asymptotic formula would then
break down because the integrals over the range (C') could not be neglected.

We split the range (C) into the two parts

(C) pEd<|m|<EA,
(Cy) EA<|n|<m.
A will be supposed fixed but will ultimately be made sufficiently small. We write

Ylw) = Tet (30)
1
and suppose that, in the range (),
| ¥(w)| <% () (31)
for all sufficiently small values of £, where € is a positive number depending only on A

and <1 for all A.
We further suppose that, as £ 0,

é’;l PRy (rE) = O (£)). (32)
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Now the same order relation holds for £ o0 so that it holds uniformly for all £§. Hence
by integration

3 ) = O ),
S ¥(r8) = O (8)) (33)
and T ve) = Oy e
Thus, for small £ GEYS <z”§; > Alog%
and GRS E/g;logr—lg > A 1og2%. (34)

It is convenient to state the above conditions in terms of the function y¥(w), as they
then take their simplest forms. The second condition (32) is usually satisfied trivially,
but (31) may be difficult to prove.

To deal with the range of integration (B) we observe that

Gz, z) = ﬁ (1 —z2?r)1

r=1

© | ]—|z2t ,
and |6(e,9)| = 1T Lz g 1 2.
Now 22 = e~ Artaw

argzzr = —J(A, +a)w = jaw —A, 7,
since aw is pure imaginary. Hence
|argae | > || E— A pu88 = (|a| — A, ud)E.
If we suppose that A, < |« | we obtain
largaz? | >3 || &
for sufficiently small £, since 48— 0. Also | @ | <7E~! so that | 2% | > e~ and

| Jxzte|> A || E.

But R(1—a2r) 21— |x2M| = 1—e M
and 1—e 4 = 0(A,£) = O(| « | §).
This suffices to prove that for A, < | a | we have
1— |22’ | _
1—zr | ¢ “

for some A4 > 0, provided that £ is sufficiently small. But
1—|zz |

1 -z <1

always. Suppose N(A) is the number of A, < A; then we have
| G(x,2) | < e 4NUDG(| z |, | z|).
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Then the integral over the range (B) is

Jg = O(ﬂ.§28 |z{G(l=]|,|=2 |)Jwe'AN(")du)
»

- O{g{llf”@)}* oxp [¥(E) + €l p f ”e-ﬂwdu}. (35)
b

It follows from (4) and (34) that

N(u)/logu—>0c0 as wu—>00,

which implies that Jp = o(§{¥"(§)} Y exp [¥'(§) +nE)), (36)
since x—>o0 as £— 0.
For the range (C;) we have

log G(z,2) = g;lrlxrw(m),

co that |log 6(z,2) | < | ¥(@) |+ 51 | #rw)|

<oy + 1)

by (31). (It is necessary to split the sum as (31) holds only for sufficiently small £.)
Then using (33) we obtain

|log G(z,2) | <O'¥(£), where 6'<1.
Further V() > Y(E) >4 logzé

for some positive constant 4. Thus in the range (C,)

|G(z,2)| = O(exp [‘I"(g) —-A log%]) .
Then it follows that

ol <z ]

To deal with the range (C,) we use the relation

@2 4o

xm-}-l n+1

O(exp [\F(g) +nE—Alog? %]) T Y

© _ 1] = 1
| G=,2)| = [Il(l—xz"r) texp [érgl;x’;&(rw)”

— 2| b d
e exp[5 £ Hwew) | —po0)] e v,

< e—AN(a))

1—a2h |
provided that A is sufficiently small. Now | y(rw) | < ¢(r£) for all w, so that
| G(z,2) | < e 4Nl=Dexp §[| Yr(w) | — P(E)] exp F(£). (38)



234 C. B. HaseLgrovE aND H. N. V. TEMPERLEY
We shall assume that as £ 0, £y"(£) = O(¢"(£)), which by using (32) implies (11).
Nowwe have () = Yi&) +iny'(€) ~ 11%9"(€) + Oy ©)),

| (@) |* = [ (E€) —37°¢" ()1 +7[¥ ()12 + O(PY (£) ¥ (£))
= [P +9* W E)F — Y)Y (€) + OMPE Y (E) ¥ (£)).

_ WOy ¥'(¢) "
Hence | (o) | = iy? ) +0( v (§))
We shall assume that [ (E)E< O (&) ¥ (£) (39)

for sufficiently small £, where 6 < 1. Then it follows that

[ ¥(w) | —¥(E) < — An*y (£)
if w is in a sufficiently small Stolz angle A. This implies, using (33) and (38), that

1o, | < g7 [ |, |smormpideds | = o (¥ @t exp ¥ @ +aE). (40
Writing Fly) = 2Lm " K@evda (41)

we deduce finally that

D) = s ("4 F(m =) £ exp LY (E) + 1]
+o(E{Y"(E)}texp[¥(§) +nf]),  (42)
provided only that the conditions stated above are satisfied. Under these conditions

it also follows that 1 W) 43
p(n) NW{ ()} texp [F(§) +né]. (43)

Further, it follows similarly, by considering the integral
(z,2)
2771)2f f xmHintl (1—2) (1—2)dzdz,

that  ALALp,(n) = J( F‘”«m mo) ) {¥7(£)} exp [ (£) +nf]
+o(E P ()} texp V() +nf]), (44)

where A, and A,, denote difference operators with respect to the variables m and »
(e'g' Anpm(n) = Pm(n) —Pp(n—1)).

The above results may be stated in the form of the

THEOREM. Let 0 <A, <A;< ... be a sequence of positive integers such that

(i) ZA;2 converges.
Then let Yr(w) be the function of the complex variable w = £+ iy defined in the region
E>0by @
Y(w)= 3 e,

r=1

and suppose that

(i) é} 2y (tE) = O(Y"(£)) as £ 0,

(i) {¢"(EN? <OF (&) Y (£) for some fized 0 < 1 and for £ sufficiently small,

(iv) &7 (§) = O(Y"(§)) as £-0,

(v) for sufficiently small £, | Y(w) | <OY(£) in the region EA < |9 | <7 for any fixed
A and some 0 < 1 depending only on A,
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Then writing Y(w) = i-:-gzr(m),

b 1
mﬂ = mO(g) = r§1 e,\fg_ 1 )

K(a) = ﬁl (1 +/%) 7 o,

r=

i
and Fly) = 27” _imK (o) e*v dax, (41)
1t follows that as n— oo the number of partitions p,,(n) of n into m parts A, satisfies
AL AL (n) = E+8H1FO((m —mg) £) p(n) + o(£7+5+1p(n)), (45)

where & i8 the root of the equation ¥’'(£) +n = 0and A, and A, denote difference operators
with respect to the variables m and n, so that A, p,,(n) = p,(n)— p.(n—1), etc.
Also the total number p(n) of partitions of n into parts A, satisfies

P~ T 2,,) {F"(€)}Hexp [Y(€) +nf]. (43)

In particular Pp(n) = EF((m—mg) £) p(n) +o(Ep(n)). (42)
F(y)is a distribution function in the usual statistical sense. It is indefinitely differ-
entiable and satisfies
. Fy)dy = 1.
It follows from our results that it is non-negative, although we have not constructed
a direct proof of this result. As we have seen the moment-generating function of

Fly)is K@) =TI (1 +5‘—) oy,
r=1 /\r

This implies that the mean of the distribution occurs at ¥ = 0 or m = m,, and that the
second semi-invariant with respect to the y variable is 2A; 2, which we have assumed
to be finite.

In most of the cases that we shall consider F(y) will have a maximum at y,, where
the second derivative F”(y,) is different from zero and will be such that F(y,) > F(y)
for all y % y,. Since F"(y) is continuous, and since F”(y,) =+ 0, we must have

Fryy< —c, |y-w|<2h

for some strictly positive constants ¢ and A. It then follows from our result (45) that
the difference AZ, p,,(n) is negative for sufficiently large =, in the corresponding range
of m. Also F'(y)>ch for y,—2h<y<y,—h and F'(y)< —ch for y, +h<y<y,+2h,
and it follows from (45) that, for sufficiently large n, A, p,,(n) is positive and negative
respectively in the corresponding ranges of m. But since A2, p,.(n) is negative, A, p,,(n)
is monotonic and strictly decreasing for values of m corresponding to |y —y, | < 2k.
Hence there exists m, in this range such that for m <m,, A, p,,(n) is positive and for
m >my, A, p,(n)is negative, for m in the range. Now for y outside therange |y —y, | <5,
F(y) < F(y,)— ¢ for some positive &, since F(y) is continuous and F(y) >0 as y-> + co.
Thus, using (42), p,,(n) < P, (n) for values of m corresponding to values of y outside
the range |y—y, | <h.
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Thus there are at most two consecutive values of m for which p,,(n) attains its
maximum value for a fixed but sufficiently large value of n. We shall later use this to
prove the conjecture of Auluck, Chowla and Gupta (1), in the case of partitions into the
natural numbers.

It will be seen that the value of m at which the maximum occurs will be asymptotic
to the value of m at which the mean of the distribution occurs, unless A1 converges.

It is often useful to know something of the asymptotic behaviour of F(y) as y - + c0.
To determine this behaviour as y— + c0 we proceed as follows:

P(y) = -2% _ww K(a) eV dar.
K(x) has poles at the points @ = —A,. Shifting the contour across these poles we
obtain the expansion Fy)~3C.eM, (46)

which is asymptotic in the sense of Poincaré. The C. are constants for those A, which
are not repeated, but, if A, is repeated v, times, C, is a polynomial of degree v,— 1 in y.

It is more difficult to obtain general results for the behaviour of F(y) as y becomes
negative. If the series £A ! is convergent we observe that

K(a) = O(] «|"2exp [RaZAS1)),

a8 Ra— oo uniformly in Ja. Hence if y < —ZA;?

1 [fetiw
o) =0(5: [ " al2dal).
c—1©
Making ¢ - + oo we deduce
Fly)=0 for y<—3A L (47)

This result may be explained by the fact that

) = T gy < EIEA
when the series is convergent. Thus
y={m—myE} < —ZA
only for negative m, in which case the number of partitions is naturally zero.

It will be shown later, by studying various special cases, that the distribution
function F(y) is highly asymmetric if A, increases rapidly with r, but if A, does not
increase very rapidly with » the distribution becomes nearly normal.

If the series XA; 1 is divergent the following rough argument shows that we may use
the saddle-point method for both variables of integration, provided only that certain
conditions, of the same nature as we have imposed above, are satisfied. For we have

0? ©  wehtao
-a—oﬁlogg(a, W) = ? (e T
w? eArta)o 1
(o T~ A+ o

Nowasw—0fora+ —A,,

2
Thus if ZA; 2 diverges 8_24_2 log g(e, w) 0.
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This is a necessary condition for it to be possible to expand the integrand in (16) as
& Taylor series over a sufficient length of the path of integration for us to be able to
apply the saddle-point method to the x variable (see p. 226 above). It is still necessary
to impose some conditions on the A,,, but we shall not study this problem in detail as
we must use methods slightly different from those of this paper.

It then follows, under the assumption of suitable conditions, that the orthodox
results of statistical mechanics are correct. It also follows that the distribution func-

. . . 1

tion F(y) represents a normal distribution (i.e. it is the function 7@ e~¥" when an
appropriate scale factor has been introduced and a change of origin has been made.)

4. A special class of cases. In this section we shall make the assumption that
N(A)~ AA? where A is a positive constant, 0 < £ <2 and B+ 1. This will enable us to
obtain asymptotic formulae for some of the quantities involved in the above analysis
and to deduce that some of our conditions are satisfied. We notice that XA 2 is con-
vergent since f < 2.

It is first necessary to obtain an asymptotic formula for y(£) which may be done
by a generalization of the well-known theorem of Abel on power series:

Y(E)~AT(B+ 1) E4. (48)
Similarly, Y(E)~ - APT(B 4 1) 4L, (49)
Y(E)~ABB+1)T(B+1)E-F-2, (50)

etc. Hence the conditions (ii), (iii) and (iv) are satisfied and
—n=¥(E) = 3 ¥)
~— AT+ 1)E(B+1) £+,

E~ {ABT(B+ 1) (B + DU e, (51)

n§)~EIEATT for f<L, (52)
and ml§) = 3 41t~ ATB+DUAES for f>1. (53)
Also () = S ve)

~AT(B+1)E(B+1) 4.
Thus Yl +nE~AB+ D) TB+1)EL+1)E4. (54)
Then if the condition (v) is satisfied, we can conclude that

. n\ FlB+D
log p(m)~ (AT (8 + 18+ D g+ 1) (5) - (55)
We can obtain some additional information about the behaviour of F(y) as y
decreases. We have 1 fi=
F(y) = 5| K(a) e de.

—1lw0



238 C. B. HaseLgrovE aND H. N. V. TEMPERLEY
In the case f <1 we make a change of origin

1 [
Py-Sx1) = oo | Kyfa)evda,

© -1
where Kia)=T11 (1 +E) .
r=1 ’\1'
By a theorem on integral functions with real negative zeros (see Titchmarsh (9), p. 271)
we deduce log K (ot} ~ —mAa? cosecff (56)
as |a|—>co with |arga|<7—4. We may use this result to prove the asymptotic
formula for

log F(y — ZA; 1) ~ (BYA-P — fEA—P)) (1 A cosec mBYVA-P y—FlA—P), (57)

as ¥y -+ 0, by using the saddle-point method.
We may extend the range of validity of this formula to the case #> 1 (but not the
case £ = 1) if we allow for the change of sign of some of the terms. Then

log F(y) ~ (B111=9 — BiA-P) (—m A cosec mB)1-A (— y)fE-D), (58)

as y——o0. In order to prove this result it is necessary to use the result analogous to
(56) for integral functions of order £ > 1, which may be proved similarly.

5. Particular types of partition. We shall now consider the application of the above
theory to particular types of partition function.

(@) The case A, = r. This case has been dealt with by Erdos and Lehner (4) and later
by Auluck, Chowla and Gupta (1). Their results are easily verified. It has also been
studied by Szekeres (7). It is trivial that our conditions are satisfied.

We have

© o -1
K(a) = 11 (1+—) esir
r=1 r
=eCeT(a+1),

where C is Euler’s constant.

We may easily obtain approximate formulae for ¥(£), & my(§) and then for
F((m—my) ). This gives the results that have previously been obtained by Auluck,
Chowla and Gupta(1). Also

F(y) = exp{—(C+y)—eC+m},

Thus the distribution function of p,(n) has a unique maximum, and so, by our
remarks on the partial differences of p,,(n), we deduce that p,,(n) attains its maximum
value for at most two consecutive values of m for sufficiently large fixed n. This proves
the conjecture of Auluck, Chowla and Gupta (1).

(b) The case A, = r*, where k is an integer and « > 1. Here the conditions (i), (ii), (iii)
and (iv) are satisfied trivially. The condition (v) is also satisfied; the proof of this fact
is rather difficult, but it follows from various results on the function ¥(w) which is used
in work on Waring’s problem (see, for example, Landau (6), equations (273) and (274)).
Since XA, ! is convergent, we see that the distribution is very asymmetric, having mean
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and standard deviation of the same order. The distribution has a finite cut-off as shown
by (47). We see that N(A) ~ AV« and obtain the results

) ~T(1+) g1 ) £

K

¥(€)~ ——IIEI‘(I +1) g(l +,l<) E-Uk-1,

K
1 1 1\ |<e+D)
~{ ~ = —«/(x+1)
() ]
me(§)~ E71E(x)
1 1\ \xie+1) 1
and log p(n) ~ { r ( 1+ ;) 4 ( 1+ E) } ( 1+ ;) KWt it

Thus the value of m for which the maximum of p,,(n) occurs is of order A (k) n<<+D,

We again suspect that there is a unique maximum, but in order to prove this we
should have to examine the distribution function in detail. We shall not carry out the
analysis here for general k, but we shall obtain a simpler form of F(y) in the case of
partitions into squares.

We can determine asymptotic formulae for p(n) from Ingham’s Theorem 2, but these
results have previously been obtained by Wright(10). In the case of partitions into
squares the function K(a) is an elementary function. We have

© -1 yry
K(a) = e~ [] (l +%) = ginta X

r=1 sin (miat)’

m? ® d 1|y

) == — IV 2o~ — il DA
Ply=5) =2 e - g (f7).

in the notation of Tannery and Molk. It is easily proved by direct computation that
the maximum of

From this we deduce that for y > 0

—2 3 (= 1)re™

r=1
occurs at ¥y = 0-9054 ... Since the mean of the distribution occursaty = 1n%=1-6449...
it follows that the mean and the maximum are different in this case. Asymptotic
formulae for p,,(n) follow from those for p(n) if we use (42).

(c) Prime numbers. Here we take A, to be the rth prime which, by the prime number
theorem, is asymptotic to rlog r. This case is of some interest, in that it demonstrates
the power of the above methods; however, it is necessary to use some additional
arguments to prove the results. The distribution function shows some remarkable
properties; this is due to the fact that the series X1/p is ‘only just’ divergent.

The conditions (i), (ii), (iii) and (iv) are satisfied trivially. The condition (v) is not
satisfied, but in view of some work of Vinogradoff and Linnik on Goldbach’s con-
jecture, an account of which is given by Tchudakoff (8), we are able to state some results
which are sufficient for our purpose. The difficulty arises from the fact that there is
only one even prime number (namely 2) and therefore the generating function F(z, z)
has a singularity at the point x = — 1, z = — 1 which gives rise to a contribution to the
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contour integral which is almost of the same order of magnitude as the contribution
from the singularity at the point z = 1,z = 1.

If none of the numbers A, are even we see that the function F(x,z) satisfies the
functional equation F(—2, —2) = F(z, 2),

so that the singularities at x = —1, z = —1 and at = = 1, z = 1 have equal weight.
This reflects the fact that in this case it is not possible to partition an even number
into an odd number of odd parts. In the case of prime numbers, however, the function
F(x,2) satisfies the functional equation
7 1—a22
(=% —2) =15

which shows that the contribution to the integral from the singularity at (—1, —1)
is of a strictly smaller order of magnitude than that from the singularity at (1, 1).
This means that we can prove the asymptotic formula for p,,(n) if we use the results of
Vinogradoff and Linnik. These state that if we exclude a region in a Stoltz angle about
the point 2z = 1 (w = ¢7) the condition (v) is then satisfied.

We may not, however, obtain a similar result for the differences of p,,(n). In the
case of the first differences (with respect to either variable) the contributions from the
singularities are of the same order of magnitude. Thus we cannot expect to prove any
analogue of the Auluck, Chowla and Gupta conjecture. Computation leads us to
believe that such an analogue is not true.

In the case of partitions into prime numbers we have

3 A7i~loglog X.

Ar<Xx
1 1 1
Hence my(g) = 3 1 ~—g—log logg.

1
Also () ~§_log—1/§’

F(z,z),

()~
! "2
O~ - gEiog e
£~ 1
~J3 (nlogn)t
2 ( n \}
and log p(n) ~ 75 (l_og n) .
The above asymptotic formula for logp(n) is well known. If we refer back to the
formulae of our theorem we obtain an asymptotic formula for p(%) itself. This formula,
however, involves transcendental sums over the primes. It is possible to express
these transcendental sums in terms of the zeros of the Riemann zeta function. We may
also state asymptotic formulae for p,,(n) in this case. It should be noticed that the
above results have been obtained without any recourse to the Riemann hypothesis
on the zeros of the zeta function, though it may be necessary to use the Riemann
hypothesis to express the sums explicitly in terms of the zeros of {(s). Brigham (3)
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has obtained an asymptotic formula for a certain weighted partition function corre-
sponding to partitions into prime powers, in terms of the zeros of the zeta function,
on the assumption of the Riemann hypothesis.

It may be verified that F(y) lies between the orders

e_ce— atey

as y —~—oo for any fixed positive e. Also F(y)~ A e~ ag y >+ 0. The maximum of

Pm(n) occurs for
m~ % (nlogn)tloglogn.

The mean of the distribution is of the same order as the value corresponding to the
maximum, but may differ from this value by

O((nlog n)t).
Thus in this case the ratio myeqn/Mpsy. only tends to unity very slowly as n—>co. We
have asymptotic equality because X1/p diverges.

We may apply the above methods to partitions of other similar types. For example,
our conditions are generally satisfied in the following cases:

(d) Numbers A, which are representable as the sum of s kth powers provided that
8 <2k,

(¢) Numbers A, of the form [477(logr)], provided that o > }.

In particular we may deal with partitions into numbers represented as the sum of
two or three squares, counted according to the number of representations, which have

applications in physics to the two- and three-dimensional Bose-Einstein gases.

We wish to thank Mr A. E. Ingham and Dr F. C. Auluck for many helpful discussions
and for advice on the preparation of the manuscript.
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