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1. Introduction

For integers k > 3,N,M > 0 choose a Boolean formula ® = ®,(N,M) =
P, A --- A ®); in conjunctive normal form with clauses ®; = ®;1 V -+ V Py,
®,; € {z1,~21,...,xy,~2zn} uniformly at random out of all (2N)*™ possible such
formulas. Since the early 1990s experimental work has supported the hypothesis that for
any k > 3 there is a sharp threshold for satisfiability [8,30]. That is, there exists a number
rr-sat > 0 such that as the formula for density M/N passes r_sar, the probability of
that the random formula ® is satisfiable drops from asymptotically 1 to asymptotically
0 as N — oo. An impressive bulk of theoretical work has since been devoted to estab-
lishing the existence and location of this threshold ri.gsat as well as the existence of
similar “satisfiability thresholds” in other random constraint satisfaction problems (see,
e.g., [3] and the references therein). In fact, pinning the satisfiability threshold ry_gar
has become one of the best-known benchmark problems in probabilistic combinatorics.

From its early days the random k-SAT problem has drawn the attention of statistical
physicists. Through the physics lens, random k-SAT is an example of a “disordered sys-
tem”. Over the past decades, physicists have developed a systematic albeit non-rigorous
approach to this type of problem called the cavity method [36]. More specifically, the
so-called I-step replica symmetry breaking (“1RSB”) installment of the cavity method,
which is centered around the Survey Propagation message passing procedure [37], pre-
dicts that [35]

1+1In2

re-sar = 28 In2 — + ox(1). (1.1)

From the viewpoint of the cavity method as well as from a rigorous perspective, ran-
dom k-SAT is by far the most challenging problem among the standard examples of
random CSPs. The reason is that there is a fundamental asymmetry between the role
that the Boolean values ‘true’ and ‘false’ play. More specifically, consider the thought ex-
periment of first generating a random formula ® and then sampling a random satisfying
assignment o of ®. Then the local “shape” of ® provides significant clues as to the prob-
ability that a given variable x takes the value ‘true’ under the random assignment o. For
instance, if x appears many more times positively than negatively in ®, then we should
expect that the probability that = takes the value ‘true’ under o is greater than 1/2.
This is in contrast to, e.g., the graph coloring problem, where all the colors have the
same “meaning”. In fact, the probability that a given vertex takes a particular color in
a random coloring is just uniform, simply because we can permute the color classes.
Similarly, the k-NAESAT (“Not-All-Equal-Satisfiability”) problem, which asks for a sat-
isfying assignment whose inverse assignment is also satisfying, is perfectly symmetric by
its very definition.'

L Formally, we could call a random CSP symmetric if in a random problem instance for each variable the
marginal distribution over the possible values that the variable can take (‘true’ or ‘false’ in satisfiability;
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The inherent asymmetry is the reason why the gap between best previous upper and
lower bounds on the k-SAT threshold is significantly larger than in other well-studied
random problems. To elaborate, let us say that the random formula ® enjoys a property
E with high probability (w.h.p.) if imy_oo P[® € £] = 1. Friedgut [24] established the
existence of sharp threshold sequence rigar(N) for any k > 3. That is, for any fixed
>0, ® = Py(N, M) is satisfiable w.h.p. if M/N < (1 — &)rp-sar(N) and unsatisfiable
w.h.p. if M/N > (1 + e)rr-sar(N). With respect to the location of ry.gaT(NV), a “first
moment” argument [31] shows that

14+1In2

lim sup 7ggar(N) < 28In2 — + or(1). (1.2)

N—oc0

This upper bound coincides with the prediction (1.1). Furthermore, Achlioptas and
Peres [4] used the “second moment method” to prove that

k1;2 - (1+ 1%2) ~ o (1). (1.3)

lim inf rg_gar(N) > 28 n2 —
N—oo

Thus, the upper bound (1.2) and the lower bound (1.3) differ by 222 4+ 1 4 (1),
a gap that diverges as a function of k. By comparison, in the (symmetric) random
graph k-coloring problem, the gap between the best lower and upper bounds is about
2In2 — 1 ~ 0.39, i.e., a small absolute constant [16]. Moreover, in random k-NAESAT
the best upper and lower bounds differ by a mere g, = 2-(1Fox(1)k 5 term that decays
exponentially in terms of k [14]. In the present paper we prove a corresponding result
for the (asymmetric) random k-SAT problem.

Theorem 1.1. There exists e, = o (1) such that

14+1n2 14+1In2

2% n2 —

— €k gl}\rfninfrk(N) <limsupri(N) < 2¥In2 — +er. (1.4)
bade el

N—oco

In fact, the proof of Theorem 1.1 shows that (1.4) holds with g;, = 27%/2+o(k),

Theorem 1.1 establishes (1.1) rigorously. The proof is based on a novel type of second
moment argument that directly incorporates several insights from the cavity method as
well as parts of the Survey Propagation calculations. For instance, while in prior work (2,
4] the second moment method was applied to the number of satisfying assignments (with
certain additional “symmetry properties”), a crucial feature of the present approach is
that it is based on a “relaxed” concept of satisfying assignments called covers. This
notion plays a key role in the 1RSB cavity method. We expect that this idea generalizes
to a host of other problems.

the colors in graph coloring, etc.) converges to the uniform distribution. For a more detailed discussion of
symmetry see Appendix A.
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In comparison to the extended abstract versions [12,15], this full version of the paper
contains a more streamlined proof. For instance, the definition of the random variable
and the formulas that emerge in the first/second moment calculations are simpler. Ad-
ditionally, the proof is based primarily on analytic arguments, rather than a blend of
analytic and combinatorial considerations; this enhanced argument yields the aforemen-
tioned explicit and exponentially small value for ;. Finally, this paper corrects an error
in the definition of the relevant random variables in [12], which mistakenly forced the
first moment to be prohibitively small.

After this paper was submitted, in a remarkable work Ding, Sly and Sun [22] proved
the satisfiability conjecture for all k& > ko for some (unspecified) constant ky > 3. In
fact, they established the location of the threshold ri.gat for k > kg, thereby verifying
the 1RSB prediction. Ding, Sly and Sun build on two key ideas from this paper (and
introduce many new ones). First, [22] harnesses the idea of representing covers by means
of a “color code” on the edges of the bipartite factor graph of the k-SAT formula (whose
vertices correspond to the variables and clauses). Second, [22] uses the notion of judicious
configurations, a vital trick to keep the second moment under control in the asymmetric
case (cf. Section 4). In a nutshell, while in the present work we construct a random vari-
able that incorporates one iteration of the Survey Propagation equations (corresponding
to conditioning on the direct neighborhood of variables/clauses in the factor graph),
Ding, Sly and Sun manage to deal with any bounded number of iterations.

After a discussion of related work, in Section 3 we give an outline of the main ideas
behind the proof of Theorem 1.1. There we also elaborate on the physics intuition upon
which the proof is based.

2. Related work
2.1. The physics perspective

Originally motivated by the study of “disordered systems” such as glasses or spin
glasses, physicists have turned the cavity method into an analytic but non-rigorous ma-
chinery for the study of problems in which the interactions between variables are induced
by a sparse random graph or hypergraph. The random k-SAT problem is a prime exam-
ple. Additionally, the cavity method has been applied to a wealth of problems, ranging
from classical physics models to low-density parity check codes to compressive sensing.
Hence the importance of providing a solid mathematical foundation for this approach.
For an excellent introduction to the physics work we refer to [36].

The cavity method comes in two installments. In addition to the aforementioned 1RSB
variant, there is a simpler version called the replica symmetric ansatz. Its key ingredient
is the Belief Propagation message passing technique. Applied to the random k-SAT
problem, the replica symmetric ansatz predicts upper and lower bounds, namely [39]

3
Th-cond = 28102 — 502 = 0k(1) < resar < 28In2 —In2/2. (2.1)
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However, the replica symmetric ansatz is insufficient to obtain the precise k-SAT thresh-
old. The reason for this is a phenomenon called condensation [32], which we will also
encounter in the proof of Theorem 1.1, and which has a dramatic impact on the proba-
bilistic nature of the problem.

The 1RSB cavity method can be used to put forward a prediction as to the precise
value of limy_,o Tk-saT(IN) of the sharp threshold sequence (which is not rigorously
known to converge) for any k > 3. This prediction comes in terms of the solution to an
intricate fixed point problem on the (infinite-dimensional) space of probability measures
on the 3-simplex [35,37]. A proof of this exact formula for any k¥ > 3 remains an open
problem.

2.2. Other rigorous work

This is one of the first papers to vindicate the 1RSB cavity method rigorously, and
the first to do so in an asymmetric problem. In [14] we obtained a result similar to
Theorem 1.1 for the (symmetric) random k-NAESAT problem. Of course, in symmet-
ric problems many of the maneuvers that we are going to have to go through (e.g.,
clause/variable types, see Section 4) are unnecessary. Independently of the present work,
Ding, Sly and Sun [21,20] verified the 1RSB prediction in the random regular k-NAESAT
problem (where each variable appears exactly d times), and in the independent set prob-
lem in random regular graphs. Both of these problems are symmetric. The proofs in [21,
20] are based on the second moment method applied to a notion of “cover” appropriate
for NAESAT /independent sets, while [14] relies on an ad-hoc concept called “heavy so-
lutions”. Furthermore, in [13] we applied the methods from [16] to obtain a precise result
on the k-colorability “threshold” in random regular graphs for infinitely many values
of k.

In all other random constraint satisfaction problems where the threshold for the ex-
istence of solutions is known it matches the prediction of the replica symmetric version
of the cavity method. An example of this is the random k-XORSAT problem (random
linear equations mod 2) [23,40]. Furthermore, the exact satisfiability threshold is known
in random 2-SAT [9,28]. This is, of course, a special case, as 2-SAT admits a simple crite-
rion for (un)satisfiability, on which the proofs hinge. In several other examples the replica
symmetric predictions have been validated rigorously (see, e.g., [36, Chapters 15-17]).

As mentioned earlier, the best prior bounds on the k-SAT threshold were obtained
by far simpler second moment arguments. The use of the second moment method was
pioneered in this context by Frieze and Wormald [26] and Achlioptas and Moore [2],
who got within (about) a factor of two of the k-SAT threshold. Subsequently, this result
was improved by Achlioptas and Peres [4], who established the aforementioned lower
bound (1.3). In both of these papers the inherent asymmetry of the k-SAT problem is
sidestepped by applying the second moment method to a random variable that counts
satisfying assignments with additional symmetry properties. Indeed, [2] applies the sec-
ond moment method to satisfying assignments ¢ whose inverse assignment ¢ is also
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satisfying. Moreover, in [4] symmetry is enforced by counting “balanced” satisfying as-

signments under which exactly half the literal occurrences in the formula are set to true.

kln2
2

ing such a symmetrized random variable. The best current algorithms for random k-SAT

However, as pointed out in [4], it impossible to remove the gap in (1.3) by consider-
find satisfying assignments w.h.p. for densities up to ~ 1.817 - 2¥ /k (better for small k)
resp. 2€Ink/k (better for large k) [10,25], a factor of ©(k/Ink) below the satisfiability
threshold.

The notion of covers, which plays a key role in the 1RSB cavity method, has so far
received only limited attention in rigorous work. In an important conceptual contribution,
Maneva, Mossel and Wainwright [33] introduced a similar concept (“core assignments”)
to show that (generalized) Survey Propagation can be viewed as Belief Propagation on
a modified Markov random field. Furthermore, Maneva and Sinclair [34] used covers to
prove a (conditional) upper bound on the 3-SAT threshold in uniformly random formulas.
A similar method was applied in [11] to the random graph coloring problem.

3. Outline
3.1. The second moment method

As pointed out in the seminal paper by Achlioptas and Moore [2], the second moment
method can be used to prove lower bounds on the k-SAT threshold. The general strategy
is as follows. Suppose that Y = Y (®) > 0 is a random variable such that Y(®) > 0 only
if ® = ®,(N, M) is satisfiable. Assume, moreover, that there is a number C = C(k) > 0
that may depend on k but not on n such that

0<E[Y? <C-E[Y) (3.1)
Then the Paley—Zygmund inequality P[Y > 0] > E[Y]?/E[Y?] implies that

lim inf P [® is satisfiable] > lini)inf P[Y >0 >1/C>0. (3.2)

n—oo

The following consequence of Friedgut’s sharp threshold theorem turns (3.2) into a lower
bound on r.sar. From here on out, we always let M = [rN]| for some number r > 0,
the density, that remains fixed as N — oo.

Lemma 3.1. (See [24].) If r > 0 is such that liminfy_,o P[® is satisfiable] > 0, then
lim inf y 00 7i-saT(N) > 7.

Thus, we “just” need to come up with a random variable Y that satisfies (3.1).
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3.2. The majority vote

The obvious candidate for such a random variable seems to be the total number Z of
satisfying assignments of ®. Then the second moment E[Z?] is nothing but the expected
number of pairs of satisfying assignments. In effect, a necessary condition for the success
of the second moment method turn out to be that in a random pair (o, 7) of satisfying
assignments of ®, o, 7 “look uncorrelated”. In particular, as shown in [2,4], (3.1) can only
hold if the average Hamming distance of o, 7 is (14 0(1))%. However, in random k-SAT
this is not the case [2]. In effect, (3.1) does not hold for Y = Z for any density r > 0.

As observed in [2,4], the source of these correlations is the asymmetry of the k-SAT
problem. More precisely, let D, denote the degree of the variable z;, i.e., number of
times that x; occurs positively in the formula ®, and let D, be the degree of -z, i.e.,
number of times that x; occurs negatively in ®. Furthermore, consider the majority vote
assignment oyaj, where we let omaj(z;) = 1if Dy, > Dy, Omaj(@i) = 0if Dy, < Dy,
and, say, choose omaj(z;) € {0,1} randomly if D,, = D-,,. Here and throughout, we
represent ‘true’ by 1 and ‘false’ by 0. Clearly, if the only information that we are given
about @® is the literal degrees Dy, D—,,..., Dy, ,D—5 , then on,; is the assignment
with the greatest probability of being satisfying. This is because op,; maximizes the
total number of true literal occurrences throughout the formula. To be precise, out of
the kM literals a

N
1
Wmaj = 777 ;max {Dy,, D}

fraction set to true under ou,;. Moreover, if we draw an assignment o at random, then
the closer ¢ is to oy, in Hamming distance the larger the expected number of true
literal occurrences. As a consequence, we expect that most satisfying assignments “lean
towards” the majority assignment op,,j. This induces a subtle correlation amongst pairs
of satisfying assignments, which dooms the second moment method.

This issue was sidestepped in [2,4] by considering an artificially symmetrized random
variable. For instance, Achlioptas and Moore [2| apply the second moment method to
the number Znag of satisfying assignments o : {z1,...,2x} — {0,1} whose inverse
assignment ¢ : x — 1 — o(x) is satisfying as well. Satisfying assignments of this type
are called Not-All-Equal-assignments, because under o every clause must contain both a
literal that is true under ¢ and one that is false. Intuitively, the Not-All-Equal require-
ment prevents the assignments from pandering towards omaj, because moving o towards
Omaj makes it less likely that & is satisfying. As a consequence, it turns out that Znag
satisfies (3.1) for densities r < 2¥"1In2 — # + o0x(1), about a factor of two below
the k-SAT threshold. Moreover, (3.1) cannot hold for much larger densities, because for
r>2k1no— mTz + 0k (1), the first moment E[Zxag], and in effect P [Znag > 0], tends
to 0 as N — oo.
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A more subtle approach was suggested by Achlioptas and Peres [4]. They apply the
second moment method to the number Zy,; of balanced satisfying assignments, i.e., sat-
isfying assignments o such that the fraction of true literal occurrences is about 1/2;
formally,

ﬁ >~ o) D+ (1 0(2:)) D, = % +O(N-12), (3.3)
Technically, Achlioptas and Peres use an elegant weighting scheme to enforce (3.3). The
dominant contribution to Zy,, comes from satisfying assignments at Hamming distance
about N/2 from op,j. Thus, considering balanced assignments stems the drift towards the
majority vote assignment. The condition (3.1) holds for r < 2¥In2 — 22 _ (1 4 In2)
or(1). Conversely, it is pointed out in [4] that E[Z}4] tends to 0 as N — oo for r >
28 1n2 — % — % + 0k (1). Thus, to bridge the gap of about kg‘Q between this lower
bound and the upper bound (1.2), it is inevitable to deal with satisfying assignments

that lean towards omaj-
3.8. Condensation

But according to the cavity method, near the k-SAT threshold satisfying assignments
are subject to far more severe correlations than just via the subtle drift towards oma;. To
explain this, we sketch the physics predictions [32] as to the geometry of the set S(®)
of satisfying assignments of ®. According to the cavity method, already for densities
r > (1 +0x(1))2* In k/k, way below the k-SAT threshold, w.h.p. the set S(®) has a de-
composition S(®) = UiZ:1 C; into an exponential number ¥ = exp(Q2(N)) of “clusters” C;.
These clusters are well-separated. That is, any two assignments in different clusters have
Hamming distance Q(N). More specifically, if o1,...,0; € S(®) is a sequence of satis-
fying assignments such that o; and o; belong to different clusters, then there is a step
1 <4 < I such that o; and ;41 have Hamming distance Q(n). Furthermore, within each
cluster C; most variables (say, at least 0.99N) are frozen, i.e., they take the same truth
value under all the assignments in C;. Finally, each cluster is expected to be internally
“well-connected”. That is, one can walk within the cluster C; from any o € C; to any
other 7 € C; by only altering, say, In NV variables at each step. The existence of clusters
and frozen variables has by now been established rigorously [1,5,38].

As the density r increases, both the individual cluster sizes and the total number of
satisfying assignments decrease. But the cavity method predicts that the total number of
satisfying assignments drops at a faster rate [32]. More specifically, the prediction is that
there exists a critical density 7k-cona = 2kIn2 — %1112 + 0x(1) such that for r < rgcond,
each cluster C; contains only an exp(—§(NV)) fraction of the entire set S(®). In effect, if
7 < I'kcond and we draw two satisfying assignments o, 7 of ® independently at random,
then most likely they belong to different clusters. Thus, we expect o, 7 to have a large
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Hamming distance. In particular, it is conceivable that they “look uncorrelated”, apart,
of course, from the inevitable drift towards oma;.

By contrast, for rg.cond < r < rr.sarT the largest cluster is expected to contain a con-
stant, i.e., Q(1) fraction of the set S(®) w.h.p. This phenomenon is called condensation
in physics jargon. Consequently, if we draw two satisfying assignments o, 7 independently
at random, then there is a good chance that o, 7 belong to the same cluster. In that case,
they will be heavily correlated, because they coincide on all variables that are frozen in
that cluster. Though there is currently no rigorous proof that condensation occurs in
random k-SAT, the phenomenon has been established rigorously in other, symmetric
problems [16,17].

The correlations that condensation induces not only derail the second moment

R

method, but also the physicists’ “replica symmetric ansatz”. The 1RSB cavity method
surmounts this obstacle by switching to a different random variable, namely the number
Y of clusters. Provably, ¥ must remain exponentially large w.h.p. right up to the k-SAT
threshold [5]. Hence, as clusters are well-separated, there might be a chance that two
random clusters decorrelate, even as two randomly chosen satisfying assignments do not.
We are going to turn this intuition into a rigorous proof.

To this end, we represent each cluster C; by a map ¢; : {z1,...,znx} — {0,1,*} in
which each variable either takes a Boolean value 0,1 or the “joker value” . The idea
is that (;(z;) = 1 means that z; is frozen to the value 1 in the cluster C;. Similarly,
Gi(zj) = 0 indicates that z; is frozen to 0. By contrast, (;(z;) = * means that z; is
unfrozen in C;. In other words, =; takes the value 1 in some of the assignments in C; and
the value 0 in others. Fortunately, there is a neat description of the resulting “relaxed
assignments” that does not depend on a precise technical definition of “clusters”, “frozen
variables” etc.

Definition 3.2. (See [7,34].) A map ¢ : {z1,...,2nx} — {0,1,%} is a cover of ® =
dy Ao A D, if the following two conditions are satisfied. Extend ¢ to a map from the
set of literals to {0, 1, x} by letting ((—xz;) = =((z;), with =0 = 1,1 = 0, =% = *. Then

CV1: each clause either contains a literal that takes the value 1 under (, or two literals
that take the value x,

CV2: any literal [ such that {(I) = 1 occurs in a clause whose other literals are all set
to 0.

In terms of the cluster intuition, CV1 provides that each clause either contains one
literal that is frozen to ‘true’, or at least two literals that are unfrozen (for no unfrozen
literal [ may occur in a clause whose other k — 1 literals are frozen to 0, as that clause
would freeze [ to 1). In addition, CV2 ensures that each variable mapped to 0 or 1 is
frozen to this value, meaning that there is a clause ®; whose other k — 1 literals are
frozen to values that do not satisfy ®;. Hence, we expect that the clusters and covers of
® are (essentially) in one-to-one correspondence, and our proof vindicates this notion.
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The proof strategy in this work is to perform a second moment argument for the
number of covers.” Yet matters are far from straightforward as the asymmetry of the
k-SAT problem implies, much like for satisfying assignments, that covers lean towards
Omaj and thus are subtly correlated. In effect, as we previously saw in the case of satisfying
assignments, a “vanilla” second moment argument cannot succeed.

To accommodate the drift towards om,,; we will employ the physicists’ Survey Propa-
gation technique. Survey Propagation is a message passing procedure for (heuristically)
calculating the marginal probability that a fixed variable x; takes each value 0,1,* in a
random cover ¢ of ® [6,36]. The details of Survey Propagation are intricate (e.g., they
involve a seriously complicated fixed point problem on the space of probability measures
on the 3-simplex), and the result is not explicit. However, asymptotically the dominant
terms result from the literal degrees Dy, D-y;. Indeed, for densities 7g_cond < T < T'k-SAT
Survey Propagation predicts that

P [¢(z;) = 2| Dy, D-y,;] = 9*(Dy,

J

— D) +ox(27), where (3.4)

T2 —27F 2 if =1,
V(6) =¢ 2 — 58 —2772 if 2 =0, (3.5)
2 k-1 if z = *.

The probability term on the Lh.s. of (3.4) refers to choosing a random formula ® and
then a random cover ¢ of ®, given the degrees of x;, ~x;. The approximation (3.4) is
expected to be valid so long as |D,, — D—,,| = 0x(2¥), a condition that holds w.h.p.
for the vast majority of the variables. Observe that the formula (3.5) is very much in
line with our intuition that covers lean towards om,j. In Section 4 we are going to craft
a random variable around (3.5) that allows us to incorporate this drift, and thus to
perform a second moment argument for the number of covers.

3.4. Preliminaries and notation

We conclude this section by introducing some notation and a few basic facts that
will be used repeatedly throughout the paper. For a natural number @Q we denote by
[@Q] the set {1,...,Q}. Moreover, we continue to denote by ®; the ith clause of the
random formula ® and by ®;; the jth literal of ®; (¢ € [M],j € [k]). Furthermore,
we let V. = V(N) = {21,...,2n} be the set of variables of ® and L = L(N) =
{x1,721,...,2N,- 2N} the set of literals. For each literal I € L we let |I| signify the
underlying variable; that is |z;| = |-a;| = z; for i € [N].

Unless otherwise specified, we always assume that k, N are sufficiently large for our
various estimates to hold. We use asymptotic notation with respect to both N and k.
More precisely, the plain notation f = O(g) denotes asymptotics in N, while asymptotics

2 Dimitris Achlioptas suggested the general strategy of applying the second moment method to “covers” as
early as 2007/8. But at the time it was not clear (to us) how to carry out such a second moment argument.
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is k is denoted by f = Og(g). In addition to the standard symbols, 0,0, 2, 0, we write
f = Ox(g) to denote the fact that there exist k1, C > 0 such that for all k > k; we have
|£(k)| < kC|g(K)|. Similarly, f = Qi (g) signifies that there exist ki, C > 0 such that for
all k > k; we have f(k) > k=C|g(k)|. In particular, f = Qx(1) means that there exist
k1,C > 0 such that for all ¥ > k; we have f(k) > k~¢. Finally, we write f ~ g for
f = (1+o(1)g.

Additionally, to avoid rounding issues it will be convenient to use the follow-
ing notation. Fixing a large enough constant C; > 0, we write f(N) = g¢(N) if
exp(—Ci/N)F(N) < g(N) < exp(Ch/N) f(N).

For a finite set X we let P(X) denote the set of probability distributions on X. We
identify P(X) with the set of all vectors (p*)ycx with entries p* € [0,1] such that
> wex P’ = 1. For p € P(X) we let

H(p)=—=> p"Inp"

zeX

signify the entropy of p; here and throughout, we use the convention that 0ln0 = 0.
Further, if p,q € P(X), then

ey 4
Dy (qllp) = D ¢"In—
reX p

denotes the Kullback—Leibler divergence of g, p (with the usual convention that 01ln % =0
and that Dy, (¢||p) = oo if there is € X such that ¢* > 0 = p).

If we fix an element 2y € X, then a probability distribution p € P(X) is actually
determined by the vector po = (p*)zex\{z,} (because the entries p”, x € X', must sum
to 1). Therefore, for notational convenience, we sometimes just write py instead of p.
In particular, we use the shorthands H(py) = H(p) and Dxkr, (qollpo) = Dxuw (¢llp) if
q € P(X) is another probability distribution. Thus, for p,q € [0, 1] we let

H(p) = H(p,1—p) = —plnp— (1 —p)In(1 —p),

17
Dxv (qllp) = Dk ((¢,1 = q)[|(p, 1 —p)) = qln% +(1—-¢q)ln T 2-

We recall that the Kullback—Leibler divergence is non-negative and convex. The deriva-
tives of its generic summand are

) q q 0 q q

—qln==1+1n-, —qln==—=, 3.6
dqg” p P op” p P (3.6)
2 q 2 g g 02 q
9 mi-1 9 mi=-9 md=_= 3.7
021" p T g o2 p T p? apog " p (3.7)
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IfX =X xXyand p= (p(”“’””2))55169517932@(2 € P(X), then for A; C Xy, Ay C Xy we let

pA1~ — Z Z 1)(33173'32)7 p'A2: Z Z p(ﬂcl,wz).

T1€A1 T2E€X, z1€X1 T2€A2

If Ay = {a1}, then we just write p® * instead of pl®} - and similarly for A;. We also
write p®1%2 instead of p(*1:%2),

We will frequently use the following facts. The entropy function is well-known to yield
the exponential part of the multinomial coefficient.

Fact 3.3. Let X be a finite set and suppose that (p,)n is a sequence of probability distri-
butions on X such that np(z) is an integer for every x € X and all n. Then

((np:;me){) = exp(nH (pn) + O(Inn)) as n — oo. (3.8)

If, furthermore, there is a fized € > 0 such that for all n we have mingex pii > €, then

(i) = () (G212 £ 0(0)  asm 00 (39)

Proof. Stirling’s formula yields n! ~ v/2mnn™exp(—n). Moreover, for all € X such
that p® > 0 we have [42]

\/27rp””n(np"”)”pz exp(—np®) < (np”)! < 27rp1n(np””)"pm exp(1/(12np®) — np®).
(3.10)

Since X is finite, multiplying (3.10) up over z € X and canceling yields (3.8). Now,
assume that mingecy pZ > e. Then np® > en for all n and thus /27p®n = O(\/n).
Hence, (3.9) follows from (3.10). O

The Kullback—Leibler divergence enters our analysis as the rate function of the multi-
nomial distribution (cf. [19, Section 2.1]). Both assertions made below follow immediately
from Fact 3.3.

Fact 3.4. Let X be a finite set, let ¢ € P(X) be a probability distribution such that ¢* > 0

for all x € X and let (py)n be a sequence of probability distributions on X such that np®
is an integer for all x € X,n > 1. Then

n (@)™ = exp(=nDxu (pullq) + O(Inn))  as n = oo,
((npn»e;c) g(" P Pn

Moreover, if for a fized € > 0 we have mingex pi > € for all n, then
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n z\np® _
1 (¢ = exp(=nDxw (pulla) = ((|X] = 1) lnn)/2 + O(1))
(npy;)
n)rxeX TEX

as n — Q.

The following is a special case of the local limit theorem for sums of independent
random vectors from [18, Theorem 3] tailored for our needs.

Theorem 3.5. Let X C Z? be a finite set and let (Xn)n>1 be a sequence of i.i.d. random
variables with values in X. With 1; € Z¢ denoting the vector whose jth component is 1
and whose other components are 0, assume that there is a number o > 0 such that

Yn > 1,j € [d] :ma))gmin{IP’[Xn =z],PX,=2+1;]} >
TE

Then for the sequence (Sp)n>1 with S, = X1+ -+ X, the following statement is true.
Let p, = E[S,] and let ¥ be the d x d-covariance matriz of X;. Let ¢p denote the density
function of the normal distribution with mean 0 and covariance matriz . Then

s 3 d/2 S S — Un _
nh_}rrgosseuzpdn P[S, = s] ¢< Tn )' 0.

We also need the following well-known Chernoff bound (e.g., [27]).

Lemma 3.6. Let p(z) = (1 +z)In(1+x) —z. Let X be a binomial or a Poisson random
variable with mean u > 0. Then for any t > 0 we have

PIX >E[X]+t] <exp(—p-o(t/n),  PX <E[X]—1] <exp(—p-p(—t/u)).
In particular, for any t > 1 we have P[X > tu] < exp [—tuln(t/e)].

If A, B are n x n matrices, then A < B means that B — A is positive semidefinite.
Finally, in Appendix D we present a listing of the most important pieces of notation that
is used throughout the paper.

4. Colors, types and shades

The aim in this section is to design the random variable upon which the proof of
Theorem 1.1 is based. We also summarize the result of the first and the second moment
analysis. Let M = [rN] for r = 2FIn2 — L2 _ ¢ with ¢, = O (27%/2).

4.1. The pruning step

The approximate Survey Propagation formula (3.4) only applies to literals ! such
that both D;, D_; are close to their expected value kr/2. However, w.h.p. the random
formula @ features a few literals whose degrees deviate from kr/2 significantly. In fact,
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it is well-known that the random formula ® can be viewed as the result of the following
experiment, known as the “Poisson cloning model” [29]. First, we choose the vector
D = (Dy)ier of literal degrees. Its distribution is described easily: let D’ = (D;);er be
a family of independent Poisson variables, each with mean kr/2. Then the distribution
of D is identical to that of D’ given ), D; = kM. Further, given D, we obtain ® as
follows. Let £(D) = [, {l} x [D;] be a set that contains D; “clones” of each literal
I € L. Moreover, let Z(M, k) = [M] x [k] be a set representing the kM “slots” in the
formula where the literals are placed (k slots for each clause). Now, choose a bijection
®D) : Z(M, k) — L(D), (i,j) — ®;;(D) uniformly at random. Then we obtain ® by
letting ®;; be the literal [ such that ®;;(D) € {l} x [D;]. Intuitively, one could think of
L(D) as a deck of cards that contains D; copies of each literal {. The random formula ®
is obtained by shuffling the cards and reading the literals out in the resulting order.

Since D is closely related to the vector D’ of independent Poisson variables, the
random formula ® is likely to contain a small but linear (in N) number of literals whose
degrees deviate substantially from kr/2. To get rid of these literals, we subject ® to a
pruning operation. More precisely, we perform the following three steps.

PR1: Initially, let U be the set of all variables x such that
max {| D, — kr/2|,| Doy — kr/2|} > k32%/2, (4.1)

PR2: While there is a clause that features at least three variables from U,
o remove all such clauses from the formula, and
o add to U each variable z such that (in the reduced formula) either the degree
of x or the degree of —z differs by more than k32%/2 from kr/2.
PR3: Remove the variables in U from all the remaining clauses.

Let ®' denote the formula obtained via PR1-PR3 and let V/ = V \ U be its variable
set. Let L' = {z,~2 : x € V'} be the set of literals of ®'. Moreover, for z € V' let d,, d—,
denote the degrees of the literals , -z in ®'. By construction,

\dy — kr|,|d-y — Lkr| < k32/2 for all z € V. (4.2)
The following proposition summarizes the effect of the pruning operation.

Proposition 4.1. W.h.p. the random formula ® has the following properties.

(1) Any satisfying assignment o’ of ®' extends to a satisfying assignment of ®.
(2) We have |V'| > (1 — exp(—k?))N and Ywgy Do+ Doy < exp(—k?)N.
(3) If d*,d~ are integers such that |d* — kr/2|,|d~ — kr/2| < k32F/2 then

{lel :dy=dt,dy=d}
2N
=P [Po(kr/2) = d*] P [Po(kr/2) = d”] + Ok(exp(—k?)).

Q1) < |
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The proof of Proposition 4.1, which is very much based on standard arguments, can
be found in Appendix B.

Let n = |V’|. We assume without loss of generality that the variable set of ®' is
V' ={z1,...,7,}. Further, let us denote the clauses that the pruned formula ®’ consists
of by ®7,...,® . In particular, in the rest of the paper m is going to signify the number
clauses of ®'. For each i € [m] we let k; € {k — 2,k — 1,k} denote the length of ®;,
i.e., the number of literals that the clause contains. Let D be the o-algebra generated
by the random variables n,m,d;, k; (I € L', i € [m]). Proposition 4.1 implies that
liminf,, o, P[® is satisfiable] > liminf, ., E[P[®’ is satisfiable|D]]. Therefore, we are
left to prove that

linrging [P[®’ is satisfiable|D]] > 0. (4.3)
By the principle of deferred decisions, the distribution of ®' given D can characterized
be as follows.

Fact 4.2. Given D, ®' is a uniformly random formula with variables x1,...,x,, literal
degrees dg,,d—y,, and m clauses of lengths ki, ..., kn,.

In light of Fact 4.2, we can describe the distribution of @’ by means of an experi-
ment that resembles the Poisson cloning model (or the “configuration model” of random
graphs, e.g., [27]). Let L' = (J,c . {I} x [di] be a set that contains d; clones (I, 7), j € [di],
of each literal [. Moreover, let Z' = |J;¢(,, {i} x [ki] be the set of all literal slots of d'.
Given D, let

A

.7 =L (i) — i (4.4)
be a uniformly random bijection. Then we obtain
o = /\iE[m’] Vje[k:i] (I);j

by letting ®;; be the literal [ such that &, c {1} x [d].

The rest of the paper is devoted to the proof of (4.3). Throughout, we always use the
characterization of ® by way of o1t may be helpful to think of & in graph-theoretic
terms: @ is nothing but a (uniformly random) perfect matching between the set Z’ of
clause slots and the set £ of literal clones.

4.2. The color code

To prove (4.3) we are going to perform a second moment argument over the number
of covers of ®'. By comparison to satisfying assignments, covers involve one significant
twist. While condition CV1 is similar in spirit to the notion of a “satisfying assignment”,
CV2 imposes the additional requirement that each literal set to 1 be “frozen”. In effect,
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critical clauses, i.e., clauses that contain one literal set to 1 while all other literals are
set to 0, play a special role: each literal that is set to 1 must occur in one of them.

To accommodate the significance of critical clauses we introduce a “color code”. If ( is
a cover of @', then we use the perfect matching 3 upon which @’ is based to extend ¢ to
a map £ from the set £’ of literal clones to the colors red, blue, green, yellow (r,b, g, 7,
for short). The semantics is as follows. All clones (I, j) € L' such that ¢(I) = * are colored
green and all (I, j) € £’ such that {(I) = 0 are colored yellow. Moreover, clones (I, j) such
that ¢(I) = 1 are colored either red or blue: if (I, j) occurs in a critical clause then it is
colored red, otherwise blue. The colorings that emerge in this way admit the following
neat characterization.

Definition 4.3. A map ¢ : L — {r,b,g,y} is a shade if the following conditions are
satisfied.

SD1: For any literal [ € L’ exactly one of the following is true:
o all clones of both [ and -l are colored green under &.
o all clones of [ are colored either red or blue, and all clones of =l are colored
yellow under &.
o all clones of [ are colored yellow, and all clones of =l are colored red or blue
under &.
SD2: There is no literal [ € L’ all of whose clones are colored blue under &.

Condition SD2 is to ensure that a literal set to 1 is “frozen” by a critical clause,
represented by a red clone.

It will be convenient to introduce two additional colors: a clone is cyan (‘c’) if it is blue
or green and purple (‘p’) if it is red, blue or green. Thus, ¢ = {b,g}, p = {r,b,g}. We
will frequently work with vectors ¢ = (¢%) .z by} (for example representing probability
distributions) indexed by the above colors. For such vectors let

¢ =+, =¢ =6 ©=¢"F =+ ¢
® = qtrPe = F 4 P 4 B

In view of this notation we may think of 1 = {r,b} as being an auxiliary color as well.
In terms of the coloring we can express easily when a shade £ corresponds to a cover.

Definition 4.4. A shade ¢ is valid in ® if the following two conditions are satisfied.

V1: If a clause contains a red clone, then all its other clones are yellow.
V2: Any clause without a red clone contains at least two cyan clones.

In particular, under a valid cover each clause contains at least one purple clone.
Definition 4.4 ensures that a valid shade & : £ — {r,b,g,y} gives rise to a cover
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£: L' — {0,1,%} by setting £() = 1if £(1,1) € {r,b}, £(1) = 0if £(1,1) = y and (1) = *
if £(1,1) = g. Thus, there is a one-to-one correspondence between the valid shades of &
and the covers of ®'. Hence, we are going to perform a second moment argument for the
number of valid shades of .

4.8. Types

As explained in Section 3, a key issue with this idea is the drift towards the majority
vote assignment. To deal with this, we are going to define an appropriate “slice” within
the set of all shades such that two randomly chosen valid shades “look uncorrelated”
within this slice. In order to define the slice, we are going to assign to each literal a “type”
that provides for each clone of that literal a probability distribution over {r,b,g,y}.
Additionally, we will assign each clause a type that comprises the types of the literals
that the clause contains. Ultimately, the construction will involve the Survey Propagation
“guess” (3.5) as to the marginal probability that a given literal is set to each of the
values 0, 1, * under a randomly chosen cover. For the sake of clarity, we shall describe
the construction in relative generality and we will fix the parameters later. The starting
point is the following definition.

Definition 4.5. A type assignment of ® is a map 0 : £’ — P({r,b,g,y}), (I,j) — 0,; =
(Gij)ze{r7b7g7y} that satisfies the following conditions:

TY1: for any | € L' and any j,j’ € [d] we have 0 ; = 67 ;, for all z € {0, 1, +}.
TY2: for any [ € L', any j € [d;] and any j’ € [d—] we have 0] ; = 0, ;, and H}J =6°,

7.

»J

Thus, a type assignment maps each literal clone to a probability distribution over
{r,b,g,y}. The conditions TY1-TY2 provide a degree of consistency between the dis-
tributions assigned to the clones of a literal [ € L’ and of the clones of —I. Namely,
TY1 provides that for any two j,j' € [d] we have 0], = 0],, 6f;, = 6F; and
0f ; + 6, = 07 ; + 0}, Thus, only the partition of the probability mass between the
colors r,b may vary between the different clones of the same literal. Additionally, TY2
ensures that the distributions assigned to the clones are in line with the notion that the
Boolean value assigned to = must be the opposite of that assigned to [.

Example 4.6. The ideal example of a type assignment of & is the following. For each
clone (I, j) € £ and every color z € {r,b,g,y}, let 7, be the number of valid shades £
of ® such that £(1,j) = z divided by the total number of valid shades (provided that it
is positive). In other words, 67 ; is the marginal probability that (1,7) takes color z in a
randomly chosen valid shade of . Clearly, this map satisfies TY1-TY2. However, it is
very difficult to get a handle on this ideal type assignment. Therefore, we will ultimately
use the Survey Propagation prediction (3.5) to design an approximation.
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Let 6 be a type assignment of . The O-type of a literal | € L’ is the tuple 6, =
(diyd=1,(01,5) jeid)> (0-1,5) jelda,)). Thus, the O-type comprises the degree of [, the degree
of its negation —I, and the distributions on {r,b, g, y} associated with each clone of I
and —l. Let Ty = {6, : I € L'} be the set of all -types. For each t € Ty we introduce the
notation d; = d;, t; = 6;; for j € [dj], and -t = 0, where [ is any literal such that

= 0;. Thus, t; € P({r,b,g,y}) for all j € [d;]. Furthermore, condition TY1 vindicates
the notation

=4, =1, "=t
Thus, (t1,t%,t*) € P({0, 1, *}). Moreover, for t € Ty and j € [d;] we let

Ly={lel 9 =ty, L,={lj) el leLl}, n=IL, ”t:;_:z'

As a next step, we define clause types. Let ¢ € [m] and let (I; ;,h; ;) = ®;; for j =
1,...,k;. Then we call

Z(Z) = ((eli,17 hi,l)a R (ellkl ) hl,k))

the O-type of the clause ®.. Thus, £(i) contains the f-types of all the literals that appear
in ®/, and also indicates which clone of a literal of that type appears in the clause. Let
Ty = {£(3) : i € [m]}. Further, for £ € T let

My={i€m]:L(i) =10}, my=|M,i], W:%,

Thus, each clause type ¢ € T, is a tuple ((¢(1),h(1)),..., (t(ke), h(ke))) with ¢(1),...,
t(ke) € Tp and h(j) € [dyj)] for j € [ke]. We always write k, for the length of this
tuple. Since k; is nothing but the length of any corresponding clause in @', the pruning
step ensures that k, € {k — 2,k — 1,k} for all ¢ € T,;. Further, for j € [k;] we write
(L, j) = (t(4),h(j)) for the jth component of £. Additionally, recalling that t;)(j) is
a probability distribution on {r,b,g,y} for each j € [k¢], we let £; = t(j)p(;). Hence,
t e P({r,b, g v}).

In summary, given a type assignment 6, we have assigned each literal and each clause
a f-type. The definition of the literal/clause types is such that the matching & “respects
the types”. More precisely, let £ € T be a clause type. Then for each i € My, j € [k;] we
have

Qij S L/B(é,j)' (45)

Conversely, for a literal type ¢ € Ty and h € [d;] we define O(¢, h) = {(¢,7) : ¢ € T},
J € lke, (t,h) = 0(L, ) }. In words, O(t, h) is the set pairs (¢, j) such that the hth clone of
a literal of type ¢ may appear in the jth position of a clause of type £. Thus, we obtain
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a bipartite “type graph” whose vertices are the pairs (¢, h) with ¢ € Ty and h € [d;] and
(4,7) with ¢ € Ty and j € [k¢]. Every vertex (¢, j) has a unique neighbor, namely 9(¢, j).
But for each vertex (¢, h) the neighborhood 9(¢, h) may contain several vertices.

As a next step, we will explain how the literal/clause types identify a “slice” within
the set of all valid shades. The following definition basically provides that the empirical
distribution of the colors is as prescribed by the types.

Definition 4.7. Let 0 be a type assignment of &. A shade ¢ is called a #-shade of & if
the following conditions are satisfied.

(1) For any t € Ty, h € [dy], z € {r,b,g,y} we have |{l € L] :Af(l,h) = z}| = nt}.

(2) For any ¢ € Ty, j € [ke, z € {r,y} we have [{i € M, : {(Pi;) = 2}| = ml5.

In words, in a #-shade for each type ¢t € Ty, every h € [d;] and all colors z € {r,b,g,y},
the fraction of literals [ of type ¢ whose hth clone is colored z is (about) ¢;. Additionally,
for each clause type ¢ and each j € [k¢] the fraction of clauses of type ¢ whose jth clone
has color 2 € {r,y} is (approximately) equal to 5. This second requirement corresponds
to the “judicious” condition from [15]. The purpose is to restrict the impact of asymmetry
to direct neighborhoods.

4.4. An educated guess

We are going to apply the second moment method to the number of valid #-shades
for a type assignment 6 that provides a good enough approximation to the “ideal” type
assignment from Example 4.6. In this section we construct this type assignment. The
starting point is the map ¢ : Z — P({0,1,*}) from (3.5). Following the Survey Propa-
gation intuition, for each literal [ we let ¢; = 9(d; — d—;) € P({0,1,*}). We call 9; the
signature of I. Crucially, the signature of [ is determined by d;, d—; only.

While ¥, is a distribution over {0, 1,*} for each literal I, our aim is to construct a
type assignment that provides a distribution over {r,b, g, y} for each clone (I, ). This
distribution will depend on the signatures of the other literals that get matched to the
same clause as (I, h). More precisely, for i € [m] we call the vector

’l9i = (194;7/;’1, ce. ,?911;./”\1) S P({O, 1, *})kl

the signature of ®,. In words, 1J; consists of the signatures of the k; literals that appear in
clause ®/. In order to turn the signature ¥J; into probability distributions on {r,b, g, y},
we define a map

k k
A U {%:le LI}K — U P({r,b,g,y})",
r=k—2 k=k—2

try oo te) = (At te), e Altn, oo k)
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by letting for j € [k]

Af(ty,oote) = (5 +85) [T 19, At te) =15 — (&) + ) [[ 9, (46)
J'#J J'#J
N(tr, ... ts) =1, As(ty,. . ) = 5. (4.7)
The definition is motivated by the fact that the jth clone of a clause must be colored
red if all other clones are set to 0. Because t},t‘; =14 Or(27%/?) and ;= Or(27F)
for all j, Aj(t1,...,t.) is a probability distribution for sufficiently large k. Moreover,
A%(t1,...,ts) = % for z € {0,1,*}. Finally, for i € [m] and j € [k;] we define

eéij = AJ('&Z) € P({r,b, g, Y}) (4-8)

Thus, at this point we have constructed a type assignment 6 = 9(@) L=
P({r.b. g y})

In the rest of the paper, we are exclusively going to work with the type assignment
from (4.8). Therefore, we are consistently going to drop the index 6 from symbols such
as Ty, Ty and just write T, T etc. instead. Having constructed the type assignment, we
obtain the #-types of the literals/clauses via the framework described in the previous
section. Let 7 D D denote the coarsest o-algebra with respect to which all types 60;, ¢;
(I € L',i € [m]) are measurable. The conditional distribution of the random formula &
given 7 admits the following neat description as a “type-preserving random matching”
(cf. (4.5) and the subsequent discussion).

Fact 4.8. Given T, ® : 7' — L' is a uniformly random bijection subject to the condition
that &5 € Ly, . for all £ € T*, i € My, j € [ki).

4.5. The random variable

In this section we define the precise random variable to which we apply the second
moment method and summarize the result of the first/second moment calculations. At
this point, the obvious choice seems to be the number Z’ of valid #-shades of b, However,
there are two more technical issues that we need to tackle.

First, we saw that any valid shade £ of > gives rise to a cover é of ®'. But of course
our overall goal is to exhibit a satisfying assignment of @', not merely a cover. Hence, we
call ¢ extendible if ' has a satisfying assignment o such that o(l) = é(l) for all literals [
such that £(1) € {0,1}. Thus, we can think of o as being obtained by substituting actual
truth values for I such that (1) = *.

Additionally, we introduce a condition to facilitate the second moment computation.
According to the physics picture, we expect that covers are “well-separated”. To hard-wire
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this geometry into our random variable, we call a valid shade £ of o separable if there
are no more than E[Z'|T] valid 6-shades ¢ of ® such that

% Hl el E() # CA(Z)H ¢ B _ 9049k % 4 9049k

Definition 4.9. A 6-shade £ is good in & if it is valid, extendible and separable.

Let Z denote the number of good #-shades of ®. In Section 5 we will calculate the
first moment of Z to prove

Proposition 4.10. There is e, = @k(2_k/2) such that for r = 2kIn2— %ﬂ — ¢, we have
E[Z|T] = exp(2(n)) w.h.p.

Furthermore, in Section 6 we estimate the second moment to establish the following.

Proposition 4.11. If g, = Ok(Z_k/Q) is such that for r = 2FIn2 — 13& — &1, we have
E[Z|T] = exp((n)) w.h.p., then E[Z2|T] < O(E[Z|T]?) w.h.p.

Proof of Theorem 1.1 (assuming Propositions 4.10-4.11). With &, and r from Propo-
sition 4.10 we obtain from Propositions 4.10 and 4.11 that E[Z|T] > exp(2(n)) and
E[Z2|T] < O(E[Z|T]?) w.h.p. Hence, the Paley—Zygmund inequality yields

liminf E[P[Z > 0|T]] > 0. (4.9)
N—o00
Since Z counts good, and thus extendible shades, ® is satisfiable if Z > 0. Hence, (4.9)
implies that
l}\rfn inf E[P[® is satisfiable|T]] > 0. (4.10)
— 00

As T D D, (4.10) yields liminfy_,o E [P[®' is satisfiable|D]] > 0, i.e., (4.3) is estab-
lished. Finally, Theorem 1.1 follows from Proposition 4.1. 0O

4.6. A few observations

We conclude this section with a few basic observations that will be important in due
course.

Lemma 4.12. For any { € T*, j € [k¢] we have (5 = &5 ]];, ;05 =275 + O (273%/2),

Proof. The first equality sign is immediate from (4.6)—(4.7) and the fact that E? = (i +05.
The second one follows from (3.5), since the pruning step (4.2) guarantees that Kl;-,, éz/ =
1/2 4+ O(27%/2) for all j' € [ke] and ke € {k — 2,k —1,k}. O
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Lemma 4.13. W.h.p. we have m,mp = Q(1) for allt € T, € T*.

Proof. Let A be the set of all pairs (d*,d™) of integers such that |[dT—kr/2|,|d~—kr/2| <
k32F/2 Proposition 4.1 shows that for any (d*,d~) € A the set L'(d*,d ™) of literals
such that d; = d*, d—-; = d~ has size Q(n) w.h.p. Furthermore, the construction in (4.8)
ensures that the type of a literal [ is determined by d;, d—; and the degrees of the literals
that appear in the clauses that contain I. Because ®’ is uniformly random given D and
A is bounded, any possible constellation appears 2(n) times w.h.p. Hence, m = (1)
for all t € T w.h.p. Similarly, the type of a clause ®/ is governed by the degrees of the
literals that the clause contains and the degrees of the literals that appear in a clause
that contains a literal [ such that either [ or =/ appears in ®. Once more because ®’ is
uniformly random given D, any possible constellation appears 2(m) times w.h.p. Hence,
me=Q(1) forall £ € T*. O

For a set Ty C T define Vol(Ty) = >_,cq 7. Similarly, for M C T* let Vol(M) =
> vem Te- The formula ®’ inherits certain discrepancy properties from the plain random
formula ®.

Lemma 4.14. W.h.p. ® enjoys the following properties. For ¢ € T* we write Of =
{0(£,7) = j € [ke]}-

DISC1: Assume that A C T is such that Vol(A) > 0.01. Let M be the set of all ¢ € T*
such that |0¢ N A| > 0.001k. Then Vol(M) > 1 — exp(—Q(k)).

DISC2: Assume that A, B C T are disjoint sets of types such that Vol(A), Vol(B) > 0.47.
Let M be the set of all £ € T* such that |06 N A| > 0.4k and |0¢ N B| > 0.4k.
Then Vol(M) > 1 — k9.

DISC3: Assume that A C T has satisfies Vol(A)
such that |0€ N A| > 0.9k. Then Vol(M)

k: Let M be the set of all £ € T*

< 9
< Ox(27%)Vol(A).

The proof of Lemma 4.14, which is very much based on standard arguments, can be
found in Appendix C. Finally, we define [T] = {{t,~t} : t € T}.

In the rest of the paper we tacitly assume that my = Q1) and wp = Q(1) for all t €
T, ¢ € T*, that statements (2) and (3) of Proposition 4.1 hold, and that ®' satisfies
DISC1-DISC3 from Lemma 4.1/. In addition, we assume thatr = M/N = 2FIn2— (1+
In2)/2 — &5, with e, = Ok(27%/?), and that k is sufficiently large for various estimates
to hold.

5. The first moment
5.1. An explicit formula

The aim in this section is to prove Proposition 4.10, i.e., to compute a lower bound
for the expected number of good 6-shades. To this end, we are first going to provide an
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se=1— [ O=qn), os=1- ] ad,-> &, Il 4,» dG,=4, ] <,

held:] J€[ke] J€[ke] 7' €lke]\ {5} 3’ €lke\ {5}

th;‘h r j T
G =" P E = R 7 I BT || I
¢ gf 7€k 7 elkd\ {3}

Fig. 1. The formulas for Proposition 5.1.

exact, explicit formula for the first moment. Let Z’ denote the number of valid §-shades
of ®'. We sometimes use the notation P [-] =P[-|T](®), Er [-] =E[-|T](®).

Proposition 5.1. There exist unique numbers gi 1,,q; ; € (0,1) such that with qj ; = 1—qj ;
the numbers ey}, ezj defined in Fig. 1 satisfy

e =1y, forallt €T h e [dy], ey ; =0 foralll € T, j € [ke].

Furthermore, with the expressions from Fig. 1,

1 Clnon m
“IEf[Z2]=— H(%, t1 %) 4 2¢00cc — va 0o(1
~IEr(2] = - +t€§;m[ (0, 11,17) + 20 ,t]+n£§*w Le+0(1/n),

where

:|{{t,—|t}:t€T}|+Z +ZZ :

LeT* teT held,]

Gocet =t Insy +t*In(1 — ;) + Z Dy, (t,/6 195 1) »
he(d]

_ r r r r r r C
Pval,l = —Dxkr, (613' ) kp]- _El - kg”gl,la"' agl,kwgf)

+ Z D1, (@Hqﬁ,j). (5.1)

J€[ke]

To prove Proposition 5.1, we express the property of being a valid 6-shade as a com-
bination of events that are easy to describe in terms of independent random variables.
The basic idea is to separate the property of being valid, which concerns how the colors
are distributed amongst the clauses, from the property of being a 6-shade, which deals
with how the clones of the individual literals are colored. Due to condition V2 from
Definition 4.4, this last point introduces a smidgen of an occupancy problem into our
analysis. More specifically, we prove Proposition 5.1 in the following three subsections,
dealing first with the entropy, then with the validity probability (corresponding essen-
tially to the @ya)¢ terms) and finally with the occupancy aspect (corresponding to the

Poce,t terms).
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5.1.1. The entropy

We saw that any valid §-shade € of ® induces a cover é of ®'. In fact, Definition 4.7
pins down the fraction of literals of each type that are set to 0, 1, * under f . Particularly,
[{l € L} : (1) = z}| = nyt* for all z € {0,1,+}. Furthermore, the map ¢ clearly has the
property that £(—l) = —£(1) for all I € L'. We begin by counting maps with these two
properties.

Lemma 5.2. W.h.p. the total number of maps ¢ : L' — {0,1,*} such that
Hl e L : (1) = 2} = myt? forall z € {0,1,x},t €T (5.2)

and such that ((~l) = —((1) for all 1 € L' is © (n~ W) exp [n 3, meH (10,1, ¢7)],
where [T] = {{t,—t} : t € T}.

Proof. We introduce an equivalence relation on 7' by letting ¢ = ¢ if t = —t/. Then [T]
is the set of equivalence classes. Let t1,...,t, € T be a sequence that contains precisely
one representative from each equivalence class. Due to the condition {(—1) = —=((l), we
just need to count maps ; : L;, — {0, 1,*} such that [{l € L;, : ((I) = z}| = ny,t] for
all z € {0,1,x}. There are two cases.

Case 1: t; # —t;: by Fact 3.3, the total number of ways of setting n;,t? + O(1) literals
l € Lj, to z for each z € {0,1, %} is

N, -1 0 41 4%
O(1) - =0 H(t: t;,t
=0O(n"")exp [2nm, H(t],t],1})] . (5.3)
Case 2: t; = —t;: we merely get to pick the values ((I) for variables x; € L} (as ((—-x;)
is implied). Therefore, the number of possible maps comes to

nt1/2

: =0(n! 0 41 ¢
o (ntitg/z,ntitg/z,ntitw) O e nme H(th 1, 8] (64

Multiplying (5.3) and (5.4) up for i = 1,..., v completes the proof. O

5.1.2. The validity probability

Fix a map ¢ : L' — {0, 1, «} that satisfies (5.2) such that {(=l) = =((l) for all [ € L'.
If & has a valid 6-shade ¢ such that ( = é , then the following two events occur for every
clause type ¢ € T™*. First, to satisfy condition (2) in Definition 4.7, for each £ € T* the

event

Ba() = {Vj € ke] : | {i € Me: (@) = 0}| = £me}
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must occur. Let B(¢) = (,ep- Be(¢). To define the second event, let
I7(¢) = [{i € My: ¢(®};) € {1} and ((®];,) =0 for all j" € [k \ {j}}|, Jj € [k,
L5Q) = [{i € My 31 < i < jo < ke s ((@75,), C(®y,) € {x,1}}]. (5.5)

In words, Iy ; is the number of clauses of type ¢ such that the jth literal takes value
either 1 or *, while all other literals are set to false. Moreover, I'§ is the number of clauses
of type ¢ that contain at least two literals assigned 1 or *. Set

&@w=&vewyon£@mumnwo:mr—zijo}

and §(¢) = Npep- Se(C). If ¢ = £ for a valid f-shade &, then B(¢)NS(¢) occurs (however,
the converse is not true).

Lemma 5.3. Let £ € T*. For each j € [ki] there exist qj ;,q; ; € (0,1) such that qj ; +
qzj = 1 and such that with ezj from Fig. 1 we have er = (5. With these qﬁ’j,qz’j we
have, again with the notation from Fig. 1,

1 r r r r r r c
EIHPT [SE(C)‘B(C)} = —DkL (615'”7 kpl 761 - kg”gf,la' . agé,kng)

+Z&m@MJ YL o),

%IHPT[B(C) O(1/n) — ZZ |6th|—1)lnn

teT held,]

In the rest of this section we prove Lemma 5.3. We begin with calculating the proba-
bility of the event B(().

Claim 5.4. We have = InPr [B(()] = O(1/n) = 3 cp Y jeqa, LI

2my

Proof. Due to the requirement that ( satisfies (5.2), we can write down an explicit
formula for P7 [, B¢(¢)]. Namely,

P (B H H £,5)€0(¢,h) (egm[). (5.6)

tET he(d,] (mto)

Note that the construction of the clause types ensures that £ = t0if (¢,5) € O(t, h) for
some h € [dy]. Fact 3.3 and the fact ny = 3, 5y con) M show that for any ¢, h,

—1
g my _
— Q(pt-19tRN/2y
(ntt(’) . 1 (Ey-m) (n )
(£,4)ed(t,h) N7

The assertion follows then form (5.6). O
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To derive the desired formula for P [Se({)|B(¢)], we fix a clause type £ € T*. We
need to establish the existence of the parameters qz i q}" e

Claim 5.5. There is a unique vector q; = (q§j7qz]’)j6[kz] such that qi,)j + q}'j =1, qgj =
(& — 271 4 O (273%/2) and ey ; =05 for all j € [ki].

Proof. Consider the map (see also Fig. 1)

b+ (0, 1)k — (0,1)k,

p
v I r
(a7,3)setka = (€0 5)ietm = | 6 + g_; (1 - gj’) (1 - I qZ,j’)

3’ €[ke] 3 €lke\{5} G€ke]

If g} ; — 1/2| < Ox(27%/2) for all j € [ke], then we verify that €} ; = 1/2 + O} (27%/2)
and

p P

€r,j 2o aee,‘ . . .
g S 1TOT), gt =0u@?) forall gl e Ik \ {5}
e, .50

Thus, the Jacobian is (strictly) diagonally dominant and invertible, and the assertion
follows readily from the inverse function theorem. 0O

To calculate P[S¢(¢)|B(¢)] we introduce a new probability space in which the colors
of the individual literal clones correspond to independent random variables. Let x, =
(Xr,5(2))icime),jclk,) be a random vector whose entries are independent random variables
with values in {p,y} such that P [x,;(i) =p] = qp ; for each i € [my],j € [k]. We
further introduce the random variables

big={ielmd:xe; =2}, ze{pyh

1= {z € [my] : X¢; =P and x, ; =y for all g e[k \ {5} }7
Gi={icmd:31<j<j <ki:xe;=Xej =P}
Gy={iemd:Vjelkd:xe; =y}

Define the events

By = {Vj € [kg] : sz = €§mg},

ke
S = {Vj € [ke] : |GF 4| = g and |G| =mg — ) sz|}.

Jj=1
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This construction ensures that
1 1
— P [S:(Q)B(Q)] = — P [S¢[B] + O(1/n). (5.7)
my my
Crucially, since the entries of x, are independent, P [Sy], P[B,] are easy to calculate.

Claim 5.6. With g7, g; ; as in Iig. 1

o kelnn
) -

1 r r r r r r
ElnP[Sg]szKL (El?"" ke,lfelf"'f k’z”g&l""’g&kzhge 2m +O(1/ )

Proof. Because the entries x, (i) are mutually independent, the random vector
(1GF 1l 5 |GE 4, |, 1GE, |GY|) is multinomially distributed with

E[|GY ;1] = mugy ;. E[|G¢]] = megg,
E[G) = me Tl avy = me(l — 9§ — Xjeqm, 9%.5)-

Hence, the assertion follows from Fact 3.4. O

2my

Claim 5.7. We have -1 InP[B;] = —k1mn 15~ Diy (€P||q£]> +O(1/n).

Proof. Once more due to the independence of the X, ;(i), the vector (b ;) jex,] consists of
independent binomial variables with means E[b,;] = q; jme. Since £5+65 = g7 ;+q; ; = 1,
the claim follows from Fact 3.4. O

To calculate the conditional probability P [S|By], we use Bayes’ formula, according
to which

P [Be|S¢]

P [S¢|Be] = B

P[S,]. (5.8)

We first compute P [Bg|S].
Claim 5.8. We have miz InP[By|S¢] = —kngnL;” +0(1/n).

Proof. Let G} = G, U---UG},,. Given that S, occurs and given the set G7, the
vectors X, (1) = (x,,;(9)) e[k, With i € [my]\ G} are mutually independent. Thus, b ; =
Zie[mg]\Gg 1, ,(i)=p is a sum of independent random variables for each j € [k]. Hence,
the vector (b} ;)je(r,) satisfies the assumptions of Theorem 3.5. Furthermore, since e ;=

¢% by the choice of the parameters gj ;, qj ;, we have

1= H qz,j/ ZEI me = (eqj — £5)my. (5.9)

¢ 3 €lke]\{5} 5’ €lke]
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: : P LI N4 T y _ P =
Since given Sy we have blf,j = by + £Zmy and because be,j = my — be,j’ (5.9) and

Theorem 3.5 imply that P [By|S¢] = ©(n~%¢/?), as desired. O

Finally, Lemma 5.3 follows from (5.7), (5.8) and Claims 5.6-5.8. We conclude this
section with the following statement that will prove useful later.

Corollary 5.9. For £ € T* and j € [ke] let pep be the number of clauses of type £ that
contain precisely ky — j yellow clones. Let I = [(];)2_1_’“, (’;)21_’“]. Then Prwen/me ¢
118(¢), B(C)] < exp(—(n)).

Proof. Let v,; be the number of indices i € [my] such that |{h € [ke] : x, (i) = y}| = j.
Then (5.7) implies that

Pr [pen/me ¢ 1|S(C), B(Q)] < O(P [ve,n/me & I1Se, B). (5.10)
Furthermore, Claim 5.8 entails that
P [Vg’h/mg ¢ I|Sg, Bg] = exp(o(n))[?’ [Vg,h/mg §é I‘S@] . (5.11)

In addition, since & =  + O4(27%/2) and thus Gp=73+ O1(27%/2) for all h € [k/] by
Claim 5.5, we see that

E[l/g,j|Sg] = (1 + Ok(l))mg (2) 27k, (512)

Further, given Sy, v is a sum of m, independent random variables. Therefore, the
Chernoff bound and (5.12) imply that P [ven/me ¢ I|Se] < exp(—(n)). Hence, the

assertion follows from (5.10) and (5.11). O

5.1.3. The occupancy probability

Assume that ¢ : L' — {0,1,*} is a map such that {(=l) = =((l) for all [ € L' and
such that (5.2) holds and such that the events B(¢), S(¢) occur. We saw that these are
necessary conditions for the existence of a valid 6-shade ¢ such that ¢ = £. But there
is a further important necessary condition. Namely, with I'; ;(¢) the sets from (5.5), we
define

Q= | {®,:ie€Ti;(Q)} foreachteT, held]
(£,5)€0(t,h)

In words, I'} ,(¢) is the set of all literals of type ¢ that are assigned either * or 1 and
whose hth clone appears in a clause where all other literals are set to 0. Then SD1-SD2
from Definition 4.3 require that the following two conditions hold for any ¢t € T"
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RED1: If [ € L; is such that ((I) = 1, then there is h € [d;] such that [ € I} ;,(().
RED2: If [ € L; is such that ((I) = *, then for all h € [d;] we have | ¢ I'f ;, ().

Let R¢(C) be the event that RED1-RED2 hold for ¢t € T and let R({) = [,cr Re(()-
We will prove the following statement in this subsection.

Lemma 5.10. For t € T there exists a unique vector ¢; = (g} h)he[dt with entries qt =
t5,/t' + Or(47%) such that with the notation of Fig. 1 we have €, =t} for all h € [ i)
In terms of these vectors q; we have

iy [RQIS(), BQ)]
— Z 21y |ttIn sy +t* In(1 — s¢) 4 (t' + %) Z Dk (tillgin) | +0@1/n).
teT held:]

As in the previous section, we are going to introduce a new probability space in which
the individual clones of the literals of any particular type correspond to independent
events. Let t € T and set nf = |{l € L} : ((I) = z} for z € {0,1,*}. Then nf = t*n; due

o (5.2). Let n} = n} +n}.

Claim 5.11. There is a unique vector g = (¢} h)he[dt] with entries qi ), =t} T/t +O0,(47%)
such that ef ,, =t} for all h € [dy].

Proof. We consider the map (see also Fig. 1)

e+ (0,1)" = (0,1)%, (@ n)neld) = (€ n)neld) = (th;h/st)hE[dt]7

where s; = 1 — [],c(q(1 — i p)- If lai ), — t5,/t"] € or(1) for all h € [dy], then e},
tf + 0x(27F) and

O¢in =t 4+ 0r(27F) Ocin = 0,47 forall h,h' € [di],h # N
- ) T ) t]y .
aqt h aquh'
As in the proof of Claim 5.5, the assertion follows from the inverse function theorem. O
Equipped with the vector ¢i = (¢f;)neiq,) from Claim 511, we let p =

(Pt (1)) nela,),icmp) De a vector whose entries are independent random variables with
values in {r,c} such that P [p, ,(i) = x| = ¢j, for all i € [n}], h € [d;]. We are going to
consider the random variables

Ui = [{i € [nf]: pyili h € [dy].

Let B, be the event that b;h = tjn; and let B, = ﬂhe[dt] By . Moreover, let R} be
the event that for each i € [n{] there exists h € [dy] such that p, (i) = r. Further, let
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R} be the event that for any i € [n}]\ [n{] and any h € [di] we have p, (i) = c, and let
R, = R% N R}. This construction ensures that

LB R(QOIBO), SO = 001) + - 5 mB[RB,]. (5.13)

teT

To calculate the r.h.s. we are going to compute P [R;], P [B;] and P [B;|R:].
Claim 5.12. We have InP[R;] = nf(t' Ins; +t*In(1 — s4)) + O(1).

Proof. Due to the independence of the entries p, j, (), s; is simply the probability that
for a given i € [nf] there is h € [d;] such that p, ;, (i) = r. Thus, the assertion follows
from the fact that n} = t'n; and n} =t*n;. O

Claim 5.13. We have P [B] = 452 — b 57, 1, Dict (145, + O(1).

Proof. Because the entries p, (i) are independent, the random variables bi , are inde-
pendent and binomially distributed with mean nfqtr) »+O(1). Hence, the assertion follows
from Fact 3.4. O

Claim 5.14. We have InP [By|R,] = 4127 4 O(1).

Proof. Given that R; occurs, each bt p, is a sum of independent random variables, namely
b 1, = 2 icini] Lo, ())=r- Furthermore, as ef , =t} we see that E[bf | R:] = nt,. Hence,
the assertion follows from Theorem 3.5. O

Finally, Lemma 5.10 follows from (5.13) and Claims 5.12-5.14.
Proof of Proposition 5.1. Let ¢ : L' — {0,1,*} be a map as in Lemma 5.2. Then & has

a valid f-shade ¢ such that & = ¢ iff the events B(¢), S(¢) and R(¢) occur. Therefore,
Proposition 5.1 follows from Lemmas 5.2, 5.3 and 5.10. O

5.2. The asymptotic expansion

To prove Proposition 4.10 we derive the following asymptotic expansion of the formula
from Proposition 5.1.

Corollary 5.15. W.h.p. we have 1 nE[2|T] = ex27% + O, (273/2).

To prove Corollary 5.15 we derive asymptotic formulas for the entropy, the validity
probability and the occupancy probability separately.

Claim 5.16. W.h.p. we have >, mH (0,1, ") = In2 4+ 2751 4 O}, (2734/2).
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Proof. Let §; = d; —d—; for any t € T. Since t* =271 and t! = 1/2+5t2_k_1 — k=2
we infer with Proposition 4.1 that w.h.p.

S omH(E) =Y mt It + ' Int! + " Int*)

teT teT
k+1)In2 ~
= % = m(tInt® + ' Int!) + Ox(27%4/2)
teT
(k+1)In2 oo (1 6 1
= 2 | (5~ orr — oere
teT
1 0 1 ~
1 t —3k/2
+t1n<§+ﬁ_W)]+Ok(2 /)
k o 1426\ 124,
—<1+W)ln227rt |:t 1n<1w>+t In 17W
teT

+ Ok (Q_Sk/2).

Let z; = 27%1(1 + 25;) and y; = 27%" (1 — 26;). Using the expansion In(1 + z) =
x —12%/2 4 O(23) as x — 0, we obtain

1+26t 1_25t
0 1
—t ln<1—72kl>—tln<1—72k1

1
=-3 (1 —2¢) In(1 —2¢) + (1 — ) In(1 — yy)]
LTty TEHYE A ol3k/2y o kol o7 5 1o—3k/2
== - T+ O2 2y =2 — oangr T 02 2.

Since part (3) of Proposition 4.1 implies that 3, m;67 = k2F In 2+ O(2%/2), the assertion
follows. O

Claim 5.17. W.h.p. we have Y, Topyale = —27F — 272071 4 k272k 4 Oy (275%/2),

Proof. Recall that for ¢/ € T*

Guate = =Die (B B L= 05— = B, gE 1o G 95) + D Dice (Blla2,)
J€[ke]
of. (5.1). Claim 5.5 asserts that g¢f, = 5 — 27F~1 4 Op(273%/2). Using that

Dyy, (z]|x +6) = ﬁix) + O(8%) for 1/4 < 2 < 3/4 and § — 0 and recalling that
® =1/24 O(27%/?) yields

Dia, (Bt = 272471 + 022, 51
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Further, note that since ¢y ; = £} — 2-ke=1 4 Op(27%%/2) and a,; = 6+ 2 ke—1 4
Ok(273k/2)

gi; = U +¢j, where ¢; = Ok(Q’Qk)

and ¢g;=1-— Z O+ egpy1, where eg, 11 = — H q}',j + ék(2_2k).
j€[ke] jE[ke]

Using that zlog (22) = o — % + O(63/22) for any > 0 and § > —z we obtain that
the first term in the expression for ¢y, ¢ equals

Z ci— Z i _ EZeJrl + Ok(Z_Bk).
I 20 2(1— Zje[kz] Z;)

r
j€lke+1] jElke] 7

Note that > ey, 11165 = — [jepm qy ;- Using that &; = Or(27%%) and 5 =0(27F) for
J € [k¢] we obtain that

= Dxu (G, G L= = = G g, i, 96)
- qu (th) +0p(27%)
JE[ke] J€lke]
=~ II al; - 27" + On27°). (5.15)
J€[ke]

Since qy ; =1 —q;; =1—£5+ 9-ke=1 4 O (273k/2)

I 2, = ] (=) + k27" + Ox(277+/2).

J€[ke] J€lke]

By plugging this into (5.15) and using (5.14) we arrive with Proposition 4.1 at the

expression
> mepvare = —(k+ 1277 = S [ (1= 8) + 0c(27°4/2). (5.16)
£eT* LT jE[ke]

For each clause type £ and every j, the value Zl; is determined merely by the signature
of the jth literal. Thus, for integers d*,d~ let p(d™,d™) = |{(I,j) € L' : d;, = dT,
d-; = d~}|/(2n). Then Proposition 4.1 implies that w.h.p. for all d*,d~ we have

d+

pld*,d7) = — /2

P [Po(kr/2) = d"| P [Po(kr/2) = d” ] + Oy (exp(—k?)).
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Furthermore, for a sequence (df,d;,...,d},d; ) let m(d{,dy,...,d;,d; ) be the num-
ber of indices i € [m] such that dg; = d;r, d-g;, = d; for all j € [k]. Then by
Proposition 4.1 w.h.p.

m(df,dy,....df d;)/m = Olexp(—k2)) + [] oldf,d;).
JE[K]

. + 90 g+ g— - dt+d— .
Letting s = 34+ 4->¢ 2479 Scdr ). (dﬁ’;,({ﬁ)!exp(m, we obtain from (5.16)

Z TpPval l = 7(]'{3 + 1)272k71 — Sk + Ok(275k/2).
LeT™

By plugging in the definition of ¥°(d* — d~) we obtain s = %(1 —3-27%"1) and the
claim follows. 0O

Claim 5.18. W.h.p. we have 23", cp TiPoce,s = —27F — k277 In2 + Oy, (273%/2).

Proof. Note that Dkr, (z|lz+9) = ﬁz_m) + O(x148%) for = € (0,1/2). Using

Lemma 4.12 and Claim 5.11, we obtain

Z Dy (8, /8145 ) = diO0x(87%) = 0 (273%/%)  forany t € T. (5.17)
he(d:]

Further, note that Claim 5.11 guarantees that
q;h — 2—kt+1 + Ok(2_3k/2)
for any ¢ € T and some k; € {k — 2,k — 1,k}. Invoking Lemma 4.12 and (4.2), we
find sy = 1= [[ea (1 —aip) =1 - 27k 4 O)(273%/2) for any t € T. The expansion
In(1 —2) = —z + O(z?) as x — 0 then yields
trIn(sy) = =275 + 0,(27%*/2)  forany t € T. (5.18)

In a similar fashion we obtain by applying again (4.2)

(1l —s) =2""" 3" In(l—qf,) = -k2F " In2+0x(27%*/) foranyteT.
h€[d]

(5.19)

Note that the number of types t € T such that k; # k is in exp(—Og(k?))n, by Proposi-
tion 4.1. Combining (5.17)-(5.19) and summing over all ¢ € T completes the proof. O

Finally, Corollary 5.15 follows from Claims 5.16, 5.17 and 5.18.
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5.3. Extendibility
The aim in this section is to establish

Lemma 5.19. Let Z” be the number of valid 6-shades that fail to be extendible. Then
Er[2"] = o(ET[Z2']) w.h.p.

To prove Proposition 5.19, we are going to argue that given that £ is a valid #-shade,
the probability that & is extendible is 1 —o(1). Thus, let £ be a f-shade, and let V be the
event that £ is valid. To extend £ to a satisfying assignment, we need to assign actual
truth values to literals [ such that & (I) = * in such a way that all clauses are satisfied.
In the course of this we just need to watch out for clauses that contain yellow and green
clones only, because all other clauses already contain a literal set to 1 under é . Thus, let
Y, be the number of clauses of type ¢ containing green and yellow clones only. We begin
by showing a rough estimate regarding yellow clones only.

Claim 5.20. For ¢ € T* and j € [k¢] let pg ; be the number of clauses of type £ that contain
precisely ke — j yellow clones. Then PT[(’;)Q_l_k < popn/me < (’;)21_’C | V] =1-o0(1)
w.h.p.

Proof. Let Z be the number of valid 6-shades such that the number of clauses of
type ¢ that contain precisely k; — j yellow clones does not lie in the interval I =
[(?)2_1_’“771@, (’;)21_kmd. Recall the events B(£),S(€) that are defined in Section 5.1.2
and the event R() from Section 5.1.3. Then V = B(§) N S(&) N R(&). Moreover, by
Corollary 5.9 the probability of the event Z(£) that the number of clauses of type ¢
with precisely k¢ — j yellow clones does not belong to I satisfies Py [Z(£)|B(£),S(€)] <
exp(—Q(n)). We thus obtain

Prujmi 1| V) - FLEOBOSORE) _ PrlHORE| 5. 5(0)

Py B Pr[V]

Note that the events Z(£), R(£) are independent upon conditioning on B(£),S(§); the
claimed bound follows. 0O

We continue with a rough bound on the number Y, of clauses of type ¢ containing
only green and yellow clones.

Claim 5.21. Let £ € T*. Then Pr[Yy < k*273kmy, | V] =1 — o(1) w.h.p.

Proof. Let p,; be the number of clauses of type ¢ that contain precisely k; — j yellow
clones. By Claim 5.20 w.h.p.

k - (k
(,)2—1—k < Bl o (,)21—k for all 2 < j < ky. (5.20)
J me ~ \Jj
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If a clause contains ky, — j yellow clones for some 2 < j < ky, then the other j clones
are colored either green or blue (and there is no red clone). Let Y7 ; be the number of
clauses of type ¢ with precisely j green clones and k¢ — j yellow clones. Since for each
type t € T we have t® = J + 0;(1) and t&8 = 27*~1 we see that

Er[Ye,; V] < (14 ok(1)2 ¥ g ;. (5.21)

Furthermore, since n; = Q(n) for all t € T', the events that for two given clauses of type
£ with ky — 7 yellow clones the other j clones are green are asymptotically independent.
Hence,

Er[YZ V] = (1+o(1))Er[Ye | V]*.
Combining this with (5.21), we conclude that
Pr[Ye; < (1+0,(1)27 M pe V] = 1= o(1). (5.22)

Since V; = Y1*, ¥4, combining (5.22) and (5.20) yields ¥, < k%27%*m, whp., as
desired. O

Equipped with Claim 5.21, we are going to reduce the problem of extending £ to a
satisfying assignment of & to a 2-SAT problem. More precisely, let ® be the 2-SAT
formula obtained from @ as follows:

e remove all clauses that contain a blue or a red clone.
o turn all the remaining clauses (that consist of yellow clones and at least two green
clones each) into clauses of length two by only keeping the first two green clones.

To satisfy ®, we borrow an argument from prior work on random 2-SAT [9,28]. Namely,
for h > 1 we call a literal sequence ly,...,ln41 € é_l(*) an h-bicycle if the following
conditions are satisfied.

BC1: For any i =0,...,h the 2-clause —l; V [;41 occurs in .
BC2: The variables |l1], ..., |ls] are distinct.
BC3: We have |lo|, ‘lh+1| S {|l1|, . ‘lh|}

It is well-known that a 2-SAT formula is satisfiable unless it contains an h-bicycle for
some h > 1. Thus, let C}, be the number of h-bicycles in ®. To get a handle on C},, we
use the following lemma.

Lemma 5.22. There is an event A with Pr[A] = 1 — o(1) such that the following
is true. Let 1 < h < In’n be an integer and let C} be the number of sequences

1 = (=l1,51), (l2, J3), (2l2, 52), - -+ (=15 G 1) (Blh—1,Gn—1), (In, J3,) of distinet literal
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clones in §~1(g) such that @ contains clauses consisting of the clones (—l;, j;), (lit1, i 41)
for all 1 <i < h. Then Er[C}|A, V] < nOk(27%)" w.h.p.

Proof. Let A be the event that Y, < k38 my, for all £ € T*. Then Py [A[V] =1 - o(1)
by Lemma 5.21. We can estimate E7[C}|A, V] as follows. Let {1 be a literal and let
i= 1,75 32,y dn_1sdn—1,7n) € [k2F], 1 = (i1,ia,...,4s) € [Kk] be sequences of indices.
Given [y, j, i, we attempt to construct a sequence ls,...,[l, of literals as follows. If
j1 < d-y,, then ls is the i;th literal of the clause of & that (=l1,41) occurs in, provided
that i; does not exceed the length of that clause. Similarly, assuming that [, has been
defined already for some 1 < a < h and that j, < d-;,, let [,41 be the i,th literal of the
clause of ® that the clone (—lg, j,) occurs in. For b € [h] let &(I1,1,j) be the event that
the above construction yields a literal sequence (11, ..., l}), that for each a € [b] the clause
that (—ls, j.) appears in contains green and yellow clones only, and that £(l,, j,) = g for
all a € [b]. Further, let £(I1,1,§) = Nyepp Eo(l1,1,3). We claim that

Pr [Epi1 (I, 1,§) A, V, E(11,1,§)] < Or(47F) for all b < h. (5.23)

Indeed, let ;11 be the type of the clause that (-, j») appears in. Given that £(Iy, jp) = g,
the probability that the clause contains green and yellow clones only is O (47%) (due to
our conditioning on A). Multiplying (5.23) up for b < h, we obtain

P [E(11,1,§)|A, V] = Op(47F)" 1, (5.24)

To complete the proof, we use the union bound. The total number of ways of choosing
i,j is bounded by Ox(2¥)" (note that we do not have to choose the indices 5’ ; they
are implied by —lg, ja, i ). Further, the total number of ways of choosing a literal [; with
£(ly) = * is Ox(27%)n. Combining these bounds with (5.24) yields the assertion. O

Proof of Proposition 5.19. Assume that ® contains an h-bicycle for some h > Inn. Then
there is a sequence 1 = (=ly, j1), (I2, 3%), (—l2, 42), . .., (ln=, jj,+) of length h* = [Inn] of
distinct clones in £~!(g) such that ® contains clauses consisting of (—l;, j;), (lix1,Ji41)
for all 1 < i < h*. But by Lemma 5.22 the probability of this event is o(1). Thus, w.h.p.
there is no h-bicycle with i > Inn.

We are left to show that w.h.p. Cj, =0 for all 1 < h < Inn. Note that the number of
choices for Iy and Iy is bounded by O(ln2 n). Moreover, the number of the respective
clones, and the positions where they appear in the corresponding clauses is bounded by
O1(2%). Once more by Lemma 5.22, for any such h we have E[C},|V, A] < O(In®n/n).
Taking the union bound over all 1 < A < Inn completes the proof. O

5.4. Separability

The aim of this section is to prove the following statement.
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Lemma 5.23. Let Z" be the number of valid 0-shades that are mot separable. Then
E[Z"T] = o(E[Z'|T]) w.h.p.

In the proof we consider the set Y (®) of all maps £ : L — {0,1,*} that enjoy the
following properties.

(i) &(~) = —=¢(1) for all literals [ € L.

(i) ¢~ (+)] = 27FN.

(iii) Call a clause critical under € if it contains one literal that is set to 1 under £, while
all others are set to 0 then the number clauses of ® that are critical under £ is
(k27 4 O (273F/2)) M.

(iv) The restriction &|y/ is a cover of ®'.

Further, for two maps &1,&2 : L — {0,1,*} and 21, 25 € {0, 1, %} define

|67 (1) N & (22)]
2N

05172 (&1, &) = and  O(&1,82) = (07%2(£1,62)) 21, 2060014} -

Let Il = {O(&1,&) 1 &1, 0 L — {0,1,%}, |&7(*)], 1€ (*)| = 27¥N'}. There are certain
affine relations amongst the entries of O € II that are implied by properties (i) and (ii):

(1)10 — (/)017 Ol* _ OO* — 0*1 _ O*O, (525)
Oll + 010 + Ol* - 1 _ 271671 OOO + 001 + OO* - l _ 27]671
2 ’ 2 ’

O =27k 20, (5.26)

Here A = B shall be understood as |[A — B| = O(N~!). Note that due to these affine
relations we can express all the entries of @ in terms of ©9, O*.

For O €11 let Y(O) be the set of pairs &1,&; € Y(®) with O(&1,£2) = O. Moreover,
for 2 € {0,1,#} we set O°" =37 5, 4O, OF =3 g1 OY. Further, we let
9=9(0) = (97,98, g5, g7, g"") with

gyy _ k'(k _ 1)010001(000)k72’ grg — ggr _ k01*((00 )k _ (OOO)k),
gry — gyr — kOlO((OO-)kfl o (OOO)kfl o (k o 1)(001 + OO*)(OOO)I@72)’
gcc —1— (OO )k _ ((/)O)k T (OOO)k _ k((/)* + Ol . )(OO )kfl
_ k‘((’) Ky 01 . )(O-O)kfl + k‘(k‘ _ 1)(0*0 T 010)(00* + OOI)(@OO)ka
+ k;((’)** 4 0*1 4 01* 4 Oll)(@OO)kfl.

Additionally, let T'(O) be the set of all vectors v = (77, "8, 4™, v&, 4, ~v°¢) with non-
negative entries such that 9 4 %8 4+ 4™ 4 A8 4 A¥* 4 ~4°¢ =1 and
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2N

2N
WopAT > 010 gk WAy > o0 gk
YT 2y A e ’
2N IN
g > _Ol* _ 8—k gr > _O*l _ S_k.
U=y AN Vi

Set (0,~) = H(O) — § Dkw (7]lg) — 27"
Claim 5.24. W.h.p. we have &+ InE7|Y(0)| < max,cpro) ¥(0,7) + Ok(273+/2).
Proof. Let &,& : L — {0,1,%}. Under (&;,&2), a clause @} of length k; = k is a

* (y,y)-clause if there exist ji, jo € [k], j1 # jo, such that & (®};,) = 1, &(®;;,) = 0,
&(®55,) =0, &(P;;,) = 1, and &1(®y;) = &(P;) = 0 for all j € [k]\ {j1, jo}-

+ (r,g)-clause if there exist j; # jo such that & (®}; ) =1, &(®];,) = *, &2(®};,) #0
and & (®;;) =0 for all j # j;.

+ (g,r)-clause if there exist j; # jo such that & (@55 ) = 1, &1(P};,) = *, &1(P,,) #0
and & (®;;) = 0 for all j # j;.

o (r,y)-clause if there exist distinct indices ji,j2,js such that & (®};) = 1,
E(®y;,) =0, &(P;,), La(P];,) # 0 and if & (P4;) = 0 for all j # ji.
e (y,r)-clause if there exist distinct indices ji,J2,j3 such that {g(@;jl) = 1,

gl(q);jl) = 0, fl(éih),gl(q)ih) 7é 0 and if fg(‘plj) =0 for all ] # j1~
o (c,c)-clause if there exist ji,7j2,71,75 such that j; # ja, j1 # j4 such that
§1(®75,),&1(®};,) # 0 and &(P]j), Eo(P)j,) # 0.

For a set M C [M] of size |M| > (1 — exp(—k?))M let E(v, M, &1, &) be the event that

. for any (21,72) € {(7,7) (5,8), (& 7), (£,7), (5,7, (<, )} there are 47172 M| indices
i € M such that ®; is a (21, 22)-clause under (£1,&2), and
o there are (27% + 04 (273%/2) M indices i € M such that ®; is critical under &;.

By the independence of the clauses we have

InP[® € E(y, M, &1, 8)] < —[M[Dkr (v]l9) + o(1). (5.27)

Further, let A'(O) be the set of all pairs (£1,&;) such that £1,& : L — {0,1, %} satisfy
(i) and O(&1,&) = O. Then by Fact 3.3,

IN(O)| = exp(NH(O) + o(N)). (5.28)

In addition, for a set W of literals such that & (1) = 1 for all I € W and |W| > (1 —
Or(27%))N let B(W,&;1) be the event that each w € W occurs in a clause of ® that is
critical under &;. Then

InP[® € B(W,&1)|E(v, M, &1, 6)] < N(=27F + O (27%/?)). (5.29)
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Indeed, given E(y, M, &1, &) there are (27F + Ox(272F/2))M = (kIn2 + Ok (27%/%))N
clauses that are critical under &;. If we think of these clauses as “red balls” that are
tossed into bins corresponding to the literals W, then a short calculation shows that the
probability that no bin remains empty is exp(—|W|[(27% + O (273%/2))).

By Proposition 4.1 we may assume that [V'| > N(1 — exp(—k?)) and >zgv Do +
D_, < exp(—k?)N. If so, then there exist M, W, v € T'(O) such that B(W,&1) N
E(y, M, &1,&2) occurs for all (£1,&) € Y(O). To see this, let M be the set of all
i € [M] such that k; = k. If £;,& are covers of &', then every ®; with i € M must
be a (21, 2z2)-clause for some (z1,22) € {(y,y),(r,8), (8 1), (r,y),(y,1),(c,c)}. In ad-
dition, let L” be the set of all literals I € L’ that do not occur in clauses ®; with
i ¢ M. Then each | € L” with &(I) = 1,£(l) = * must occur in a (r,g)-clause.
Hence, there are at least (20'* — Og(exp(—k?)))N (r,g)-clauses. Arguing similarly
for (y,y),(r,y),(y, 1), (g, r)-clauses, we conclude that there is v € I'(O) such that
E(y, M, &1,&) occurs. Further, for W = {l € L” : &(I) = 1} the event B(W, &) oc-
curs. Finally, the assertion follows from (5.28)—(5.29) and the union bound. O

For O € Il we set A(O) =1= 3 (01,4 O

Claim 5.25. Assume that A(O) € [270-99% 1 _ 2=049%) ( [1 4 =049 7] Thep
sup,ep(o) Y(0,7) < —Q(27F).

Proof. We claim that

L M 0-\k 0\k 00k

v RETIY(O) < H(O) + FIn [1— (0% ) = (09 +(0")] +0(1).  (5.30)
Indeed, it is straightforward to check that g#12 < 1 — (O°*)* — (O 9)k 4 (O)* for all
(21, 22). Hence, (5.30) follows from Claim 5.24. Further, because O = 1 + 05, (27), we
find

In[1— (0% )F = (0 0 + (O] <In[1—2'"F+ (O")*] + Ox(27%).  (5.31)

In addition, because |€; 1 (¥)],]& ()| = 27%N, we have H(O) < O,(27%) + H(A(O)).
Combining this estimate with (5.30) and (5.31), we obtain

%lnE[Y(O)] < H(A(O)) + % In[1—2""% 4 ((1 - A(0))/2)F] + Ox(27%).  (5.32)

~0.99k
2 ;

Finally, it is elementary to verify that for all y € | — 27049k Y[ 4 270-49% 1],

(SIS

H(y) + % In[1—2'7F 4 (1 —y)/2)F] < —27 (= Dk, (5.33)

The assertion follows from (5.32) and (5.33). O
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Let IV(O) be the set of all v € T'(O) such that

2N
M

_N(901, 7T = gol*’ A& = g@*l_

10 yy yr _
o, 7+ i i i

AV 4 AT =

Claim 5.26. If O € I is such that A(O) < 2709 then Sup,er(o) ¥(0,7) <
sup,, (o) ¥(0,7) + Or(273/2).

Proof. If A(0) < 27999% then 0% = 1/2 4 Ox(272/3) follows from the relations
(5.25)—(5.26). We find that

gyy _ ((f)lO)Z(’jk(z—k)7 (Ol*)QQk(Q—k) < grg7ggr < Ol*Q_k_Qk(k), (534)

gCC — 1 _ Ok;<2_k), (OlO)QQ—k‘—Qk(k‘) g gry7gry — OlOQ—k—Qk(k). (5.35)

Now, let v € I'(O) and obtain 4 € I'(O) from ~ by increasing the (y,y), (r,g), (g, 1)
entries such that

A+ A = max{FF O, 47} A 44T = max{ 3T O, Y 4 477,
47€ = max{ZJ O1* &} 48" = max{ZJ O*! &}

and by setting v°¢ = 1 — A — 4*Y — 4¥* — 4¥8 — 48" The bounds (5.34)—(5.35) imply
that for any « € [0,1] at the point ¥ = a§ + (1 — «)y we have

IDxr (9l17) | 4 10, A
Wflnfy —2In 0™ 4 Ox(1),
aDKL (gH;)’/) _ rg 1% ~ aDKL (g”i/) _ gr 1% 2

Integrating the above up for « € [0, 1] reveals that

Dxr, (3]lg) = Dxr. (v]lg) + Ok(47"). (5.36)

), (v,1), (r,8), (8 1)

Finally, obtain 4 € IV(O) from 4 by decreasing the (y,y), (r,y
g). Thus, the assertion

(
entries. Then (5.34)—(5.35) imply that Dkr, (%]lg) < Dkr (4|
follows from (5.36). O

Recall that we can express all the entries of © in terms of O'°, O™, With this sub-
stitution we obtain the following bound on the differential of .

Claim 5.27. If v € I'(O) and o € [0,1] is such that 4% = o250, then

8’(/J aw O O
(3@10’ 3(/)1*) = (_Qk(k) —(1-a)ln O O’ — (k) —In 00 L Ol
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Proof. Because v € I''(O), the choice of « ensures that

2N
TV (] — o)t
Y ( Oé) M 0103

For (y1,y2) # (c,c) we obtain

OH(0) 11 10
W =2InO" —-2In 0O 5
M 0 6gy1y2
_FWDKL (vllg) DO Ok(1),
Further,
M 0 adg°e
—NWDKL (71l9) 2010 — —Q(k),

In addition,

M 9
N oy
N D Glo) o
—%%DKL (vllg) %
N e D 09) 505 = Ou(1),

IN
= (1—a)ir 0y,
7= (=) 300

8H<O) _ 11 ok 1%
90T =2InO" +2In0O 41n O,
M 0 agylyz
_WWDKL (71l9) DO = Ok(1).
M O gcc
————0D = -0 .
N fgec DKL (7llg) B0 k (k)

M 0
N O~se

Combining these estimates yields the assertion. 0O

i 10
Dx1. (7]9) 5575 = 20 [0 O + na + Op(In k)],

g
=2In(0" + O') + Ok (In k),

Dxr (7/l9)

cc

y
a(’)l*

=2(1—a) 2In(0" + O0™) + In(1 — @) + Ox(In k)],

= 0x(1).

Claim 5.28. If O € 11 is such that A(Q) < 2709 then sup,er(o) ¥(0,7) < ex27F +

Ok(273k/2).

Proof. By Claim 5.26 it suffices to show that sup. e/ (o) ¥(0,7) < £x27F 4 Oy (2730/2),
To bound ¥(0, v) for v € TV(O), let Op be such that A(Op) = 0 and g such that y§¢ = 1.
Integrating the bound on the differential of ¢ from Claim 5.27 along the straight line

from (O,~) to (Op, 7o), we obtain

sup  (0,7) < (O, 70) + Ox(273F/2).

~Y€Er(0)

Finally, an elementary calculation yields 1(Qg,v0) = €x27% + Op(475).

O
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Proof of Lemma 5.23. Let X be the number of pairs (£1,&) € Y(®)? such that
A(O(&,&)) ¢ T =[5 —27049% 1 4 27049%] Claims 5.24, 5.25 and 5.28 imply that

P %lnE[XW'] < a2 P4+ 0p(273% )| =1 - 0(1). (5.37)

If € is a valid f-shade that fails to be separable, then there are E[Z’|T] 6-shades ¢ such
that A(O(¢,¢)) ¢ . Therefore, if E[2"|T] > E[2’|T]/N with a non-vanishing probabil-
ity, then X > E[Z’|T]?/N with a non-vanishing probability. But this contradicts (5.37),
as Corollary 5.15 shows that & InE[2/|T] = £,27% + 0x(27%*/2) w.h.p. O

Proof of Proposition 4.10. The proposition is immediate from Corollary 5.15, Lemma 5.19
and Lemma 5.23. O

6. The second moment
6.1. The overlap

The aim is to calculate the second moment E+[Z?] of the number Z of good #-shades
of ®. Let = denote the set of all f-shades. Of course, the second moment is nothing but
the expected number of pairs (£1,&2) of good 6-shades. As outlined in Section 3, what
we need to show is that w.h.p. the dominant contribution to the second moment comes
from pairs £, &2 that “look uncorrelated”.

Thus, we need a measure of how “similar” two 6-shades £;1,&s € = are. For any literal
type t € T and 21, 22 € {0,1, %} we let w;'*?(&1,&2) be the fraction of literals [ of type ¢
such that &;(1) = z; and &(I) = 2. That is,

o (60,6 = {1 Lt ) = 20.60) = 2}

In addition, for ¢t € T, h € [d¢] and (21, 22) € {(x, 1), (r,¢), (c, 1), (x,¥), (¥, 1)} we let

1
wf,lhzz(gth) = n_t‘{l € L:ﬁ : §1(l,h) = 21’52(l’h) = Z2}|

Further, for a clause type £ € T*, j € [k¢] and 21, 22 € {p,y} we let
2122 _ 1 ; 0 _ 5 _
w2 (&, &) = o HZ € My : &1(@ij) = 21, &(Ri;) = Zz}’ :

The literal overlap of &,& is the vector w(&1,&2) comprising all of the above. Let
O ={w(&,&) : &1,& € E}. Given two #-shades &1, &2, we can think of each literal clone
(I,h) € L as a “domino” adorned with two colors (&1(1,5),&2(L,7)). Of course, if (&1, &2)
are good, then the placement of the dominos in the clauses has to satisfy certain con-
straints. More precisely, every clause must satisfy one of the following seven conditions.
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Definition 6.1. Let £ € T* be a clause type and let i € M. Let j,j' € [ke], j # 7. We
call @i a

(i) (zr,r,j)-clause if the domino in the j position is colored (r,r) and all other dominos

are colored (y,y). (Formally, & (®;;) = &(®;;) = r and & (®ij/) = &a(Pij) =y
for all j' # j.)

(ii) (v,y,74,4')-clause if the domino in position j is colored (r,y), the domino in position
j' is colored (y,r), and all others are colored (y,y).

(iii) (z,c,j)-clause if the domino in position j is colored (r,c), all other dominos are
colored either (y,y) or (y, c), and there occurs at least one domino colored (y, c).

(iv) (r,y,j)-clause if the domino in position j is colored (r,y), all others are colored
either (y,y) or (y,c), and there occur at least two dominos colored (y, c).

either (y,y) or (c,y), and there occurs at least one domino colored (c,y).

(¥,

(v) (c,zr,j) if the domino in position j is colored (c,r), all other dominos are colored

(¥,

(vi) (y,r,j)-clause if the domino in position j is colored (y,r), all others are colored
either (y,y) or (c,y), and there occur at least two dominos colored (c,y).

(vii) (c, c)-clause if all dominos are colored either (c, c), (¢c,y), (v, ¢) or (y,y) and if there
exist j1Jj2,71, 75 € [kel, j1 # j2, J1 # 75, such that the dominos in positions ji, ja
are colored either (c,c) or (c,y), and the dominos in positions j1, j4 are colored

either (c,c) or (y,c).

For £ € T* and j € [ky] let 'y;ffj(fl,fg) denote the fraction of (r,r, j)-clauses among
the clauses of type ¢, i.e.,

l
Vi3 (1, €2) = {z eM,:®,isa (r,r,j)—clause}’.
‘

We define ;% (51,52) for (21, 292) € {(r,¢),(x,y),(c, ), (y,r)} analogously. For ji, jo €
(kel, j1 # jo we let 7). %1 o (€1, 62) signify the fraction of (y,y, ji,j2)-clauses among the
clauses of type ¢. In addition, let v§°(&1,&2) be the fraction of (c, ¢)-clauses. Set

Ye(€1,6) = (Vi5 (61, €2), 755 (61, €2), 757 (€1, €2), 765 (€1, €2), 705 (€1, €2) 705, 4, (61, 62),
Y6°(61,€2))

JyJ1 752

and let y(£1,82) = (70(&1,82))eer~. We call v(&1,&2) the clause overlap of &1,&z. For
w € Q let

T(w) = {y(&1,&2) : &1, & are good 6-shades with w(&;,&2) = w}.

There are some immediate affine relations between the entries of the literal and the
clause overlap. More specifically, we have
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Fact 6.2. If w € Q and v € T'(w), then for each t € T and h € [d;] we have

my my my
rr rr rc __ rc cr cr
Wi n = E e —Ye,50 Wih = E n—W,jv Wen = E n—’Ye,ga
(£.4)€0(t,h) (i)ea(th) (£.4)€0(t,h)
my
ry __ yr __ yr yy
Wih = _t Ve + Z wih= ) Ty | T > W
(£,5)€0(t,h) J'#J (£,5)€0(t,h) J'#J
Furthermore,
my my
Hrwl 4wt +wi = E - wﬁ‘;, wy +wp? = E : TT‘”%’
(.i)ea(th) ()ed(th)
01 0% _ Mg yp 00 _ me o
toit= Y W=D

n¢

(€,5)€0(t,h) (Z,j)eé)(t,h)

In addition, for each y € {0,1,*} we have

E Yz - E 2y
Wy = W™

z€{0,1,x} 2€{0,1,x}

Finally, for all ¢ € T* and j € [ky],

f?—wg]—i—w“, Ep—wej—&—wg], Ky—wh—i—w[], Ky—w“—i—wh,
Z W,J + Z WJJ - Z 723‘ + Z ’Vyjkj"
z€{r,c,y} J'#i z€{r,c,y} J'€lke\{7}

The ultimate goal is show that the second moment E7[Z?] is dominated by pairs
(&1,&2) whose overlap is close to the “uncorrelated” value w, ¥ defined by

@5122 = t71t%2 (t €T, z1,29 € {0 1 *}),

W =t (t € T,h € [di], 21,22 € {(x,1), (r, ¢), (x,¥) (¢, 1), (v, 1)}),

Wit =, (L eT* jeE |k, 21,22 € {p,v}),

ﬁzl@ 521622 (L eT* j€ ke, (21,22) € {(r,1), (x,¢),(c,T)}),

Vg = Gl (LeT* 4,5 €k, j#3),

T =L =B - >, (LeT™,j € [k]).
J'Elke]\{7}

To accomplish this task, we are going to deal due to technical reasons with two cases
separately.

Definition 6.3. We call (w,~) tame if for all £ and all j € [k/] the following conditions
are satisfied.
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TM1: W}, = 1 + Oy (k™°).

TM2: 775,75 = (1 + Ok(k™")7;5
TM3: 77, = (14 Ok (k)47
TM4: 775 = (14 O (k™))%

Otherwise, we call (w,~) wild.

As a next step, we estimate the expected number of pairs (£1,&2) of good -shades
with a given overlap. This task is of a similar nature as the derivation of the formula for

the first moment in Section 5.
6.2. The expected number of pairs with a given overlap

Let Z(w,7) be the number of pairs (£1,&2) of f-shades with w(&1,&) = w and
v(&1,&) = 7. Assuming that w,v are such that Er[Z(w,v)] > 0, we aim to derive
an asymptotic formula for % InE7[Z(w,~)]. More specifically, the aim in the following is
to identify an explicit function F(w,~) such that Er[Z(w,~)] = O(exp(nF(w,7))). To
this end, we follow the program that we used in Section 5 to derive such a formula for
the first moment, although the details are more involved.

6.2.1. The entropy

Let Z(w) be the set of all pairs (¢, C2) such that ¢1, ¢ : L — {0,1, %} are maps that
satisfy (i (=) = =¢1 (1), Ca(=1) = =¢2(1) for all I € L’ and such that [, (21) N ¢y (z2) N
Ly =wi*®ng for all t € T, 21,22 € {0,1,*}. Let

1
Fent(w) = - In

We have the following basic estimate of Fen(w). Recall that H(-) denotes the entropy
and that [T] = {{t,~t} : t € T}.

Lemma 6.4. For w € Q let

fent(w) = Z WtH(wt2122)21722€{0717*}'
teT

Then Font(w) = fent(w) 4+ o(1). In fact, if (w,7) is tame, then Font(w) = fent(w) —
4|[T]|lnn/n + O(1/n).

Proof. Since (wf'*)., »,e(0,1,+} is a probability distribution, the assertion follows from
Fact 3.4 (cf. the proof of Lemma 5.2). O
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6.2.2. The discrepancy
To proceed, fix ((1,¢s) € E(w). Let

PP __ z122 Py _ 20 yy 00
Wy = E wt,wt—gwt, Ew =wy -

z1,22€{1,x} z€{1,*} z€{1,*}

Further, let

1 .
Fise(w) = ElnIE”T {Vﬁ eT" j€ [ki,z1,22 € {p, ¥} :
HZ € My: G (D)) = 21,C(®45) = 22}‘ = wﬁ?me}

e., the probability that for all clause types £ and all j € [k¢] the distribution of
the (p,p), (p,v), (¥,p), (¥,y)-dominos over the clauses of type ¢ is as prescribed by

(Wfff? )z1 ,z2€{p,y}"

Lemma 6.5. For w € Q let

mye Py , yP pY P , ¥Y
fdlbc E E E FDKL (ng7ngawejawz ||Wt y Wi, Wy, Wit )

tET hedy] (£.4)€0(t,h)

Then Fuisc(w) = faise(w) + 0o(1). In fact, if (w,7) is tame, then

Fdisc( ) fdlSC Z Z |a t h )lnn +O(1/TL)

teT he(dy)

Proof. Once more, this is immediate from Fact 3.4. O

6.2.3. The validity probability
Fix a clause type £ € T*. Let X;(w¢) be the set of all vectors (X ;(i,we))jelr,],icim]
with entries in {p,y} such that

[{i € [me] + X (i, we) = (21, 22) }| = wime for all j € [ke], 21,22 € {p, ¥} -

Further, let X;(wy) be a uniformly random element of Xy(wy). For a given vector Xy(wy) €
Xe(we) let G775 (Xe(we)) be set of indices i € [my] such that the “domino Sequence”
(Xe,1(i,we), -+, Xok, (4, we)) satisfies the condition for being a (r, r, j)-clause. Define G
etc. analogously Further, let G (we) = [G75;(Xe(we))|/me ete. and set

1 " m
Fuae(we, ) = —InP[Ge =] for €T, Fu(w,7) = Y 7@ vaLe(we; Ye)-
LeT™
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)

PP
Ve .
=y vy e+t (= Tl ay - T by + T1 425
Z

i#i i# 3%
Py
WZCQg . .
Py __ XY ] y P yP yy
€ = Ye; T - -1l ay - > af I aj+ T ay+ > a 11 o
9¢° 3 3 3 Fi 37 F05" i#i i Fi 37 F05"
Viry 90 - Vi 90
#0 [P I aiy+ T ] iy - TT @l |+,
P N S = R T Gegr |in# 3
yP
'Y;Cqu . . .
e =, S 1=l = ey -3 a, I g+ 11 a+ > & 11 4
‘ 3% 3% i#i 37 i#i i#i 35

+77 5 ] .
EVARY)
35,4 3"#5 3"#5

rc” yg_ ’
ISR | qz‘jff““q“ [H a1 at

Fig. 2. The vector ey.

Lemma 6.6. Let £ € T* and let g = (qzlj'ZQ)je[k(],zl,zz€{p,y} be a vector with entries in
[0,1] such that

Z a7 =1 forallj€ [k
z1,22€{p,y}

Assume that with the expressions from Fig. 2 we have
ep =Wy =W ery =wyy  forall j € [ke]. (6.1)
With g¢ = ge(qe) from Fig. 3, let

Fvare(we, ve, @e) = —Dxr (Vell ge) + Z Dx1., (WM,WMNJZJ, g]||qgj7q“7qm>qm)
J€(ke]

Then Foare(we, Ye) = fvale(we, ve, qe) + 0o(1). Indeed, if (w,7) is tame, then

((k;) + 5k¢) Inn N

o o(1/n).

Fuare(we, ve) = frale(we, e, @) —

To prove Lemma 6.6, we consider a random vector X, = (x¢,; (%)) je[k,],ic[m,] Whose en-

tries x¢,;(7) are independent random variables with values in {(p,p), (p,y), (v,p), (v,¥)}
such that

2122

P[Xij(i> = (Z17Z2)] = q[g (] € [ké]ﬂ- € [mé]’zlaZZ € {p7Y})

Let Sy be the event that Gy(x,) = v¢. Furthermore, for j € [k¢] and 21, 22 € {p, y} let

2122

iy = Hi€md xe;() = (21, 22) ] (6.2)
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g i(ae) = a; I o, g ae) =aaF, T o
i# 35,4
92?]‘(‘15) = q?’j H q%,.j’ - H q?’j/ » QZT]‘ (qe) = qpp qz i H qu,
L5 #i i'#i 5 5
97 (a0) = afly | 1T @ty = T a5 = X2 @b
Li"#i i# ] /¢J 3
91 5(ae) = @ H a - H ay - Z a0 9.
Li"#3 i# 7] '¢J 3
g@) =1— [ @iy = > af; [T oty = 11 ai— > a5 IT a0
€Tk j€lked  J#d €Tk jelkd  J#d
+ I e+ > a-al) [T o+ X oaf, 11 o
€[k €k 3% 1#de #1072

Fig. 3. The vector ge(qe).

Moreover, let B, be the event that by = w;my for all j € [k¢] and all 21, 22 € {p, y}.
Given that By occurs, X, has the same distribution as the random vector X,. Therefore,

Pr[Ge = =P[Se|Be] . (6.3)

As in the previous instances where we used a similar approach, it turns out that P [Sy]
and P [By] are easy to compute due to the independence of the entries of x,.

Claim 6.7. We have ng InP[S¢] = —Dxkr (vellge) +O(Inn/n). Moreover, if (w,) is tame,
then

1 ke +5ky) Inn
L P[] = —Dr (rllgr) — ()T RO
my 2my

O(1/n).

Proof. Because the entries of x, are independent, the entries of g, are the probabilities
that the sequence (X, ;(4));cx,) satisfies the various conditions from Definition 6.1. Thus,
the assertion follows from Fact 3.4. O

Claim 6.8. We have

ElnIP By = Z D1, (w“,wej,wzj,wz ||q£],qej,q“,qej) + O(Inn/n).
J€[ke]

Moreover, if (w,7) is tame, then

1 3kelnn
— P (B =~ = > Dt (ol wffw a8, a8 0 o ) + O(1/m).
¢ e JElke]

Proof. This follows from Fact 3.4 and the independence of the entries of x,. O
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Claim 6.9. For any j € [k] we have E[by";|Se] = e®me, E[b;]Se] = e yme, E[b7Y|Se] =

yp
Gzljmg.

Proof. Once more, this is immediate from the independence of the entries of x,. O
Claim 6.10. We have P[B|S¢] = exp(o(n)). Moreover, if (w,7) is tame, then

3kelnn

1

%IDP[BMSA = — +O(1/n)

Proof. Given that Sy occurs, the random variables b’ are sums of ©(m¢) indepen-
dent contributions. Furthermore, by Claim 6.9 the expectation of each bjlj-ZQ is precisely
the value wfljz’“mg required by the event By. Thus, the assertion follows from Theo-
rem 3.5. O

Proof of Lemma 6.6. Lemma 6.6 is now immediate from Claims 6.7-6.10 and Bayes’
formula. O

Lemma 6.11. Let { € T* and assume that |w;'* — 1/4] < k=% for all z1, 29 € {p,y},
2129

j € [ke]. Then there exists a unique g = qe(we,ve) such that (6.1) holds and |q;;
wleZ = Ok(Q_k) fOT G”j S UC[],Z],ZQ € {p7y} Further,

4,5
q51?2 5 aqjl-z"‘ B
P zgzz =1+ Ok(Q_k)’ ;Ijzl = Ok(Q_k) Zf (]7 <1, 22) 7é (j/a Ziv Zé) (64)
“e,j 8%1].,2

and for all j', " € [kd], (z1,22) € {(x,x),(r,¢), (r,y), (c,x),(y,T)} we have

0q;' 7 0q;'7 -

2] 4,j

— —2— = Or(1). 6.5
87371]},/2 87%,’j” k(1) (6:5)

In addition, 82q21jz2 /0z0y = Or(1) for all x,y and

82(]21.22 B
Wgz% = Ok(2_k) for all j, 4’7" € [ke] and all z1, 27, 2Y , 22, 25, 25 € {p,y}.
wz,j/ we7j//
(6.6)
Proof. Let

_ pp _ PP py _ Py yp _ VP yy _ 3y Ir rce ry cr. yr yy PP Py
er = (e — Wy €y — W €y — W €y — Wi Yogs Yoo Ve Voo Ve Veogir Wegs W

P VYN
Wz,j’wz,j)Jij“
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Then a solution gy to the equation

P Py yp yy
(Qm’WJ”V&y'HJ”YZ,y’YZJ7’ng]/awzj7wzj7ngawg])

- pp Py ypP yy
*eé (Oa 0”72,]3’Yé,j,’yéjv’n,],’y[]a’}%j]/aw[]angangvwe_y)

: PP Py VP
satlsﬁes( )Ifweorderthevarlablesasq“,qej,qzyj,'ym,’y“,'y“,w“,, Wiy Wejs Wi s

wy”;, we find

Dy Dy
D =
“ [ 0 id,] ’
where D; = id — D3 with D3 a matrix with all entries O (2"“). All entries of Dy are
Oy (1). Hence,

(Deg)_l =

DY —Di'D,
0 id

(o)
] , and Dy'=id+) D{=2id—Dy+ ) DY

v=1 v>2

(6.7)

Therefore, (6.4) and (6.5) follow from the inverse function theorem. Further, a straight-
forward calculation yields

82 Z122
S = 02
0q,; 8q“,,
for all 4,5, 5" € [kd], 21, 22, 21, 25, 21, 25 € {p, v}, (21, 22) # (v, ¥)- (6.8)

Finally, combining (6.7), (6.8) and applying the chain rule, we find

82 2122 b

’J —1
727 (D17 (G120, ,242)
8w 2 0w éy“ Ow, s

aezl 22

) 9 v
i e S +ZW(D3)@,21,22> (5724 2

2125
Auwy 'y 6Qe,j~ v>2 OWy 5

" 1
aqzl_ %2 H2e?172
4,3 4,5 A —k A —k
=— > T T OR2T) = 0k(27),
A 80.)@“]‘/ 8q€’j// anj/H

D721 0,22

whence (6.6) follows. O

To deal with wild overlaps, it will be convenient to have a rough upper bound on
Fla1,0(we, v¢) without having to solve for go. The following lemma provides such an upper
bound.
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Lemma 6.12. For any ¢ € T* and any (w,7) we have Fya o(we,ve) < —Dxr (vellge(we)) +

o(1).

Proof. Consider a random vector 1, = (¢, (7)) je[k,],ic[m,] Whose entries are independent
with distribution

Plne,j (i) = (21, 22)] = wi™  (J € [kels @ € [mu), 21,22 € {p,¥}). (6.9)
Let Sy, By be as above. Then
Pr(Ge =] = Py, [Se| Be] < Py, [Se] /Py, [Bi]. (6.10)

Furthermore,

1
s InP[n, € Si] = —Dkr (Yellge(we)) + o(1). (6.11)
In addition, (6.9) ensures that
E{i € [me im0 (i) = (21, 22)} = wi?me for any j € [k, 21,22 € {p,y}.  (6.12)

Because the entries 7y ; (i) are independent, (6.12) and Theorem 3.5 imply that P[By] =
exp(o(n)). Thus, the assertion follows from (6.10) and (6.11). O

6.2.4. The occupancy problem
Fix two maps ((1,(2) € E(w). For a type t € T let X;(w) be the set of all vectors X; =
(Xt,n(1))ier, hefa,) With entries X; (1) € {r,c,y} x {r,c,y} that satisfy the following

conditions.
OCC1: Foreach h € [d;] and any 21,22 € {r,c,y} wehave |[{l € L} : X; ,(I) = (z1,22)}| =

0CC2: Let | € Ly. If (1 (1) = 0, then X, 4(1) € {y} x {r,c,y} for all i € [d;]. Similarly,
if (2(1) = 0, then X (1) € {r,c,y} x {y} for all h € [d,].

OCC3: Letl € L;. If (1(1) # 0, then Xy (1) € {r, c} x{r,c,y} for all h € [d;]. Moreover,
if ¢o(1) # 0, then X, (1) € {r,c,y} x {r,c} for all h € [d;].

Let X; be a uniformly random element of X;(w). We are interested in the event that, in
addition to OCC1-0OCC3, X, also satisfies the following.

OCC4: If | € L; is such that ¢1(I) = *, then X; (1) € {c} x {r,c,y} for all h € [d;].
Moreover, if [ € L; is such that {1(I) = *, then Xy ,(l) € {r,c,y} x {c} for all
h € [dy].
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11 rr rc rr cr rr rc cr
sy =1— H (1 —4i,n — qt,h) - H (1 —49,n — qt.h) + H 1- 9e,n — 9e,n — qt,h)7

he(d,] he(d] held,]
1 r cr r rc cr
S¢ = H (1*qt,h *qt,h) - H (lfqt,h, —A4in 7qt,h,)?
held,] held,]
st= I (—am—an) = I G=afn—af —am) s = T1 = e —a% — 4%
he(d,] held,] he(d,]
10 #0 01
sy =1— H (1_‘1;%)) Sy = H (1_% n)y Sy = H (1- qt n) H (1—‘1
held,] held,] held) held,]

Fig. 4. The expression for Lemma 6.13.

11 rr 11 rc Wl gre
o _ Wi Ten e _ Wi Qen 1 1 rr cr Wi din qt h 1 cr
€th =TT Ctn = 11 |17 IT (1= a = o [T = a = ol
St t h'#h t h'#h
11 cr *1 _cr
Y %n 1 1 rr rc We di,n 1 r rc
€t,h = S11 - —q¢n — 9w + —S (1- 9, — qt,h,’)’
St h'#h t h'#h
10 ry 10 yr
ry _ Yt Qen yro_ Wi Ten
¢hn =70 0 %h T T 10
t t

Fig. 5. The expressions for Lemma 6.13.

OCC5: If | € L; is such that (;(I) = 1, then there exists h € [d;] such that X; () €
{r} x {r,c,y}. Analogously, if [ € L, is such that {2(I) = 1, then there exists
h € [d¢] such that Xy (1) € {r,c,y} x {r}.

Let

1
Foce(wr) = — InP[X; satisfies 0CC4-0CCH]  and  Foce(w = TiFocet(wr).
t teT

We will show the following.
Lemma 6.13. Let t € T'. Assume that for any h € [d¢] there exist Qiho Gt b qt h,qt tht o
45 € [0,1] such that 45 =1—q, — 5 — a5y, and such that with the expressions from

Fig. 5 we have

eflhzz = wtzlhzz for all (z1,22) € {(x, 1), (x,¢), (x,y), (c,x), (v,1)}. (6.13)

With the expressions from Fig. 4, let

ry
w
— 212 Z1% Py t,h | ry
Joce,t(We, qr) = E wi'? Insyt ™ + E wt,hDKL oY ”qt,h
(21,22)€{0,1,%}\{(0,0)} h€ld:] th
yr rr cr
w w wr
t,h | yr PP t,h 7t h rc
+ wt S Dxr P 19en +winDxL | —55 55 Hqt o> Qi ho Qi

th t.h Yt h Wth
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Then Focer(we) = focet(we,q) + o(1). In fact, if (w,v) is tame, then Fycci(wi) =
focc,t(wta Qt) + O(l/n)

To prove Lemma 6.13 we introduce an auxiliary probability space. Namely, let
X: = (X¢.n(1))ieL,,nefa,) be a random vector with mutually independent entries x; (1) €
{r,c,y} x {r,c,y} that are distributed as follows.

o I G1(1),Ga(l) € {1,%}, then P [x, (1) = (21,22)] = ;3 for all h € [dy] and 21,2 €
. i{frgjg}) € {1,%},%(l) = 0, then P [x, () = (2,y)]
. ifr ’gfgz.) — 0,¢o(1) € {1,%}, then P [x, (1) = (v,2)]
. Efrglc(}Z) = (1) = 0,Ca(l) =€ {1, %}, then x, ,(I) = (y,y) with certainty.

gy, for all h € [d] and 2 €

q/5 for all h € [d] and 2 €

Let S be the event that the following four conditions hold.

(i) If ¢1(I) = 1, then there exists h € [d¢] such that x, ,(I) € {r} x {r,c,y}.
(ii) If ¢2(I) = 1, then there exists h € [d;] such that x, ,(I) € {r,c,y} x {r}.
(iii) If C1(I) = *, then x, 5 (I) € {c} x {r,c,y} for all h € [dy].

(iv) If Ca(l) = =, then x; (1) € {r,c,y} x {c} for all h € [dy].

Further, for 21,22 € {r,c,y} and h € [d;] define b}, = |{l €L, xn () = (21,22) }].
Let By be the event that for all z € {c,y} we have btrh = wih,, big = wih, 075 = wid,.
Then

P [X; satisfies 0CC4-OCC5] = P [S;|By]. (6.14)
Claim 6.14. We have n% InP[Si] =31, sefo,02\ (00 Wi Insyt ™.

Proof. This is immediate from the independence of the entries of X;. O

Claim 6.15. We have — 2 P[Bt = A+ O(Inn/n), where

Wk win

_ Py t, Ty yp t, yr

A= E : wi DxL b7 Hqt,h + Wi DL TP Hqt,h
heldy] t,h t,h

Irr rc Cr
D Wi h Wt,h Wy,
"H’Jt KL PP ° PP ||qt h7qt h7qth
Wi h wt,h wth

In fact, if (w,7y) is tame, then —% =A—3Inn+0(1/n).
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Proof. Once more, this is immediate from the independence of the entries of X; and
Fact 3.4. O

Claim 6.16. We have P [B;|S;] = exp(o(n)). In fact, if (w, ) is tame, then n% InP[By|S:] =
=3t Inn +O(1/n).

Proof. Forany h € [d¢], (21,22) € {(r,x), (r, ), (r,y), (c, 1), (y, 1)} we have E[b{}[S;] =
e;y, *ny. Moreover, being sums of independent contributions, the vectors (b;? )z, », sat-

isfy the assumptions of Theorem 3.5, whence the assertion follows. O
Proof of Lemma 6.13. The assertion is immediate from (6.14) and Claims 6.14-6.16. O

We conclude this section by showing that under certain conditions the equation (6.13)
has a solution.

Lemma 6.17. Let w € Q, t € T and assume that there are no more than d;/k* indices
h € [d;] such that

max{|ws, — @75, lwih, — OFl, lwih, — O, Wi, — @ > k%27,

Further, assume that |w;*** — 3| < 1/k for all 2y, 22 € {0,1}. Then there exists a unique
vector q¢ = qi(wy) such that (6.13) is satisfied and

rr A —k W;rz re ~ _k w;‘% o N e wz:,l;
Qi = (1 +Ok(2 )) 110 Qi = (1 + Or(2 »T’ 4 = (1 + Op(2 )) L
“i Wy wy
(6.15)
ry S ooy P yr N4
G =0+0:(27")—5,  a@l;=0+0k277) 71 (6.16)
Wi Wy
Moreover,
0% OGS g 1 o 1
71’ 71, o~ o) 2—k’ r,z__ 0O 2—k,
oo e ot TR g T gp PO
aql; 1 .
== —7 + Ok(277),
owl;  wit +O0x(277)
) z122 ~
qt,;fz/ = Or(A4™%) if (i,21,22) # (i, 21, 25),
Oy
o7 L,
awglyz =0r(277) forall y1,y2 € {0,1,%}.

In addition, if (w,7) is tame, then
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aQqZIZ2 - Ok(Z_k) lf (hvzl,ZQ) S {(hlvzi,zé) (h// Z/1/7 /2/)}
(%Jtzlhz,z &utzl;j,g Or(47%)  otherwise,
82qtrzh 82qtzrh ~
_ —k ! !
8wflz28wzlzz ’ 8wtzlz28w2122 o Ok(2 ) for z1, 71727 € {O’ L, *}7 Z€ {r, C’Y}7
gy [OR(1) ifh="H,
(%Jflhz? 8wzl & O~k(2’k) otherwise.

Proof. Consider ¢; = (4%, 455, 4% 9 1> 4.5 )hefa,) such that 0 < ¢} < Or(27%) for
all h, 21,22 and such that for no more than d;/k* indices h € [d;] we have max{|q§fh -
27k, lass, — 27k, g, — 27k, 9 — 27F|} > k7527%. A straightforward and tedious
calculation reveals that

86?; Oeis, Oef?; 1 - 6@?’ 1
rr’ rc’ ’r = —+Ok(27k)7 TJ +Ok( )7
g7y’ Oqis’ 0q5% wit dq;’; wl0
del”, 1 -
= + O0r(27F),
aqz}s’,z‘ wpt
Oei1?? -
0 thzz = Ok(4_k> if (i7 21’22) # (ilv Ziv Z;),
qt N
aetzliZQ B e
8wy’192 = Ok(2 ) for all Y1,Y2 € {0’ 17 *}
t

Hence, the inverse function theorem yields the existence of a unique ¢; that satisfies (6.13)
and (6.15)—(6.16) along with the bounds on the first partial derivatives of ¢;;**. Finally,
the bounds on the second derivatives follow by calculating the second differentials of

ey ? and using the chain rule. O

6.2.5. Putting things together
Letting

F(w7 'Y) = Fent(w) + Fdisc(w) + Fval(wy 'Y) + Focc(w)a
we finally arrive at the following statement.

Fact 6.18. For any (w,vy) we have Ey[Z(w,7)

] xp(nF(w,v) + o(n)). Moreover, if
(w,7y) is tame, then E[Z(w,7)|T] < O(exp(nF(w,

<e
7)))

In the following two sections we are going to estimate F'(w,y). In Section 6.3 we deal
with the case that (w,~) is tame. Then, in Section 6.4 we will deal with wild (w,~) and
complete the proof of Proposition 4.11.
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6.3. Tame overlaps

In this section we estimate the contribution of tame (w, ) to the second moment.

Lemma 6.19. Let Q' be the set of all tame (w,v). Then 3, \cor exp(nF(w,v)) <
O(ET[Z]?).

To prove Lemma 6.19 we approximate F(w,v) by means of the functions fent, faisc,
fval; foee from Section 6.2. Indeed, assume that (w,7) is tame. Then Lemmas 6.11
and 6.17 provide canonical vectors q;,qe for t € T, £ € T*. For the sake of brevity,

we write fval,é(wéa')/@) = fval,é(wa v QZ)v focc,t(wt) = focc,t(wh Qt) and

fval(wa/y) = Z %fval,l(wvvuqf)v focc(w) - Z’]thocc,t(wtvqt)~

LeT™ teT

Let

f(wv'y) = fent(w) + fdisc(w) + fval(wuv) + focc(w)'

The lemmas from the previous section show that F(w,v) = f(w,v) + o(1). Thus, we
need to study f. We are going to show that on the set of tame overlaps, f is strictly
concave with its maximum attained at (w, ). Throughout, it is understood that we take
differentials within the polytope defined by the affine relations from Fact 6.2.

6.3.1. The first derivative
Here we calculate the first derivative of the function f to prove

Lemma 6.20. We have D f(w,7) = 0.
Indeed, we are going to show that D font (@), D faise (@), D fva1(@,7), D foce(@,7) = 0.
Claim 6.21. We have D fen(0) = D faisc(w) = 0.

Proof. Each component of & is a product measure. Indeed, for any ¢t € T, 21,29 €
{0,1,+} we have w;*** = t*1¢*2. Therefore, subject to the relations from Fact 6.2,
(WF'%*) 21 22€00,1,+} 18 the maximizer of the entropy term fene. Hence, D foni(@) = 0. In
addition, since for any £ € T*, j € [k(], 21, 22 € {p, y} we have w;’* = ;' (7%, we see that

faise(@) = 0. Since 0 is the global maximum of f4isc, we conclude that D fgisc(@w) =0. O
Claim 6.22. We have D fn1(w,7) = 0.

Proof. We are going to show that D fya) ¢(we, %) = 0 for all £ € T*. While we could
directly calculate D fya1 ¢(&¢,7¢), it is more elegant to argue by way of the combinatorial
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interpretation of fya) . Thus, let Xp(w,) be as in Section 6.2.3. Furthermore, again with
the notation from Section 6.2.3, let Sy(we,y¢) be the set of all X, € Xy(w) such that
G¢(X¢) = 7¢. Then by Lemma 6.6 for tame (w,~y) we have

|Se(we, ve)]

1
Vi s 1€ :FV ’ 1)=—-1 1
fal,g(wz ")/[) al,f(wﬁ ’Yé)+0( ) me n |Xg(UJ£)| +O( )
1 —In|X,
_ 1 |Sy(we, ve)| — In | K(W)|+O(1). (6.17)
My
By Fact 3.3,
1
~ Inlx — H . 1). 6.18
o Xy g{;} (we,;) + o(1) (6.18)
J 14

Let X, be the set of all maps x¢ : [me] x [k — {p,y}, (4,7) = X¢j(i) such that for any
j € [ke] we have |{i € [mg] : x¢,;(i) = y}| = £jmy. Then Xy(w,) C Xy x Xy for all wy. In
effect,

1 2 .
m—€1n|xg(w)| < E1n|?€g| = Y H(@},)+o(). (6.19)
jE[ke]

Analogously, let Sy be the set of y; € X, such that for any i € [me] there
is j € [ke such that xg (i) = p and such that for any j € [k we have
i € [ma] : xe,j () =p AYG" # 5 x5 (1) =y} = Lmy. Then Se(we,ve) C Sp x S for
any (wg,¢). Hence, Proposition 5.1 and Lemma 5.3 show that

L Sewe o)l _ 2 1S o
In——"=>- < —In-—= =2¢;+0(1) = foare(wy, +o(1);
me (X x Xl S ome & (1) = frare(@e, 7e) + o(1)

to obtain the last equation, we verify that at the point wy, 7., the implicit parameters in
Lemma 5.3 and Lemma 6.6 satisfy the relation qglj’ZQ = fqufzj for all j € [k¢], z1,22 €

{p,y}. Hence,

1 — — _
o |Se(we, ¥l < Fare(@e,5e) + Y H(@] ;) + o(1).
JElke]

Combining (6.18) and (6.19), we see that w, m%} In | Xy (we)| = 3 cpp,) Hlwp ;) +o(1) at-
tains its global maximum at a point &, such that ||&; — we|| . = o(1). Analogously, there
is (¢, J¢) such that ||@; — wel| . , [|7¢ — Yell o, = 0(1) where (wy, ve) — mi[ In |Se(we, ve)| =
fvare(@e, 7o) + Zje[k@] H<@Z,j) +o0(1) attains its maximum. Because their difference fya) ¢
has continuous derivatives, (6.17) implies D fya1 ¢(wr,7¢) = 0. O

Claim 6.23. We have D foec(w) = 0.
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Proof. We are going to show that D focct(we) = 0 for all ¢ € T. Once more we use a
combinatorial argument. We use the notion from Section 6.2.4. Let S;(w;) be the set of
all X; € X;(w) that satisfy OCC4-OCC5. Then for tame (w, ) we have

L | St (we)| o
ntl | (wy)| *oll)
_ In |St(wt)| —ln‘Xt(wt)‘ +

Nt

focc,t(Wt) - Focc,t(wt) + 0(1) =

o(1). (6.20)

As in the proof of Claim 6.22, by considering the entropy we see that the maximizer @,
of |X;( )| satisfies & = w;. Similarly, if @; is such that |Si(-)| is maximum, then &y = @;.
Hence, (6.20) implies that D foce,i(@y) =0. O

Finally, Lemma 6.20 is immediate from Claims 6.21-6.23.

6.3.2. The second derivative
In this section we establish the following statement about the second derivative of f.

Lemma 6.24. There is a number § = Q(1) such that for all tame (w,v) we have
D2f(w7’y> j _Bld

In the rest of this section we tacitly assume that (w,y) is tame. As a first step we estimate
the second derivative of feng, which is a function of (w;***)icr 2, 20ef0,1,4} -

Lemma 6.25. We have D2 fo = —J, where J is a diagonal matriz with entries

7 {Qk(l) ile,ZQ 6{0,1},
WElF2 F1E2 =

Q(2F)  dif 21 = % or 23 = *.

Proof. The second derivative of the generic summand of the entropy function is
62

P Inp
assumption that (w,7) is tame implies that w;'** = 1 + 0x(1) if 21,22 € {0,1} and
WP < OR(27F)if 2y =% or zp = *. O

1/p. Furthermore, together with the affine relations from Fact 6.2, the

Lemma 6.26. We have D? fgisc(w,v) < 0

Proof. This is immediate from the fact that the Kullback—Leibler divergence is con-
vex. 0O

As a next step we estimate the second derivative of fia ¢ for any ¢ € T*. We can
view fuare as a function of 775, 775, v§%, 10 Wiy With 4,5’ € [ke], j # j'. Indeed, let
Ve be the set containing these variables. Then the variables V, determine the remaining
components of wy,y, via the affine relations from Fact 6.2.
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Lemma 6.27. Let £ € T*. There is a matric J = (Tzy)z,yev, With diagonal entries

) k ) k
Ty = (47), j”zg,yj,j"yz,yj,j' = (7).
j'y(‘;fj’y(ffjvj’)’ﬁfj’)’gfj = Qk(Qk)7 ngf’jwﬁ?j = Ok(k7992ik) (621)

and with all off-diagonal entries equal to 0 such that for all tame (w,7y) we have
D? feare(we, ve) = =T

To prove Lemma 6.27 we determine D? Dy, (7¢]|g¢) and D?Dx, (wel|ge) separately.

Claim 6.28. There is a diagonal matric J = (Jzy)z,yev, With entries as in (6.21) such
that —D*Dxx, (vellge) < =T -

. ry yT o yy ry

Proof. Let G be the set of variables g7%, 977, 975, 947> 905> 91,52 9.5.50 V6> Voogs Ve 9o
YE5 V40 V0 y.5- To compute the second derivative with respect to @,y € Vy, we use the
chain rule:

_9*Dxu (vellge) _ 3 9Dxx, (vellge) 0°G T 0Dk, (7]lg) 9G 0G"
Oxdy oG 0xdy 0GOG" 9z Oy’

Geg G,G'eg
(6.22)
Letting M = (My,) signify the matrix with entries M., = —> g %gj—%, we

obtain from (3.6)

SCa L VL R s e A
g5 0x0y 975 0xdy — gi5 0xdy g, 0xdy  gf; Oxdy gy, Oxdy

Mgy =

j=1
yy 2 VY

Vg 9905
0xdy

yy
G1£] 9,55

Since (w,7) is tame, we verify that

el e e 2 =] 4 (D). (6.23)
r’ ¥y O rc!' .cr’ Ty yro
9eg 9egg Yeg Yig 9eg 9eg 96
Furthermore, a direct calculation reveals that
329”» 62 cc
4,j 9e _ O~k(4—k)
P PP "1 5 PP P J
Owyj, Owg,  Owgj 0wy,
2 2
P g g

Oxdy’ Oxdy’  Oxdy
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Thus, we obtain

Mgy = Or(27F) for all z,y, and in fact

My o, = Ox(47F) for all j,j" € [ki. (6.24)
¥ J
— 9g 6(] 9’ Dxr(vllg) : Y
Further, let M = — |3 /5 52 5L =560 denote the second summand in (6.22).
9, vy

We find that

@—O (27%) forallz, ge{ EX

0x_ k g gé ?géjagéJ7ge]7g€,j7g£j7gz,j] ©J J 5

o ~
‘gp =0,47%) forgeg. (6.25)
Owy;

Moreover, due to our assumption that (w,~y) is tame and (3.7),

*Dxr (vllg) 1 #Dxr (vllg) 1

rr = T = Gk(4k)’ - = Gk(4k)7
o2 Ve 2 Vg5
ODxr (7llg) 1 k Dxr (llg) 1 !
(" o = =0 c 2 ) cr = e O (2 ’
ROl e e e
9?Dxkw (7]lg) 9*Dxkw (vllg) — 04(49), 9Dk (7llg) 9*Dxkw (vllg) — 0,(4%)
agrr ? aﬁ,rjag 45 89%,2]‘/ 0 353" g, 3.3
9*Dxr (1llg) 9*Dxr (7]l9) _ Or(2") 9*Dxr (7llg) 9*Dxr (vllg) — 04(2%)
8grc 2 ’ a,y;c ag k ) agch ’ 8,)/2:1" ag :

Combining these bounds with (6.25), we see that there is a diagonal matrix J with

entries
- B
J'Yz e ’J’Yzyj J,’Ye” Qk(4 )v J’y;fj'yzfjvjfyz Ve = Q ( ) J PP wEP —Ok( )

such that M < —J. Together with (6.24), this bound implies the assertion. O

Claim 6.29. If (w,7) is tame, then

2 py
D DKL (w[]7wfJ7wfjawe]||QZj7QZj7QZ’jvqu> j J7

where J is a diagonal matriz with entries Jwﬁ"jw‘;"j = 01(2.17%) and J,, = Or(1.9%) for
all other x € V.

Proof. Let Q = Dy, (wej,w%,wzf;, £]||q“,qe],qéj,q£]) for brevity. By the chain
rule,
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2
D*Q =T + T,

B 0Q 0%y 0*Q oy oy’
where T = (% dy Oxdx’ ’ Z dydy' Oz Ox' - (6:26)

’

> T,T

Because Lemma 6.11 ensures that [w;’™ — ¢;%| < Or(27%) for all 2,20 € {p,y} and
as qzyj =1- qej - qej - qej, we see that |6§| O (27%) for all y. Hence, (6.6) implies

that 77 < J’ for a diagonal matrix J’ such that
T oo = Or(2.17F), J! = 04(1.9%) for all other = € V.
0,595

' xx

With respect to T5, we obtain from (3.7) and (6.4)—(6.5) that

O O

K(47F)  if a2’ € {wm je [k]},
Z TO WU _ L5 04 ita e € k]
dyoy’ Oz Oz’ ~k( ) iz {w“ J }’
Or(1) otherwise.

Hence, there is a diagonal matrix J” with

zﬁpvwgp. = O0r(2.17%), J = O(1.9%) for all other z € Vy
sJ »J

1 xx

such that To < J5. Setting J = J' + J” completes the proof. O

Finally, Lemma 6.27 follows from Claims 6.28-6.29.

Next, we estimate the second derivative of foec. For any t € T, foce,r is a func-
tion of w'*™ with 21,22 € {0,1,%} and of w/}* with h € [di] and (z1,22) €
{(r,r), (r,c), (x,y),(c,x), (y,7)}. Let V; be the set containing these variables.

Lemma 6.30. Let t € T and h € [di]. Then D?focct(w) < J, where J is a diagonal
matriz with entries

jwtzlmwtﬂw = Ok(Q_k/M) fO’/‘ 21422 c {0, 1, *}, (6.27)
j‘*’?h‘*’?h = Ok(415k/16) and jwtzlhwwtnhm = Ok(215k/16)
for (z1,22) € {(x,¢), (c,x), (r,y), (v, 1)}, h € [de]. (6.28)

The proof of Lemma 6.30 consists of several steps.

Claim 6.31. There is a diagonal matriz J with entries as in (6.27)-(6.28) such that

D? Z wit?Ins;'* < 7.

21,22
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Proof. Let Y = >
concave, we have

sz Wi 2 Insg . Because the function (a,b) € R>o +— alnb is

0y 02sp=

DYy <M= il S
y=M Z 0s;'*? 0xdy

21,22€{0,1,%}:(21,22)7#(0,0)

(6.29)
z,yEVy

Further, an elementary calculation based on Lemma 6.17 and our assumption that (w, )
is tame yields

ay 8255122

9557 B0y < OR(27F) for all 21, 29,2, y. (6.30)

The bound (6.30) implies bounds on the Frobenius norms of the four blocks of M.

Namely, the Frobenius norm of the diagonal block corresponding to the variables w;**?,

21,22 € {0,1,%}, is Ox(27%). Moreover, the Frobenius norm of the diagonal block wtthzz
with h € [di] and 21,20 € {r,c,y} is Ox(1). Finally, the Frobenius norm of the off-
diagonal blocks comes to O (27%/2). Because the Frobenius norm is an upper bound on

the spectral norm, these estimates and (6.29) yield the assertion. O

Claim 6.32. There exists a diagonal matriz J such that (6.27) and (6.28) are satisfied
and such that

Wi, wll,
2 py t, Ty yp t, yr
D E wi” Dyt | =y lg; | +wi" Dxu | —35 4],
he(d:] “i Wi
rr rc cr
Win Wik

+WPPDKL <wt7h qur qrc qcr> < ._7
t pp >, pp , pp 9t o Yt hoYt,h | 2 V-
Wy Wyt Wy

Proof. Let X = {(r, 1), (r,¢c), (c,r)}. For (21,22) € X let p;’;? = w;}7 /wi®. Further, let
Q1 = Dt (075) v e | (0757 ) ea oy ) amd Qo= 3 Q.
he(d:]

Let Ay j, be the set of variables pf},?, qfff with (z1,29) € X. Then by the chain rule,
D?2Q, = M + N, where

B Q. 0%a - 9?Q; 1, Oa Ob
M= Z Z da 0xdy » N= Z Z 0adb Oz Oy
helds] a€Ar e yeV: heldy] a,bEAL R z,yEV,

To bound M we consider three cases. For starters, we note that because (w,~) is tame,
Lemma 6.17, the affine relations

rc cr ccC
Wih | Wih o Wen o Wip

+—%+ gt =1
wPP wPP PP wf}"

s G T Gh T =1
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and (3.6) yield 0Q; 5 /0a = Oy (27%) for any a € A .

Case 1: 2,y € {w;},? 1 h € [di], (21,22) € X'}z suppose @ = wi ) ™*, y = w3 . For
summands h ¢ {h1,he} Lemma 6.17 yields 9%a/dxdy = Oy(4~%), whilst
9%a)0x0y = Ok (27%) if h € {hy, ha}. Hence, M., = Ox(47F).

Case 2: x € {w;'™ 1 21,22 € {0, 1,*}}, y € {w;}® : h € [di], (21,22) € X'}: suppose that
x o= witt oy = wf’jll:”. For a € {p}? @ 21,22 € X} and h = hy
we have 9%a/0xdy = O(1), while 82a/8x8y = 0 if h # hsy. Further, if
a € {qzlz2 : 21,29 € X}, then Lemma 6.17 yields 9%a/0x0y = Og(1) if h = hy
and 32a/3x8y = O1(27%) otherwise. Hence, My, = Ox(275).

Case 3: ,y € {wi'™ : 21,20 € {0,1,%}}: Lemma 6.17 yields 0%a/dz0y = Or(27%) for
all a. Therefore, the bound 9Q; ;,/da = Oy (27F) entails that M., = Ox(27F).

Combining these three estimate, we see that M =< J for a diagonal matrix J with
entries as detailed in (6.27) and (6.28).
With respect to N' Lemma 6.17 and (3.7) yield

82 32 82 ~
Q“Z Qt,hz ‘ th"l _— 0u(1). (6.31)
9q;y o> oy 204y, °

To estimate the entries N, we treat three cases separately.

Case 1: w,y € {w}? 1 h € [di], (21,22) € X}: let v = W)™, y = w3 ™. Lemma 6.17
shows that for the summand h = h; = hy we have da/0x,9b/dy = O(1), whilst
(9a/dx)(0b/dy) = On(4%) if either h # hy or h # hy. Therefore, (6.31) yields
Ny = Or(1)1{hy = ha} + Or(27F).

Case 2: z € {w;'™ 1 21,22 € {0, 1,*}}, y € {w]}* : h € [di], (21,22) € X'}: suppose that
T = w7,y = wi 7*. Then by Lemma 6.17 the summand h = hs is Or(27%),
while all other summands are Oy (47F). Hence, N, = Ox(27%).

Case 3: =,y € {w]'™ : 21,20 € {0,1,%}}: then Lemma 6.17 yields N, = Ox(27%).

Hence, N' < J for a diagonal matrix J that satisfies (6.27) and (6.28).
A similar argument applies to the other two terms Dxgr, wt A /wtqu ),

Dk (Wt h/wtqu ) |
Lemma 6.30 is immediate from Claims 6.31-6.32.

Proof of Lemma 6.24. This follows from Lemmas 6.25, 6.26, 6.27 and 6.30 and the affine
relations from Fact 6.2. O

Proof of Lemma 6.19. Lemma 6.19 follows from Lemmas 6.20 and 6.24 via a standard
application of the Laplace method. More specifically, let ' be the set of all tame over-
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laps (w, ). Moreover, for a large enough number ¢/ = ¢’(k) let " be the set of all
(w,7) €  such that for all t € T, ¢ € T*,j € [k¢], h € [d4],

s = @ell oo lweh — @enll s lwes — @il s 1ve = Fellog < 712,

Lemmas 6.20 and 6.24 imply that

S = Z exp(nF(w,v)) < O(1) Z exp(nF(w,7)). (6.32)

(w,y) ey (wy)eQ”

Further, let C" = 4([T]| 4+ >_,cp- 4ke + (g") Then the affine relations from Fact 6.2
imply that the set " is contained in the affine image of the set of integer lattice points
in a C'-dimensional cube with side lengths O(y/n). (Indeed, once we fix for each t € T
the parameters wit® with 21,29 € {0,1} and for every £ € T*, j, 5" € [ke], j # j' the
parameters w&j, Vi Vi Yege ’y}?’j,j,, the remaining components of (w, ) are implied.)
Therefore, with C' the number from (5.1), Lemmas 6.20 and 6.24 and the Laplace method
yield

S = Z exp(nF(w,7)) < O(n~*°) exp(nf(@,7)). (6.33)

(w,y)EQ”

Hence, we need to compare f(w,7) with the formula from Proposition 5.1. To this end, we
observe that at the point (w,%) the parameters (g ])ze{p yy and g; , from Proposition 5.1
21
4e,5

)t
and the implicit parameters (¢;')., zoefpyd> (@G )21,z from Lemmas 6.6 and 6.13

satisty
7 =gy, dh = (g
Gh =% =Gl —Gn)s G0 =4 h = Gn
As a consequence, it is straightforward to check that
S" = O(Er[2]?). (6.34)

Combining (6.32)-(6.34), we conclude that S’ < O(E[Z|T]?), as desired. O
6.4. Wild overlaps

The aim in this section is to prove

Lemma 6.33. Assume that (w,) fails to be tame but

1 ~
> mwi® = Yl O, (270498, (6.35)

Then there exists a tame (©,%) such that F(w,v) < F(@,%) —Q(1).



A. Coja-Oghlan, K. Panagiotou / Advances in Mathematics 288 (2016) 985-1068 1049

Throughout, we tacitly assume that w satisfies (6.35). Moreover, we let S(w) =
{teT:|w—1/4] > k=9}.

6.4.1. A rough bound

To prove Lemma 6.33 we proceed in two steps. First, we argue that the contribution
of (w, ) that satisfy (6.35) but for which w{° differs significantly from 1 for a large share
of types t is negligible. The proof of this is based on a rough upper bound on F(w,y).
Subsequently we are going to derive a more accurate bound on those (w, ) that fail to
be tame but for which w?? is close to 1/4 for most .

Lemma 6.34. We have sup {F(w,v) : Vol(S(w)) > exp(—\/E)} < 0.
The proof of Lemma 6.34 is based on the following very rough upper bound on F'(w, ).

Claim 6.35. Let

ZmH 1#2 Zl,zZe{(n*}—l-— Z?Tgln 1-2 H éy—l— H w

teT LeT* jE[k[] Jje kl]

Then sup,, F(w,7) < f(w) + o(1).

Proof. Consider a random vector x = (Xy (%)) eer je[k),ic[m,] Whose entries are inde-
pendent random variables with values in {(p,p), (p,v), (v,P), (¥,¥)} such that
P [x; (i) = (z1,22)] = w72 (6.36)

Let S be the event that for all £ € T* and 7 € [my] there exist ji,jo € [k¢] such that

Xe 5, (i) € {(p,p), (P, y)} and Xy, (i) € {(p,p), (y,p)}. Furthermore, let Y;71** = [{i €
[me] = X ;(1) = (21,22)}| and set Y'*? = (dyn,) ! Dohelde] 2o(e)edtn) Yo 2 . Let B be
the event that Y;** = w;*** for all t € T'and any 21, 22 € {y,p} and that Y;; |V, = £
for all ¢, j. Then by the constructlon of F,

supF w, ) Zﬂ'tH ?)e1,zef0,1,5} + — lnP[S|B} (6.37)
teT

As (6.36) ensures that EY,}* = wf;z"‘mg, Lemma 3.5 implies that P[B] = exp(o(n)).
Hence, by (6.37),

supF(w*y < mH(w; ) e ln]P’[S] o(1). (6.38)
teT
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Furthermore, as o.) 4 wé ,wé + o.) - E? for all ¢, j by Fact 6.2, we see that
1 m ¥ vy
~InP[s] = — > mln |1-2 'H o+ .H Wy | +o(1). (6.39)
LET™ j€[ke] J€[ke]

Finally, the assertion follows from (6.38) and (6.39). O

Claim 6.36. Let Ty = Ty(w) denote the set of all typest € T such that min{wi®, Wi wi® wl’} >
0.01. Then

sup{f(w) : w satisfies Vol(Tp) < 0.01} < 0.

Proof. Assume that Vol(Tp) < 0.01. Because t°,t = & + Oy (27%/2) for all ¢, (6.35)
implies that

1 ~
> mwit = it Or(27049%)  for all 21,2, € {p,y}. (6.40)
teT

Set 6 =001+ 1/kandlet Ty = {t €T :w)’ <6}, To ={t €T :w]’ >1/2—§}. Since
Vol(Tp) < 0.01, (6.40) implies that Vol(T1) > 0.48, Vol(Tz) > 0.48. Now, let M be the
set of all clause types ¢ that feature at least 0.4k literals of type 77 and at least 0.4k
literals of type T5. Then for any ¢ € M we have

1=2 [ &+ ] o <1-2""% 40,2777 (6.41)
J€[ke] J€[ke]

Furthermore, DISC2 (from Lemma 4.14) implies that Vol(M) > 1 — k=9 w.h.p. Hence,
(6.41) yields

— Zmln 1=2 [T &+ ] 7| <-2m2+o0x(1). (6.42)
ZEM j€[ke] j€[ke]

By comparison, since Vol(7p) < 0.01, we find

S O mHW). sef0,1,0) < 1902 4 0 (1), (6.43)
teT

Combining (6.42) and (6.43), we conclude that f(w) < 0. O

Proof of Lemma 6.34. Let ¢ = k=% and § = exp(—V/k). Let Ty be the set of all types
t such that |w}’ — 1/4] > e. Assume that Vol(T3) > §. By Claim 6.36 and DISC1, we
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may assume that the set M of all clause types £ with k, = k that contain at least 0.01k
literals from Ty satisfies Vol(M) = 1 — exp(—Q(k)). Furthermore, for any £ € M,

1=2 [T &+ I @ <1-2""(1 + exp(—Q(k))). (6.44)
J€lke] J€[ke]

Now, obtain @ from w by setting ©;'** = t*1¢*2 for all 21,29 € {0,1,*},¢t € T5. In
particular, @Y = t9° for t € Ty. Hence7 (6.44) implies

F(@) = f(w) = exp(— ) + Z T [H(@7 ™) 2 0,10y — H(W )2, 200,14}
teTs
> exp(—Qx(k)) + Vol(T5)Q (%) > exp(—k"1). (6.45)

On the other hand, a direct calculation shows that f(&) < O (27%). Hence, (6.45) implies
that f (w) < 0. Finally, the assertion follows from Claim 6.35. O

6.4.2. Reducing the discrepancy
In the following we enhance the bound from Lemma 6.34 to prove Lemma 6.33. We
begin with the following statement.

Lemma 6.37. Assume that (w,v) is such that Vol(S(w)) < exp(—vk) but the following
condition is violated.

Forallt € T\ S(w), h € [di], (£,5) € O(t,h) we have |w)’; — W) < 27F3(6.46)
Then there exists & such that F(©,v) > F(w,v) + Q(1).
The proof of Lemma 6.37 is based on a local variations argument. Let t € T\ S(w),

h € [di] and assume that |w)”, — w®| > 27F/3 for some (¢,j) € O(t,h). Then there
exists (¢, 5’ ) € 9(t, h) such that |wp;, — w9 > Q(1) and such that sign(wy) ; — w0) £

sign(wy”; —w?). Now, pick a number 5 with sign(0) = sign(w;’; —wy) of sufﬁc1ently small
absolute value and let &' = dmy/my . Further, let & be such that @ Ayy =wy) L0, @Z,y L=

w“ + 9, ‘2’6” 0= we,, o it (07,9 ¢ {4, 9), (¢, 5}, we = &y for all t € T and such that
the affine relatlons from Fact 6.2 hold. Then

Fent (@) = Fent (W>7 Focc(a)) = FOCC(W)- (647)

Moreover, differentiating the Kullback—Leibler divergence, we see that

Fdisc(a)) - Fdisc( ) > @Q ( k/3)~ (648)
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Claim 6.38. We have

A my ~ —
Fval,l (wfa ’YZ) > Fval,é(wfv ’7[) + ‘ (2 k)? (649)
N (Slm(/ ~ —k
Fval,f’ (we17 ’Ye/) Z Fval,f’ ((,L}e/, 7@/) —|— n/ Ok (2 ) (650)

Proof. We prove (6.49) in detail; the very same argument yields (6.50). For « € [0, 1] we
let w¢(a) be the vector obtained from wy by replacing w, ; by (1 — a)w; + aly ;. Using
the notation from the definition of Fi,;, in Section 6.2.3, we are going to “interpolate”
between the probability spaces Xy(we(0)) and Xp(we(1)). Let X9 denote a uniformly
random element of Xy(we(a)).

Let us fix disjoint sets G737, G, 1., C [mu], (21, 22) € {(x, 1), (r,¢), (¢, 1), (r,), (v, 1)},
hoh' € [ke], b # I, such that |G| = meyy 7 and |G, | = mevyy, - Let G denote
the union of all of these sets. Further, let R(a) C Xy(we(cr)) be the event that

o forall (21,22), h € [ke], i € G737, XP(i) is a (21, 22, j)-clause,
o forall h# W, i€ Gy, X¢(i)is a (y,y,h,h)-clause.

Additionally, let C(a) be the event that X@(i) is a (c,c)-clause for all i € [my] \ G.
Because the distribution of the random vector X% (7) is invariant under permutations of
the clause indices 7, we see that

Foa1,0(@e,ve) — Fyare(we, ve) = mig InP[R(1)NC(1)] — InP[R(0) NC(0)]]. (6.51)

To estimate the r.h.s. of (6.51), we are going to work out (roughly speaking) the derivative
of P[R(a) NC(a)] for v € [0, 1]. To deal with the issue that R(«),C(«) are dependent, we
are going to identify an event &(a, u) such that R(«),C(«) are independent given &(u).

More specifically, if u, = (uzl,fz)217Z2E{P7y},he[ke] is such that (ujl}?)zl,zze{p,y} is a prob-

ability distribution for each h € [k¢], then we let €(uy) be the event that
Vhe [k : |{i € G: X7 (i) = (21,22) }| = ugly?1G].
Then for any u, such that P [E(ug)] > 0 we have
P[R(e) N C(@)[E(ur)] = P[R()|€ (ue)] P [C()[E (ue)| P [E(ue)] - (6.52)
Thus, we need to get a handle on P [R(«)|E(ue)], P [C()|E (ue)] , P [E ()]

Because given £(uy) we know the precise statistics of the “dominos” placed in clauses
with indices in G, we have

PR()|€(ue)] = P[R(0)€ (ur)] - (6.53)
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. ~ —1 .
Further, letting @, = (m¢ — |G])™ (mewe(a) — |G|ug), we obtain from Fact 3.4
my

L up (€ (ug)] ~ — Z %DKL (g, jllwe,j ()

n ( g') Dict. (i w5 (00) (6.51)

here j ranges over indices such that wy ; # &y ;. Differentiating (6.54) using Fact 6.2, we
find that

0 ujlzz 3wzl.zz(a)
_%‘DKL (ueﬁj”w&j<a)) = Z wzlzg(a) (;OZ
z1,22€{p,y}
Py WP w7 PP
_ Uy j I Uy 5 Uy j Uy (6.55)
B @ @
0 ﬂjlz? Ow; (o) U 1251?2
=5 Dxu (g, ||we (@) = =2 N S
oo J J thzzegp 2 wy 2(oz) oo oo wflj 2 ()
S A A
w% () Wz,j(a) We,j (@) wz’}; (a)
|g| t ](a) wp(a)
ﬂ}gy ﬁﬁp
I ~In (6.56)
wp (@) wy (04)}

We claim that

50~ Dy Gulen(@) - (1= ) D () = -90i2). 057)
o my
Indeed, if wy' > 1/k, then the logarithmic terms from (6.56) contribute 6|0k (275)
o (6.57). Hence, assume that wélzz < 1/k. Then 6 < 0if 2y = 29 and & > 0 if 21 # 2.
Assurne without loss that z1 = zo. If 47"/ < w;'(a), then the contribution of the
logarithmic terms from (6.56) is non- negatlve. Otherwise the definition ensures that
a7 < (14 Ok (27%))w;***(a), whence the contribution of the logarithmic term is
|6|Ox(27F). Further, the contribution of the non-logarithmic terms from (6.55)(6.56)

o (6.57) comes to

2142 J ‘g| my — |g‘ ~ 21F2
(M7 ey g ™ | = (GO
5]

Summing over z1, z3 yields (6.57).



1054 A. Coja-Oghlan, K. Panagiotou / Advances in Mathematics 288 (2016) 985-1068

As a next step, we calculate the derivative of Q (o, ur) = m%; InP[C(a)|E(ue)]. This is
via a similar argument as in the proof of Lemma 6.6. More specifically, we are going to
calculate the derivative of

S | AR IR 2 | A | KA IR A | K

JE[ke] JjE€ke] J'#J j€[ke] JEke] J'#3
+ H q Jr Z 1iq H q s Z qﬂ,hq@uz H qf,y
J€lke] J€[ke] J'#3 J1#£d2 J#d1,32

for an appropriately defined q¢ ; = go,;(c, u¢). To determine g ;, we let

pp
qp i .
APP __ 5J
i = e V-l a) - TTa; + 1T a5 |
¢ ' #3 ' #3 J'#3
Py
qy . . .
APy 1.7 y P y yy
€oj = [ o) -11da; - e} 11 @)+ 114
i i I B TR i
yp yy
e >a I1 @)
I B TR Y
(Je . . .
AYP 1.7 y P y yy
€5 = [ [Ta; 11w} > &, II a0 + 114
i i I B TR i
Py yy
ey I1 o)
I B TR Y

For any q = (qe,j) e[k, such that q%,qég = 1+ Op(k™2) we find Déy; = id + My,
where M, ; is a matrix all of whose entries are O (27%). Hence, by the inverse function

theorem there exists s = q¢(, ug) such that 62122 ~le2 . With this choice of gy, we
have
Lnpe@le@ ~ (1= ) lmge+ S Dur (@enllaen) |- (6.58)
e me he ko] o
14

Once more by the inverse function theorem, we have Dgqy; = id + Ny ;, where Ny ; is
another matrix all of whose entries are O (27%). Using this estimate to differentiate the
r.h.s. of (6.58), we see that

0 : o e oo ey
8_ In gl?C + Z DgL (al,thZ,h) = 6Ok(2_k) + Z 5] In Z1z2 ) 2122
« helke] h,z1,22 @ qz’h o q

=50,(27F). (6.59)
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Finally, combining (6.52)—(6.54) and (6.57)—(6.59) and integrating over « € [0, 1], we
conclude that
1
my

[InP[R(1) NC(1)] — InP[R(0) NC(0)]] > 60x(27F).
Thus, the claim follows from (6.51). O

Proof of Lemma 6.37. The assertion is immediate from Claim 6.38 and equations (6.47),
(6.48). O

6.4.3. Increasing the entropy

Assume that (w, ) is such that S(w) # 0. Let S’(w) be the set of all pairs (¢, j) such
that there exist t € S(w) and h € [dy] such that (£,7) € O(t,h) and let S(w) be the
set of all £ such that (¢ x [ke]) N S'(w) # 0. Moreover, let @ be such that &; = w; for
all t € S(w) and @, ; = e ; for all (¢, j) € S'(w), while @ = w, for all ¢ ¢ S(w) and
@p; = wpj for all (¢,5) ¢ S'(w). Further, let 5, ; = v, for all £ ¢ S(w), j € [k] and let
Ye,; for £ € S(w), J € |ke] be such that Fiae(@e,7¢) is maximum subject to the affine
relations from Fact 6.2.

Lemma 6.39. Assume that (w,7y) is such that (6.35) and (6.46) are satisfied and
Vol(S(w)) < exp(—v'k). Then

F(©0,7) = Foee(@) > F(w,7) — Faee(w) + Qi (1) Vol(S(w)).

The rest of this section is devoted to the proof of Lemma 6.39. We begin with the
following statement. Let S”(w) be the set of all clause types £ € T* such that |({¢} x
[ke]) NS’ (w)| > 0.9k.

n

Claim 6.40. We have 3 c s () 5 Frale(@e, Ye) = Ok(27%)Vol(S(w)).
Proof. Since Vol(S(w)) < exp(—v'k), DISC3 implies that

Z my/n < O(1)Vol (S(w)). (6.60)
s (w)

Let £ € §"(w). Since @y, ¥, satisfy the assumptions of Lemma 6.11, we obtain g¢(@yg, J¢)
such that Fyay ¢(Oe, Y¢) = fvare(@e, Fe, qe(©e, 7)) +0(1). Furthermore, Lemma 6.11 entails
that ¢, — 1/4] < k;‘Q~ for all j € [ke], 21,22 € {p,y}. Therefore, we verify that
Sear,e(@e; 3, qe(@e, 7)) = Or(27F). Hence, (6.60) implies
my S = —k
Z YFval,Z(Wla'YZ) = Ok(2 )VOI(S(UJ)). (6.61)
LeS" (w)

Because d; = Oy (k2F) for all t € T, the assertion follows from (6.61). O
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Claim 6.41. We have Z@QS”(W) % [Fval,f(a)fv’?l> - Fval,f(wfv’yz)} < exp (_Qk(k)) X
Vol(S(w)).

Proof. Fix ¢ € S(w) \ & (w). To compare Fya¢(@r,7e) and Fyae(we,ve), we pro-
ceed in five steps. Let o be such that ““tpg = Fya1,0(we, ve). Moreover, let ¢ =
—Dxr1, (7¢]|lge(we)). Then ¢ < 1 + o(1) by Lemma 6.12. Further, let

=In I—Hwe] Hwej—l—me

j€[ke] J€[ke) j€[ke)

Since the sum of all entries of g¢(w¢) is no greater than 1 —[]. ., wy ;= e, wp ¥ +
[Ler, wi’j» We see that w2 > 1. Moreover, let

=1In 17H Htherm

j€[ke) j€E[ke] j€(ke]
To compare @3 and @2, we note that by Fact 6.2 and the construction of @ we have
Yoo~y Y ~Y gy
We g Pp.j>Wejr Do = -

Furthermore, because ¢ ¢ S”(w) we have [

the construction of @ ensures that ] ek
fixed number ¢; < 1/2 such that p3 > @ — ck. To proceed, we observe that Lemma 6.11

ielke] gfj < 2= >Hj€[,w] (%. Additionally,

3; < 27F=2(k)  Consequently, there exists a
applies to (@0,%); let ¢ = q¢(@e,7¢) be the vector produced by Lemma 6.11 and set

o4 =1In 17Hq§)] HQg7+qu,J

j€[ke] j€E[ke] j€E[ke]
Because Lemma 6.11 guarantees that
g5 — @7 2| = 0p(27F)  for all j € [k, 21,22 € {p, ¥}

we conclude that @4 > @3 — ck for some fixed 02 < 1/2. Finally, let @5 be such that
Jvare(@e, Ve, qe) = “ps. Then Fuaye(@e, 5e) = %5 + o(1). Moreover, the choice of ¥,
ensures the existence of c3 < 1/2 such that @5 > ¢4 — c&. Combining all of the above
estimates, we obtain

m m e
Foate(we, ve) = 7%0 < 7@ {905 + 27k (6.62)

Summing (6.62) over £ ¢ S”(w) and recalling that m/n < 2* completes the proof. O
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Proof of Lemma 6.39. By direct inspection,
Fent ((I}, ’3/) + Fdisc(a)a '7) Z Fent (Wa ’Y) + Fdisc(w7 ’Y) + Qk(l)VOI(S(w))
> Qr (1) Vol (S(w)). (6.63)

The assertion follows by combining (6.63) with Claims 6.40-6.41. O

6.4.4. The occupancy probability
Let (@,7) be as in Section 6.4.3 and let S(w,~) be the set of all £ € T*\ S(w,~) for
which there is j € [k¢] such that

max{[v;§ — V5, Ve — V5| e — Al e — Al > ke (6.64)
Moreover, let (&,4) be such that for all t € T, h € [d;], £ € T* and j € [k
if £ € S(w),
if £ ¢ S(w),
W72 = @72 for 21,29 € {0, 1, %}, wglfz wjljzz for z1,22 € {p, ¥},
OEyE = Z mn_f,%}j; for all (z1,22) € {(x, 1), (x,¢),(c,x)},
(.heatn)
N my
w;yh: Z n f’ o+ Z '75]/ 78 )
(.gnedh) JA
N mer | N
CAE DD | Yot > Ay
(€,3")€d(t,h) J"#5

In this section we prove

Lemma 6.42. If (w,v) is such that (6.35) and (6.46) hold and Vol(S(w)) < exp(—Vk)
but S(w,~) # 0, then F(&,4) > F(w,~) + Q(1).

For t € T let ), be the set of all £ € S(w,~) U S(w,~) such that (¢,;) € d(t, h) for
some h € [dy], j € [ke]. Let Yy = 72 Vol(Vy).

Claim 6.43. For all £ ¢ S(w,v) we have Fuay 0(0,50) — Foale(@e, 7e) > Qe (27F).

Proof. Let £ € S(w,v). For a € [0,1] let y(a) = ad+(1—a)F,. Lemma 6.11 implies that

there exists ge(@) = qo(@e,ve(e)) such that Fiape(@e, ve(@)) = fvale(@e, ve(a), ge(er)) +
o(1). In particular,

Foar,e(@e, Y0) — Fuale(@e, 7e) = fuare(@e, ve(1), qe(1)) — fuare(@e, 7(0),qe(0)).  (6.65)
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Estimating the differentials of the implicit parameter ¢;(a) via Lemma 6.11, we find

0 N _
a*afval,e(we,w(a)vw(a)) = (27 (6.66)
The claim follows by combining (6.65) and (6.66). O

Claim 6.44. Assume that t € T is such that Y; < 2¥/4. Then Focet(@0,9) — Focet(w, ) <
Y,0(47F).

Proof. For (z1,22) € {(x,¢),(c,x),(r,y), (y,x)} let I;*** be the set of all i € [d;] such
that [w;}™ — 073 > k2. Then

kL~ 20|Izlzz| < § : |wzlzz z122 _ § wflzZ27 E mgwiljzz

) . Nt
i€[dy] i€[dy] (€,5)€8(t,i)

<
< 3

I

ieldd] (e.gyeaed)

_Z122
ti Wy j

+ 2%k, < 2d, /K2°.

Hence, the set [, = IF°UI;”UIFFUIL}" hassize |I;| < d;/k*. Moreover, we have |w;'* —1| <
1/k for all 2y, 2o € {0, 1} because otherwise £ € S(w) for all £ that feature a literal of type
t and thus Y; > 2%/4. Therefore, Lemma 6.17 guarantees that for any o € [0,1] there
exists ¢;(a) such that Foee (1 —a)w+a®) = foce,t((1 —a)w+ad, ¢ (a))+o(1). Further,
since |07} — w7} = Or(27F) for all 21, 22 € {(x, 1), (r,¢), (c,1), (r,¥), (y,T)}, a direct
calculation based on Fact 6.2 and the estimates of the derivatives of ¢;(«) provided by
Lemma 6.17 yields

o focea((1 — ) + 0, 4(a)) < ViOu(4™),

HG{ICE, Focc,t(a)a/y) - Focc,t(wf-)’) = focc,t(a}taqt(@t)) - focc,t(wtaqt(wt)) + 0(1) S
5/;50]@(4_16). O

Proof of Lemma 6.42. Lemma 6.17 implies that for any ¢ € T there exists a vector

q:(@, %) such that Fiec (@) = foce,t (@, q:(D,%)) + o(1). Furthermore, the construction of
@, 4 ensures that foce ¢ (@, q(@,9)) = Ok (k27F) for all t € T. Hence,

Focet(0,%) = Op(k27%)  forallt € T. (6.67)

Let T, be the set of all t € T such that ¥; < 2¥/% and let Ty, = T \ Tp. Combining
Claim 6.44 and (6.67), we find
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Focc ((D) - Focc(w) - Z Tt [Focc,t(@» ’S/) - Focc,t (Wa 'V)]

teT
< 0K(27%) > mYs + Ok(k27F)Vol(Th) < Ox(2751%) Y " mY,
teTy teT
< Ok(zfl-lk)%w@(w, N US(w, 7). (6.68)

On the other hand, let A = F(©,9) — Foee (@) — (F(w,y) — Foec(w)). Lemma 6.39 and
Claim 6.43 imply that

A> %Qk(sz)voug(w,y) US(w,7)). (6.69)
Combining (6.68) and (6.69) completes the proof. O

Proof of Lemma 6.33. Assume that (w, ) is a wild overlap such that F'(w, ) is maximum.
Then Lemmas 6.34, 6.37, 6.39 and 6.42 imply that either S(w) U S(w,~) U S(w,v) = 0,
or there exists a tame overlap (w,%) such that F(w,¥) > F(w,v) + (1). In the latter
case we are done. Hence, let us assume that S(w) U S(w,~) US(w,v) = 0. Then (w, )
satisfies conditions TM1-TM2 from the definition of tame and violates either TM3 or
TMA4.

If S(w)US(w,v) US(w,v) = 0, then Lemmas 6.11 and 6.17 show that there exist
qt, qe for each t € T, £ € T* such that Fya) ¢(we,ve) = feare(we, Yo, o) +0(1), Focet(wi) =
foce,t(we, gt) + o(1). Therefore, if TM3 is violated for (¢, 7, j'), we obtain

0 0 0
‘ < ) fval,l(wlypylaqf)

vy ry yT
Mgy ey Oy

= (D).

Similarly, if (¢, j) is a pair for which TM4 is violated, then subject to the affine relations
from Fact 6.2,

Mgy 05 O

0 0 0 me ~
rr rc or oce,t\Wt, qt) = —O(4 .
<87M (")'yz,j 87&],) Joce,t(Wt, q) nt k( )

‘( 0 0 0 )fval,l(wb’y@aqf)

Hence, in either case there exists an overlap (w’,7’) such that F(w',v') > F(w,~v) +
Q(1). o

Proof of Proposition 4.11. Because the total number of wild overlaps (w,~) is bounded
by a polynomial in n, the assertion is immediate from Fact 6.18 and Lemmas 6.19
and 6.33. O
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Appendix A. Symmetric and asymmetric problems

There is a relatively general and natural way of defining the notion of a symmetric
problem. As asymmetry generally poses a substantial difficulty in random constraint
satisfaction problems, and particularly so in random k-SAT, we discuss this concept
here in a bit of detail. Suppose that we are given a sequence (F )y of distributions over
instances of a constraint satisfaction problem. For instance, think of F as a random
k-CNF on N variables with a fixed density r ~ M /N. Suppose that the set of variables in
the problem instance F  is a set Vv of size IV, and assume that each of these variables can
take a value from a finite set X' of possible “spins” (in k-SAT, this would be X = {0, 1}).
Let S(Fy) be the set of solutions of the random problem instance Fy, i.e., the set of
assignments o : V,, — {X'} under which all the constraints are satisfied.

Suppose that we fix a problem instance F' = Fy such that S(Fy) # 0. Then we can
define the marginal distribution p, p of a variable x € Vi by letting

o € SEx) o) =c)]
ek = T ()

(ce X).

Thus, p,.,r is a probability distribution over X.
Formally, we could call (Fy)x symmetric if there is a fixed probability distribution p
on X such that

. 1
Jm S E [y~ ey [S(FN) #0] =0 (A1)
TEVN
Here |- || denotes the total variation distance (although any other norm would do,

because X is finite). In words, (A.1) means that the marginal distribution p, g, is
independent of the variable x, at least asymptotically in the limit of large N. Of course,
problems such as random graph coloring or random k-NAESAT satisfy (A.1), with p the
uniform distribution over the set X of “spins”. In addition, also the random k-XORSAT
problem satisfies (A.1) (up to the threshold for the existence of solutions). By contrast,
in the uniformly random k-CNF @ (A.1) does not hold.

While (A.1) refers to the plain set of solutions, it is also natural to ask if there is
symmetry with respect to covers. Of course, the appropriate definition of “cover” varies
from one CSP to another, as does the notion of what a solution is. But there are natural
ways of defining this term in many problems. The problem of finding a cover of F,, can
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then itself be viewed as a random constraint satisfaction problem, where the joker value
x is added to the set X of spins. The notion of symmetry can thus be extended to covers.

Interestingly, some problems that are symmetric at the levels of solutions fail to be
symmetric at the level of covers.? This is because the marginal probability of being
unfrozen (i.e., the probability mass assigned to %) may vary from variable to variable.
An example of this seems to be the graph coloring problem on the Erdds—-Rényi ran-
dom graph G(n,m) (see [32,36] and the references therein). By contrast, the random
graph coloring problem on random regular graph is conjectured to be symmetric both
on the level of covers and solutions. Similarly, the problem of finding a cover in random
k-NAESAT is asymmetric in uniformly random formulas but symmetric in random reg-
ular formulas [14,21]. The symmetry on the level of solutions is what greatly simplifies
the proof in [14] by comparison to the present work. In addition, the independent set
problem on random graphs G(n,m) is asymmetric in the sense of “solutions” as well as
in the sense of covers. By contrast, it is symmetric in terms of covers on random regular
graphs [20].

There is a relatively natural symmetric version of the random k-SAT problem. Namely,
let @4 q_reg denote a k-CNF on the variables V' = {1,...,2n} in which each of the
2N literals z1,—x1,...,xN, TN occurs exactly d times, chosen uniformly at random
among all such formulas. Hence, D, = D-5, = d for all <. In this model, there is no
drift towards the (trivial) majority vote assignment.

In effect, it is possible to obtain a “sharp” result in this case. More precisely, the cavity
method predicts that near the k-SAT threshold all clusters correspond to covers with no
more than 27%N variables set to *. Thus, let Y/ (®k,d—reg) be the number of covers of
the random formula @y, q—ree With at most 2k N variables assigned *, and let

E(k7 d) =limy_oo % IHE[E/(@hd—reg)]'

The arguments that we used to prove Proposition 5.1 imply that the limit exists. Further-
more, it is possible to perform a second moment argument along the lines of Section 6.
(Actually, both the first and the second moment argument greatly simplify because there
is only a single type.) The result of this analysis is

Theorem A.1. There is a constant kg > 3 such that the following is true for all k > kq.

(1) If d is such that Z(k,d) > 0, then ®k q_reg has an assignment o : V. — {0,1} that
satisfies all but o(n) clauses w.h.p.

(2) If d is such that Z(k,d) < 0, then w.h.p. under any assignment o : V. — {0,1} at
least Q(n) clauses are unsatisfied.

3 This was brought to our attention by Florent Krzakala.
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The random regular k-SAT problem was previously studied via the “vanilla” second
moment method by Rathi, Aurell, Rasmussen and Skoglund [41]. In terms of the degree d,
Theorem A.1 improves the bounds that they obtained by an additive constant.

Remark A.2. In the first part of Theorem A.1, we obtain an assignment that satisfies a
1—o(1)-fraction of all clauses rather than an actual satisfying assignment. This is because
there is no counterpart to Lemma 3.1 in random regular formulas. However, we expect
that ®5 4—reg has an actual satisfying assignment w.h.p. if d such that Z(k, d) > 0.

Appendix B. Proof of Proposition 4.1
The proof follows arguments developed in [1,17]. We continue to let D’ = (Dj);er, be
a family of independent Poisson variables with mean E[Dj] = kr/2 for all I. We recall

the following well-known fact.

Lemma B.1. There is a number C = C(k) > 0 such that for any sequence (y;)icr, of
integers we have

P[VlEL:Dl:yl]:P{VZEL:yl:Dl’

ZleLD;:kM} <CVNPN €L:D,=uy].

Proof. The first equality is immediate. The second one follows because ), Dj is Pois-
son with mean kM. O

Lemma B.2. Let Uj be the set of all variables x such that max {|D, — kr/2|,|D-, — kr/2|}
> k32F/2=1 Then |U{| < exp(—k>°)n w.h.p.

Proof. Let Uy = {l € L :|D} — kr/2| > t}, t = k32%/271_ Since the (D});c1, are indepen-
dent, |U{'| is a binomial random variable. Its mean is bounded by

E|UY| < NP[[Po(kr/2) — kr/2| > t] < Nexp (t—(kr/2+t) In(1+2t/kr)) < N exp(—k*).

Consequently, applying the Chernoff bound to [U7'|, we obtain P [|U{'| > exp(—k*?)N| <
exp(—Q(N)). Thus, the assertion follows from Lemma B.1. O

Lemma B.3. W.h.p. the set U of variables removed by PR1-PR2 satisfies |U| <
exp(—k®)N.

Proof. Let us consider a modified process in which step PR1 is replaced by
PR1’: Initially, let U = U be the set from Lemma B.2.

Clearly, the set U of variables removed by PR1-PR2 is contained in the set U’ of
variables removed by executing PR1’ and then PR2.
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Hence, assume that |U’| > exp(—k3*)N and let U, C U’ \ Uj contain the first
exp(—k>®)N variables that get removed by PR2. Set a = exp(—k?) and g = k327 1+5/2,
By construction, each € U} occurs in at least § clauses that each feature three or
more variables from U] U Uj. Hence, there are at least oS N/k such clauses. Since by
Lemma B.2 we know that w.h.p. |Uj| < aN, it suffices to prove the following statement.

W.h.p. the random formula ® does not admit a set Y C V of size y < 2alN

and at least y3/(2k) clauses contain at least three variables from Y. (B-1)

1; ) ways of choosing y variables and (, %Qk))
ways of choosing y/3/(2k) clauses. Further, the probability that a random clause contains
at least three variables from Y is bounded by (g) (y/N)3. Thus, by the union bound, the

independence of the clauses, and our choice of «, 3, we obtain

Plthere is Y asin (B.1)] < > (J;f > (yﬂj\&)) [ (1;) (y/N)S} B/ (2k)

y<2aN

S8 (G0 RES b

y<2aN

To prove (B.1), we note that there are (

thereby proving (B.1). O

Corollary B.4. Let U be the set of variables removed by PR1-PR3. Then ) ., Dy +
D_, < exp(—k*)N w.h.p.

Proof. Let S = > ,.; Di1p,~4x. Moreover, let S = 7, ) Dj1p;o4r. The Chernoff
bound shows that E[S] < exp(—k*)N (with room to spare). Moreover, since S’ is a sum
of independent random variables with E[S'] = ©(N) and Var[S’] = O (N), Chebyshev’s
inequality yields P [S" > exp(—k*)n] < Ox(N ). Therefore, by Lemma B.1

P [S > exp(—k*)N] < CVN -P [S" > exp(—k*)N] = o(1).
Since w.h.p. |U| < 2exp(—k*)N by Lemmas B.2 and B.3, we see that w.h.p.

Z dz + d—\w S S + Z 1d1§4kdw + ldﬂ1§4kd—w S S + 4k|U| § eXp(—kJQ)N,
zcU xeU

as desired. O

Lemma B.5. If d*,d~ are such that |d* — kr/2| < k3282 then |{l € L' : d; = dT,
dy = d-} = Q(N).

Proof. Let X be the set of variables x with D, = d*, D_, = d~. Combining Lemma B.1
with the Chernoff bound, we see that |X| = Q(N) w.h.p. Further, with U the set of
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variables removed by PR1-PR3, let X’ be the set of all z € X \ U with d, = D,,
d-, = D_,. Thus, X’ contains all z € X that remain unscathed by the process PR1-PR3.

Think of PR2 as removing one clause (that contains at least three variables from U)
at a time. By the principle of deferred decisions, at the time when that clause is removed
its remaining literals are random subject to the degree distribution of the literals x, —x
(x € V' \ U). Therefore, Corollary B.4 implies that E|X’| = Q(N). Finally, a standard
martingale argument implies that |X| = E|X’| + o(n) wh.p. O

Lemma B.6. W.h.p. any satisfying assignment of ®' extends to a satisfying assignment
of ®.

Proof. We begin by proving the following fact.

W.h.p. there are no sets I C [M] and S C V such that |I| = |S| = aN with
I<a< exp(—kQ)N and each clause ®,, i € I, contains at least three variables (B.2)
from S.

Indeed, by the union bound for any 0 < o < exp(—k?) the probability that there exist
1, S as above is bounded by

()G <[22 ] ™ < rmal

Summing over o = i/N < exp(—k?), we obtain (B.2).

To complete the proof let I C [M] be the set of all indices of clauses that PR2
removes. By Corollary B.4 we have w.h.p. |I| < exp(—k?)N. Moreover, each clause ®;,
1 € I, contains at least three variables from U. Hence, (B.2) implies together with the
marriage theorem that we can match each clause ®;, ¢ € I, to a variable in U. This
variable can be set such that ®; is satisfied; we conclude that any satisfying assignment
of ® can be extended to a satisfying assignment of ®. O

Proof of Proposition 4.1. The first assertion follows from Lemma B.6 and Corollary B.4
implies the second part of Proposition 4.1. The third claim follows from Lemma B.5 and
Corollary B.4. O

Appendix C. Proof of Lemma 4.14

Because w.h.p. & is obtained from ® by removing no more than 8 *N vertices and
8 FM edges, it suffices to establish certain expansion properties for the random for-
mula ®. More specifically, to obtain Lemma 4.14 it suffices to prove that ® enjoys the
following three (stronger) properties w.h.p.
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(i) Assume that A C L is a set of literals such that |A] > 0.01N. Let M be the set
of all clause indices ¢ € [M] such that ®; contains at least 0.002k literals from A.
Then |M|/M > 1 — exp(—Q(k)).

(ii) Assume that A, B C L are disjoint sets of literals such that |A|,|B| > 0.93N. Let
M be the set of all i € [m] such that ®; contains at least 0.41k literals from A and
at least 0.41k literals from B. Then |M|/M > 1 — k=10,

(iii) Assume that A C L has size |A| < k=8 N. Let M be the set of all i € [M] such that
®, contains at least 0.9k literals from A. Then |M| < |A].

To prove (i), let a = 0.01. By the Chernoff bound there exists v > 0 such
that P [Bin(k,a/2) < 0.002k] < exp(—~vk). We may assume that, say, v < 0.1. Let
B = exp(—vk/2). The probability that (i) is violated can be bounded as follows. There are
(22(11}[\[) ways to choose a set A of 2aN literals and ( ﬁj\]@) ways to choose 5 = exp(—Q(k))
clauses. Moreover, the probability that none of these SM clauses contains 0.002k literals
from A is bounded by exp(—vk - SM), because the literals are chosen independently and

uniformly at random. So, the probability that (i) is violated is at most

p= (;ajjv\,) < B]\J{/f) exp(—vkBM).

By Fact 3.3 and the inequality H(z) < (1 — Inx) we obtain

1 M M
%NQH(G)JFN(H@_@W)g2+%(1—lnﬁ—vk)-

However, the last expression is negative whenever k is sufficiently large because M/N =
Q1(2%) and, say, 8 > 27%/2. Thus, the probability that (i) is violated is bounded by
exp(—Q(N)).

With respect to (ii), fix two sets A, B. Then by the Chernoff bound the probability that
a random clause fails to contain at least 0.41k literals from either A or B is bounded
by 2P [Bin(k,0.465) < 0.41k] < exp(—~k) for some constant v > 0. Hence, the total
number X (A, B) of clauses with this property is a binomial random variable with mean
E[X (A, B)] < exp(—vyk)M. Consequently, once more by the Chernoff bound and because
M/N = Qi(2)

P[X(A,B) > M/k"] <exp [-M/k"] <57V,

Since the total number of ways of choosing A, B is bounded by 4V, (ii) holds w.h.p.

To establish (iii), fix a set A of size |A| = 2aN with 0 < a < k78, Let X(A) be
the number of clauses with at least 0.9k literals from A. Then X (A) has distribution
Bin(M, q) with ¢ = P [Bin(k,a) > 0.9%]. The Chernoff bound guarantees that ¢ < a%8*
whenever k is sufficiently large. Therefore, applying Chernoff once more, we find
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P[X(A) > aN] < exp {aN In M]\\[/l] < exp(0.7akIna - N).
eq

Since the number of possible sets A is bounded by (/) < exp(2a(l — Ina)N), the
assertion follows from the union bound.

Appendix D. Notation index

Symbol

Description

Random formulas:

L

(I)/
n
m

c= {bvg}
p= {r,b,g}

Types:
0

T
[T]
T*

ke
tZ
&

a(t, h)

Random K-SAT formula with N variables and M
clauses

Pruned random formula

Number of variables of ®’

Number of variables clauses ®’

Degree of literal [ in &’

Set of literal clones, £ = J;c . {1} x [di]
Random formula (configuration model)

Red, representing a true and “blocking” literal
occurrence

Blue, representing a true but “non-blocking”
literal occurrence

Represents a true literal occurrence

Green, an occurrence of a literal set to the joker
value *

Yellow, an occurrence of a false literal

Cyan: either blue or green

Purple: either red, blue or green

Type of literal I, comprising of d;, d—; and
distributions (67,;)je(d,), (0-1.5)j€ld-i]

Set of literal types

Set of pairs {t,—t}, t € T

Set of clause types, consisting of all litelat types in
the clause

Length of a clause of type ¢; k; € {k — 2,k — 1,k}
Probability of color z under t € T

Probability of color z under ¢;, £ € T*

Set of “clause slots” (¢, j) where the hth clone of a
type t literal may occur

Definition
Section 1

Section 4.1
Section 4.1
Section 4.1
Section 4.1
Section 4.1
Eq. (4.4)

Section 4.2
Section 4.2

Section 4.2
Section 4.2

Section 4.2
Section 4.2
Section 4.2

Section 4.3

Definition 4.5
Section 4.6
Section 4.3

Section 4.3
Egs. (4.8)

Eq. (4.6)—(4.7)
Section 4.3
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First moment computation:

qz T q}” j Auxiliary parameters associated with clause type Proposition 5.1
¢ and j € [ky]

dn Auxiliary parameters associated with literal type ¢ Proposition 5.1
and h € [dy]

St Probability that a literal of type ¢ set to 1 is Fig. 1
“blocked”

97 Probability that a clause of type ¢ contains two Fig. 1

cyan literals
9t Probability of containing a red literal in position j Fig. 1
and yellow ones elsewhere

Second moment computation:

W,y Overlaps Section 6.1

W,y Average overlaps Section 6.1

a’” Auxiliary parameters associated with clause type = Lemma 6.11
L, j € lk¢] and 21, 22 € {p, v}

9.5 Success probability for the validity problem Fig. 3

gz;yj,j, Success probability for the validity problem Fig. 3

aGn’ Auxiliary parameters associated with literal type =~ Lemma 6.17
t, h € [d:] and colors z1, 22

spre Success probabilities for the occupancy problem Fig. 4
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