Supplemental Section

A SPACE method

Algorithm 1 (SPACE pseudocode)

Input: Standardize data to have mean zero and standard deviation one
Input: Fix maximum number of iterations: r,,,.
Input: Fix initial estimate: (d}l(lo ) =1 /sii as suggested)
Input: Choose weights®: w; (w; = wy; or w; = 1)
Set r«+ 1
repeat
## Update partial correlations

Update p) by minimizing (with current estimates {&\/ "}?_, as fixed)

1< et )
g2 | wll Y= Do | Yl |+ D0 1o (18)
i=1 i Wi 1<i<j<p

## Update conditional variances
Update {wg) P, by computing (with fixed ﬁg_l) and d)g_l) for all 7 and j)

1 1 A1\ (r—
NOEE EHYZ - Z(P])( Y 3 (19)
Wi i
fore=1,...,p.
r<—r+1
Update weights: w;
until r == r,,,,.
Return (i)(rm””), {(IJZ(ZT mas) b))

“Peng et al. (2009) suggest two natural choices of weights w;: (1) uniform weights w; = 1 for
all  =1,2,...,p (ii) partial variance weights w; = w;;.

Proof of Lemma 1: Note that when fixing the diagonals {w;; }7_;, the minimization in (18) in
the SPACE algorithm (with weights w; = w;;), corresponds to minimizing (Q)spc with respect

to p. Now, let @;; be the minimizer of Q. with respect to wy;, fixing {5;;}1<izj<p (Where



Bij = py /22 = —22) Then, it follows that

-1
. 1
Wi = <ﬁ||Yi - Zﬁinj||g> (20)
i
The result follows by comparing (20) with the updates in (19). O

B Proof of Lemma 2

Let Y denote the n x p matrix with j column given by Y; for j = 1,2,...,p. Define
Qsym(a, ) = 2 < L Esym,j(ajj,Qj)> + A (Zlgiq‘gp |wij|> so that

o 1 o
Loym,j(azs, ) = nlogay; + —|[IY; + Y Q513 (21)
Jj
where v = (a11 o2 -+ ), aj; = 1/w,; and Qj is the j® column of €. Recall that € is
the matrix €2 with zeros in place of the diagonal entries. If follows that
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It is clear that in general 0?Quym(c, Q)/aaj?j # 0. Hence, Qqym(ax, Q) is not convex.

C Proof of Lemma 3

Proof. 1) Rewrite the SPLICE objective function Qsn(B,D) = Liun(B,D) + A3, |5l

where
1 2 —2
L1(B,D) = 3 [nlog det(D?) + tr(D~*A)],

and A = [a;;] = (I-B)Y'Y(I—-B’). The function Ly, (B, D) with all variables fixed except
d;; is given by

Lsp;(B, djj) = [n log d?j + %] + constants.
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Now,

0Qp(B,D)  n
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It is clear in general 0Q2 (B, D)/dd5; # 0. Hence Qu,(B, D) is not convex.
ii) Similarly, define Q7,(B, C) = E;‘pl(B, C) + A ;18] where

1
(B, C) = 5 [nlog C% + tr(C*A)] .

It is clear that for a fixed C, £7,(B, C) is a convex function in B (Rocha et al., 2008). Now
for a fixed B let

N | —

(B, cj;) = = [2nlog ¢ + ;a5 + constants
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Now, note that 9(Q,))*(B, C)/0c3; > 0 since a;; > 0.
To see that a;; > 0 note that A =I-B)YY(I-B)

= G'G, where G=Y(I-B)
Now, a;; = Gy;

Gaj = [|Gajl* 20 O



D CONCORD algorithm

Algorithm 2 (CONCORD pseudocode)

Input: standardize data to have mean zero and standard deviation one
Input: Fix maximum number of iterations: 7,4,
Input: Fix initial estimate: O
Input: Fix convergence threshold: e
Set r + 1
converged = FALSE
Set chrrent «— Q(U)
repeat
Qold — chrrent
## Updates to partial covariances w;j
fori+ 1,2,--- ,p—1do
for j<—i1+1,--- ,pdo

(Di(;urrent — (/Iv” (Q current))ij (23)
end for
end for

## Updates to partial variances wy;
fori«+ 1,2,--- ,pdo
d)current — (ﬂi(chrrem»ii (24)

ii
end for

Q(r) — chrrent

## Convergence checking

if Hflcu”ent — QOldeaX < € then
converged = TRUE

else
r—r+1

end if

until converged = TRUE or 7 > 7pax
Return final estimate: Q)




E Computational complexity

We now proceed to show that the computational cost of each iteration of CONCORD is
min (O(np?), O(p?)), that is, the CONCORD algorithm is competitive with other proposed
methods. The updates in Equations in (23) and (24) are implemented differently depending
on whether n > p or n < p.

Case 1 (n > p): Let us first consider the case when n > p. Note that both sums in (11) are
inner products between a row in () and a row in S. Clearly, computing these sums require
O(p) operations each. Similarly, the update in (10) requires O(p) operations. Since there
are O(p?) entries in €, one complete sweep of updates over all entries in Q) would require
O(p?) operations.

Case 2 (n < p): Let us now consider the case when n < p. We show below that the updates
can be performed in O(np?) operations. The main idea here is that the coordinate-wise
calculations at each iteration, which involves an inner product of two p x 1 vectors, can
be reduced to an inner product calculation involving auxiliary variables (residual variables
to be more specific) of dimension n x 1. The following lemmas are essential ingredients in
calculating the computational complexity in this setting. In particular, Lemma 6 expresses

the inner product calculations in (10) and (11) in terms of residual vectors.

Lemma 6. For1 <i,j <p,

!/
E WikSjk = —WijSjj + Wi Y ;T
oy

where Y 1s the 3t column of the data matriz Y, and r; =Y, + Zk# ‘:’J’“ Y, is an n-vector

of residuals of regressing Y; on the rest.

The following lemma now quantifies the computational cost of updating the residual
vectors during each iteration of the CONCORD algorithm.

Lemma 7. Define the residual vector r,, form =1,2,...,p as follows:
Wmk
=) =Y, +> Y 25
r r,(92) + 2= G k (25)

where () = ((Qij»lgi,jﬁp' Then,

1. For m # k,l, the residual vector v, is functionally independent of wy,. (The term wy

appears only in the expressions for the residual vectors ry and r;.)



2. Fiz all the elements of ) except wy;. Suppose wy; is changed to wy,. Then, updating the
residual vectors vy, and r; requires O(n) operations. (Hence, updating vy and r; after

each update in (23) requires O(n) operations.)

3. For m # k, the residual vector r,, is functionally independent of wyy. (The term wy

appears only in the expression for the residual vector ry.)

4. Fiz all elements of () except wyy,. Suppose wyy, s changed to wy,. Then, updating the
residual vector vy, requires O(n) operations. (Hence, updating vy after each update in

(24) requires O(n) operations).

The proofs of Lemmas 6 and 7 are straightforward and are given in Supplemental Sections
G and H. Note that the inner product between y; and r; takes O(n) operations. Hence,
by Lemma 6 the updates in (23) and (24) require O(n) operations. Also, after each update
in (23) and (24) the residual vectors need to be appropriately modified. By Lemma 7, this
modification can also be achieved in O(n) operations. As a result, one complete sweep of
updates over all entries in { can be performed in O(np?) operations.

Hence, we conclude that the computational complexity of the CONCORD algorithm is
competitive with the SPACE and Symmetric lasso algorithms, which are also min (O(np?), O(p?)).

F Proof of Lemma 4

Note that for 1 <17 < p,

Qcon(Q) = —nlogw;; + g (wfisii —+ 2wi; Zwijsij> + terms independent of wj;. (26)
J#i

where s;; = Y;Y;/n. Hence,

0 1
aTZ_Z_Qcon(Q) =0 < o + Wi Sii + Zwijsz‘j =0
J#i
2
- Ej;éi WijSij + (Z#i Wijsij) + 4sy;

= Wi = y
287;7;

Note that since w;; > 0 the positive root has been retained as the solution.



Also, for 1 <i < j <p,

Qeon(Q) = HWTSNW?ﬂ—n <Z Wi Sii + Z%’fj%‘/) wij+A|w;j|+ terms independent of w;;.
J# i i
(27)

It follows that
SA <— (Zjlfj wij’sjj’ —|— 22,7&1 wi/jsii/>>
(TZ(Q))” =— )

Sii + Sjj

where S, is the soft-thresholding operator given by S, (x) = sign(x)(|z| — n)4.

G Proof of Lemma 6

Let Y; denote 4% column of the data matrix Y. Then, using the identity Zi:l WikSjk =

WijSji Dy WikSik = WiiSij + D pops WikSiks

. Wik
WikSjk = —WijSj; + Wi | Sij + —Sjk

W
ki 0

Wi
ki %

/
= —w;;Sjj + wi Y Iy,

where r; =Y, + >, i “£Y, is an n-vector of residuals after regressing the ith variable on

the rest. 0

H Proof of Lemma 7

1. Result follows easily from inspecting ry and r;.

2. If wy is updated to wj, it follows from part 1 that among all the residual vectors, only

r; and r; change values. The residual vector ry can be updated as follows:

(Wi — wit)

Wk

I‘}:,:I'k—F Yl-

Clearly, this update requires O(n) operations. The vector r; can be updated similarly.

3. Result follows easily from inspecting ry.



4. If wy is updated to wjy, it follows from part 3 that among all the residual vectors,

only ry changes value. The residual vector ry can be updated as follows:

o Wk
r, = (rpy — Yy)
Wik

Clearly, this update requires O(n) operations. O

I Proof of Lemma 5

Proof. (CONCORD) Let A = nS Expanding the ¢;-norm of the residual, we have

p
i ¥ + Y S wi Y5lI5 = 1Y wi Y513 = [Yewill3 = wia Y Yuwie = wfeAwi,

i j=1

Hence, (12) is equivalent to

N[ —

p P p
1

con 5 —2nl i W Awie) = — 1 i TS ieAwie

;:1 nlogwi; + wisAwie) n E ogw +2 E wig Aw

= —nlog (H wu) —tr (QSQ)

(—log det QF, + tr(SQ?)).

AN IS

Hence, Geon(Q) = Qp and Heo,(Q) = Q2

(SPACE with unit weights) Reparameterizing (13) using the identity —p"\/w;;/wi; =

wjj/wii, the fa-norm of the residual can be expressed as follows.

Wi 1
Y+ 320X = | Yo+ Yl = Syl Aw
i J#i “

Hence, (13) is equivalent to

£spc,1<Q) = —§ lOg det QD + = Z “(.AJ Awi.
i=1 Wi

n n d !

=—§logdetQD+§Z -




1
- —g log det Qp + - tr(25' QAN

_ g (—log det Qp + tr(SQQL2QY)) .

Therefore, Gpe1(Q) = Qp and Hype 1 (2) = QQ 520

(SPACE with w; weights) Similar to the analysis for SPACE1 with unit weights, the
ly-norm of the residual for the SPACE2 formulation (i.e., with weights w;;) can be expressed

as follows.

W, 1
) JJ /
wii||Y: — g T 22YG5 = wi | S wieAwse
JF#i i Wi
1
!/
= —w;,Awje
i

Hence, (14) is equivalent to

Lope2(2) = ) log det Qp + = Z —w JAw;,

=1 Wi

n wio
=-3 logdet Qp + — Z

\/ wll \/ wl’t
_ _g log det Qp + 5 tr(QDl/ 20800,"%)

n
=5 (—logdet Qp + tr(SQQ,'Q))

Therefore, Gpe2(Q) = Qp and Hype2(Q) = Q5.

(SYMLASSO) Reparameterizing (15) by a;; = 1/wy; and —p"y\/w;;/wi = wij/wi; yields
(14). Tt follows that Guym(Q) = Qp, Heym(Q) = QQ5'Q.

(SPLICE) Reparameterizing (16) by d = 1/w; and B;; = p“y/wj;/wy yields (14). Tt
follows that Gspl(Q> = QD, Hspl(Q) = QQI;Q ]



J Effect of correction factor

Following steps similar to proof of Lemma 4, the update formulas for Qcon(Q2) = Leon(Q2) +
A2 i) lwijl of (12) can be shown to be

2
= Dk WhiSky T \/(Zj;ék wkj$kj> + 25kk

(Thr () 1re = ™ (28)
Sa|— -y WkjSj o WIS
(To( Q) = A ( (Z];ﬁl kjSjl + Zﬁek 1 k:)) (29)
Skk + Su

J.1 Numerical example

Analysis on a dataset (n = 1000) generated from following €2 was used for this example.

1.0 0.3 0.0
=103 1.0 0.3
0.0 0.3 1.0

Without penalty, i.e. A = 0, computed solutions .., from using CONCORD and Qncorrected

from using update formulas (28) and (29) are

0.675 0.089 —0.015 0.974 0.257 0.007
Quncorrected = 0.089 0.658  0.117 |, Qeon = | 0.257 0.983 0.344
—-0.015 0.117  0.668 0.007 0.344 0.978

It is clear that the estimate (2., with the correction factor performs better parameter esti-

mation.

K Proof of Theorem 1

Khare and Rajaratnam (2014) establish convergence of the cyclic coordinatewise minimiza-
tion algorithm for a general class of objective functions. The proof of convergence for CON-
CORD relies on showing that the corresponding objective function is a special case of the
general class of objective functions considered in Khare and Rajaratnam (2014). A more
detailed version of the following argument can be found in (Khare and Rajaratnam, 2014,
Section 4.1). We provide the main steps here for convenience and completeness.

Let y = y(Q) € RP* denote a vectorized version of 0 obtained by shifting the cor-

responding diagonal entry at the bottom of each column of €2, and then stacking the

10



columns on top of each other. Let P’ denote the p x p permutation matrix such that

Piz.= (21, ,2i_1,2i41, ", 2p, 2i) for every z € RP. Tt follows by the definition of y that

y =y(Q) = ((P'Q1)", (P*Qa)", -, (PPQ,)")"

p(p+ )

Let x = x(Q2) € R
1 > j from y. More precisely,

be the symmetric version of y, obtained by removing all w;; with

X = X(Q) = (wlla W12, W2+ +  Wipy Wap, * * * 7wpp>T'

Let P be the p? x (p D matrix such that every entry of P is either 0 or 1, exactly one entry
in cach row of P is equal to 1, and y = Px. Let S be a p? x p? block diagonal matrix with p
diagonal blocks, and the i diagonal block is equal to S := TPS(PHT, where S = 1YTY.
It follows that

1 - T 1 - T T i T i 1 % %
EEQ.iSQ.i_E;Q,i(P) PiS(PHTPIQ, = 52_: S(PHYT)(PQ.)
= xTPTSPx. (30)

Note that for every 1 < i < p, the matrix S = L P'S(P")T is positive semi-definite. Let S/
denote the p? x p? block diagonal matrix with p diagonal blocks, such that the i*" diagonal
block is given by (S9)/2. Let E = SY/2P. It follows by (30) that

% zp: 0TS0, = (Ex)T(Ex). (31)

By the definition of x(£2), we obtain

Wi = ity (32)
for every 1 <i < p. Let
So {j: 1sJ§p(p;1),j%i(i“) forany1§z'§p},
and
P(P‘F)‘

X={xeR z; > 0 for every j € Si}.

It follows by (8), (31) and (32) that the CONCORD algorithm can be viewed as a cyclic

11



coordinatewise minimization algorithm for minimizing the function

A
con - TETE - 1 i - j
Qeon(X) =n < x X Z ogzi+ Z lz;| ¢, (33)

S JE€So

subject to x € X. For every 1 <i < p(p+ 1)/2, there exist 1 < k,I < p such that x; = wy.
Note that ||E;||* = w > 0. It also follows from (Khare and Rajaratnam, 2014, Lemma
4.1) that for every & € R, the set Re := {x € X : Qcon(x) < £} is bounded in the sense
that for every ¢ € Sy, x; is uniformly bounded above and below, and for every ¢ € S§, x;
is uniformly bounded above and below (from zero). It follows by (Khare and Rajaratnam,
2014, Theorem 3.1) that the sequence of iterates produced by the CONCORD algorithm

converges.

12



L. Application to breast cancer data

=2
S|<|E| &
Ol2|olo
S22 =
Ol | |
Gene Symbol | O | o2 | »2 | »2 | Reference
HNF3A (FOXA1) | + | + | + | + | Koboldt and Others (2012), Albergaria et al. (2009),
Davidson et al. (2011), Lacroix and Leclercq (2004),
Robinson et al. (2011)
TONDU | 4+ | + | + | +
FZD9 | + | + | + | + | Katoh (2008), Rgnneberg et al. (2011)
KIAA0481 | + | + | + | + | [Gene record discontinued]
KRT16 | + | + | + Glinsky et al. (2005), Joosse et al. (2012), Pellegrino et al.
(1988)
KNSL6 (KIF2C) | + + | Eschenbrenner et al. (2011), Shimo et al. (2007, 2008)
FOXC1 | + |+ | + | + | Duet al. (2012), Sizemore and Keri (2012), Wang et al.
(2012), Ray et al. (2011), Tkocz et al. (2012)
PSA | + | + + | Kraus et al. (2010), Mohajeri et al. (2011), Sauter et al.
(2004), Yang et al. (2002)
GATA3 | + | + | + | + | Koboldt and Others (2012), Davidson et al. (2011), Al-
bergaria et al. (2009), Eeckhoute et al. (2007), Jiang et al.
(2010), Licata et al. (2010), Yan et al. (2010)
C200RF1 (TPX2) | + Maxwell and Others (2011), Bibby et al. (2009)
48 ¥+ [+
ESR1 + | Zheng et al. (2012)

Table 6: Summary of the top hub genes identified by each of the four methods, CONCORD,
SYMLASSO, SPACE1 & SPACE2: Genes indicated by ‘+’ denote the 10 most highly con-
nected genes for each of the methods. References are provided at the end of this supplemental

section.
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M Application to portfolio optimization

M.1 Constituents of Dow Jones Industrial Average

Symbol Description Return (%) Risk (%) SR
AA Alcoa Inc. 9.593 41.970 0.109
AXP  American Express Company 18.706 38.913 0.352
BA The Boeing Company 13.417 32.685 0.258
BAC  Bank of America Corporation 13.182 48.588 0.168
CAT  Caterpillar Inc. 19.042 35.050 0.401
CSCO  Cisco Systems, Inc. 22.650 44.565 0.396
CVX  Chevron Corporation 15.486 26.716  0.392
DD E. I. du Pont de Nemours and Company 10.591 30.537 0.183
DIS The Walt Disney Company 12.312 32.800 0.223
GE General Electric Company 12.449 31.667 0.235
HD The Home Depot, Inc. 17.266 34.422  0.356
HPQ  Hewlett-Packard Company 10.769 40.727 0.142
IBM  International Business Machines Corporation 18.715 29.944  0.458
INTC  Intel Corporation 18.325 41.543 0.321
JNJ Johnson & Johnson 13.664 22.087 0.392
JPM  JPMorgan Chase & Co. 18.292 42.729 0.311
KO The Coca-Cola Company 10.617 24.092 0.233
MCD  McDonald’s Corp. 14.457 26.114 0.362
MMM  3M Company 12.596 25.353  0.300
MRK  Merck & Co. Inc. 12.385 29.616 0.249
MSFT  Microsoft Corporation 18.612 33.904 0.401
PFE  Pfizer Inc. 14.376 29.060 0.323
PG Procter & Gamble Co. 13.262 24.241 0.341
T AT&T, Inc. 11.231 28.781 0.217
TRV  The Travelers Companies, Inc. 14.726 31.706  0.307
UTX  United Technologies Corp. 18.618 28.760 0.474
VZ Verizon Communications Inc. 11.403 27.728 0.231
WMT  Wal-Mart Stores Inc. 15.495 27.955 0.375
XOM  Exxon Mobil Corporation 15.466 25.764 0.406

Table 7: Dow Jones Industrial Average component stocks and their respective realized re-
turns, realized risk and Sharpe ratios. The risk-free rate is set at 5%.

14



<

Investment periods

Date Range

Date Range

Date Range

Date Range

0O Uk WN =R

95/02/18-95/03/17
95/03/18-95/04/14
95/04,/15-95/05,/12
95/05/13-95/06,/09
95/06/10-95/07/07
95/07/08-95/08,/04
95,/08/05-95/09/01
95/09/02-95/09,/29
95/09/30-95/10/27
95/10,/28-95/11/24
95/11/25-95/12/22
95/12,/23-96/01,/19
96/01/20-96/02/16
96/02/17-96/03/15
96/03,/16-96/04,/12
96/04,/13-96/05,/10
96/05/11-96/06 /07
96/06/08-96/07 /05
96/07/06-96/08,/02
96/08/03-96/08 /30
96/08/31-96/09/27
96/09/28-96/10,/25
96/10,/26-96/11,/22
96/11,/23-96/12/20
96/12/21-97/01/17
97/01/18-97/02/14
97/02/15-97/03/14
97/03/15-97/04/11
97/04/12-97/05/09
97/05/10-97/06 /06
97/06/07-97/07/04
97/07/05-97/08/01
97/08/02-97/08,/29
97/08/30-97/09/26
97/09/27-97/10/24
97/10/25-97/11/21
97/11/22-97/12/19
97/12/20-98/01/16
98/01,/17-98/02/13
98/02,/14-98/03,/13
98/03/14-98/04,10
98/04/11-98/05/08
98/05/09-98/06/05
98/06/06-98/07/03
98/07/04-98/07/31
98/08/01-98/08 /28
98/08/29-98/09/25
98/09/26-98/10,/23
98/10,/24-98/11,/20
98/11/21-98/12/18
98/12/19-99/01/15
99/01,/16-99/02,/12
99/02,/13-99/03,/12
99/03/13-99/04,/09
99/04,/10-99/05/07
99/05/08-99/06,/04
99/06/05-99/07 /02
99/07/03-99/07 /30

99
100
101
102
103
104
105
106
107
108
109
110
111
112
113
114
115
116

99/07/31-99/08/27
99/08,/28-99/09/24
99/09,/25-99/10,/22
99/10/23-99/11/19
99/11/20-99/12/17
99/12/18-00/01/14
00/01/15-00/02/11
00/02,/12-00/03,/10
00/03,/11-00/04,/07
00/04,/08-00/05/05
00/05,/06-00/06,/02
00/06,/03-00/06/30
00/07/01-00/07 /28
00/07/29-00/08/25
00/08/26-00/09/22
00/09/23-00/10,/20
00/10/21-00/11/17
00/11/18-00/12/15
00/12/16-01/01/12
01/01/13-01/02/09
01/02/10-01/03,/09
01/03,/10-01/04,/06
01/04,/07-01/05/04
01/05/05-01/06/01
01/06,/02-01/06,/29
01/06/30-01/07/27
01/07/28-01/08,/24
01/08,/25-01/09,/21
01/09/22-01/10/19
01/10/20-01/11/16
01/11/17-01/12/14
01/12/15-02/01/11
02/01,/12-02/02/08
02/02/09-02/03,/08
02/03/09-02/04/05
02/04,/06-02/05/03
02/05,/04-02/05/31
02/06,/01-02/06,/28
02/06,/29-02/07/26
02/07/27-02/08,/23
02/08,/24-02/09,/20
02/09/21-02/10/18
02/10/19-02/11/15
02/11/16-02/12/13
02/12/14-03/01/10
03/01,/11-03/02,/07
03/02/08-03/03,/07
03/03,/08-03/04,/04
03/04/05-03/05/02
03/05,/03-03/05/30
03/05/31-03/06/27
03/06/28-03/07/25
03/07/26-03/08,/22
03/08/23-03/09/19
03/09/20-03/10/17
03/10/18-03/11/14
03/11/15-03/12/12
03/12/13-04/01/09

117
118
119
120
121
122
123
124
125
126
127
128
129
130
131
132
133
134
135
136
137
138
139
140
141
142
143
144
145
146
147
148
149
150
151
152
153
154
155
156
157
158
159
160
161
162
163
164
165
166
167
168
169
170
171
172
173
174

04/01,/10-04/02/06
04/02/07-04/03/05
04/03,/06-04/04,/02
04,/04/03-04,/04/30
04/05,/01-04/05,/28
04/05,/29-04/06,/25
04/06,/26-04/07/23
04/07/24-04/08,/20
04/08/21-04/09/17
04/09/18-04/10/15
04/10/16-04/11/12
04/11/13-04/12/10
04/12/11-05/01,/07
05/01,/08-05/02/04
05/02,/05-05/03 /04
05/03/05-05/04,/01
05/04,/02-05/04,/29
05/04,/30-05/05/27
05/05,/28-05/06/24
05/06/25-05/07 /22
05/07/23-05/08,/19
05/08,/20-05/09/16
05/09/17-05/10/14
05/10/15-05/11/11
05/11/12-05/12/09
05/12/10-06/01,/06
06/01/07-06/02/03
06/02,/04-06/03,/03
06/03,/04-06/03/31
06/04,/01-06/04,/28
06/04,/29-06/05/26
06/05/27-06/06/23
06/06,/24-06/07 /21
06/07/22-06/08/18
06/08,/19-06/09/15
06/09/16-06/10/13
06/10/14-06/11/10
06/11/11-06/12/08
06/12/09-07/01,/05
07/01,/06-07/02/02
07/02/03-07/03/02
07/03/03-07/03/30
07/03/31-07/04/27
07/04/28-07/05/25
07/05,/26-07/06,/22
07/06,/23-07/07/20
07/07/21-07/08,/17
07/08/18-07/09/14
07/09/15-07/10/12
07/10/13-07/11/09
07/11/10-07/12/07
07/12/08-08/01,/04
08/01,/05-08/02/01
08/02,/02-08/02,/29
08/03/01-08/03/28
08/03,/29-08/04/25
08/04,/26-08/05/23
08/05,/24-08/06,/20

175
176
177
178
179
180
181
182
183
184
185
186
187
188
189
190
191
192
193
194
195
196
197
198
199
200
201
202
203
204
205
206
207
208
209
210
211
212
213
214
215
216
217
218
219
220
221
222
223
224
225
226
227
228
229
230
231

08/06/21-08/07/18
08/07/19-08/08/15
08/08/16-08/09/12
08/09/13-08/10/10
08/10/11-08/11/07
08/11,/08-08/12/05
08/12,/06-09/01,/02
09/01,/03-09,/01/30
09/01,/31-09/02/27
09/02/28-09/03/27
09/03/28-09,/04,/24
09/04,/25-09/05 /22
09/05,/23-09,/06,/19
09/06,/20-09/07/17
09/07/18-09/08/14
09/08,/15-09/09/11
09/09/12-09/10/09
09/10/10-09/11/06
09/11,/07-09/12/04
09/12/05-10/01,/01
10/01/02-10/01/29
10/01/30-10/02/26
10/02/27-10/03/26
10/03/27-10/04/23
10/04/24-10/05/21
10/05/22-10/06/18
10/06/19-10/07/16
10/07/17-10/08/13
10/08/14-10/09/10
10/09/11-10/10/08
10/10/09-10/11/05
10/11/06-10/12/03
10/12/04-10/12/31
11/01/01-11/01/28
11/01/29-11/02/25
11/02/26-11/03/25
11/03/26-11/04/22
11/04/23-11/05/20
11/05/21-11/06/17
11/06/18-11/07/15
11/07/16-11/08/12
11/08/13-11/09/09
11/09/10-11/10/07
11/10/08-11/11/04
11/11/05-11/12/02
11/12/03-11/12/30
11/12/31-12/01/27
12/01/28-12/02/24
12/02/25-12/03/23
12/03/24-12/04/20
12/04/21-12/05/18
12/05/19-12/06/15
12/06/16-12/07/13
12/07/14-12/08/10
12/08/11-12/09/07
12/09/08-12/10,/05
12/10/06-12/10/26

Table 8: Investment periods in YY/MM/DD format
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M.3 Details of minimum variance portfolio rebalancing

The investment period during which a set of portfolio weights are held constant is also
referred to as the “holding period”. The number of trading days in the k-th investment
period, Lj, may vary if rebalancing time points are chosen to coincide with either calendar
months, weeks or fiscal quarters. Let ¢ index the number of an arbitrary day during the
entire investment horizon. The number of trading days 7} in the first j investment periods

is given by

J
Ty =) L, (34)
k=1

where j = 1,2,..., K with T, = 0. We consider holding N constant for all investment
periods, k =1,2,.... For convenience, denote by k; the investment period that trading day
t belongs to: i.e., ky = k(t) :={k : t € [Tp_1, Ti]}.

The algorithm for the minimum variance portfolio rebalancing strategy (MVR) can now
be described as follows: At the beginning of time period k, that is after T_; days, compute
an estimate of the covariance matrix ik for period k from Ny past returns: ie., {r, : t €
[T)—1— Nest+1,Tx—1]}. Then, compute a new set of portfolio weights wy, = (1T§J,;11)_1§,;11,
and hold this portfolio constant until the Tj-th trading day. The process is then repeated
for the next holding period.

M.4 Details of cross-validation

Consider the matrix of returns R for all the stocks in the portfolio in the estimation horizon

preceding the start of the investment period (k — 1).
R = ((ry)), wherei e {1,...,p}, t € {Th-1 — Ness + 1,..., Tp_1}.

Hence, R is an Neg-by-p matrix, and the column vector R; is an Neg-vector of returns
for the j-th stock.

Now denote by Q(A) = ((wi;j(N)))1<ij<p an estimate of 2 obtained by ¢;-regularization
methods such as Glasso or CONCORD. The use of A makes explicit the dependence of
these estimation methods on the penalty parameter A. The data are the over the estimation

horizon is divided into m-folds. The penalty parameter is chosen so as to minimize the out
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of sample predictive risk (PR) given by

M p
1 m m m
PRO) = {N—Z IR = 85" R, >H%},
m=1 moi=1 j#i

where Rgm) is the vector of returns for stock ¢ in fold m, and where 1V, is the number of
observations in the m-th fold. The regression coefficient @(j\m)()\) is determined as follows:
(\m)
(\m) Wy
CARICVE

()
i (A)
estimation horizon except for fold m. The optimal choice of penalty parameter \* is then

, with QO™ ()\) based on using all the available data within a given

W,

determined as follows:

A" = arginf PR(A).

A>0

M.5 Performance metrics

For comparison purposes with (Won et al., 2012), we use the following quantities to assess

the performance of the five MVR strategies. The formulas for these metrics are given below.

e Realized return: The average return of the portfolio over the entire investment horizon.
L I
_ /
Tp - T ; T Wk,

e Realized risk: The risk (standard error) of the portfolio over the entire investment

horizon.

L 1/2
op = fZ(Tﬁwkt—Tp)Ql

t=1

o Realized Sharpe ratio (SR): The realized excess return of the portfolio over the risk-free

rate per unit realized risk for the entire investment horizon.

'p —Tf

SR = (35)

Op

e Turnover: The amount of new portfolio assets purchased or sold over each trading

period. The turnover for the k-th investment period when the portfolio weights w;, are

17



held constant is given by

p Tk—1+Lk
TO(k) = Z Wi — H (14 7i) | wig—) (36)
i=1 =Ty 1 +1

with w;p =0 foralli=1,...,p.

Size of the short side The proportion of the negative weights to the sum of the absolute
weights of each portfolio. The short side for the k-th investment period is given by

f:l ‘ min(wilm 0)|

S5 = =5 T

The average and standard error of the short sides over the all investment periods is

1/2
1K

@=%;&%%%F=EZ@%%§W

k=1

Normalized wealth growth: Accumulated wealth derived from the portfolio over the
trading period when the initial budget is normalized to one. Note that both transaction
costs and borrowing costs are taken into account. Let W (¢t — 1) denote the wealth of
the portfolio after the (¢ — 1)-th trading day. Then, the wealth of the portfolio after
the t-th trading day is given by

Wi(t—1)(1+rwy, —TC(k) — BC(k)), t="1Tp_1+1

W(t) = :
Wt —1)(1+rwy,), t# Th1+1

where T'C'(k) and BC(k) are transaction costs (of trading stocks) and borrowing costs
(of capital for taking short positions on stocks), respectively. On the first day of each
trading period, we adjust the return for these trading costs. Denote the transaction

cost rate by r., then the transaction cost incurred at the beginning of period k is given
by

TC(k) = ro - TO(K). (37)

The borrowing cost rate, BC(k), depends on the short side of the portfolio weights
during the (k — 1)-th period. Denote the borrowing daily percentage by 7, then the
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Nest Sample Glasso CONCORD CondReg LedoitWolf
35 17.08 (33.86) 13.10 (16.57) 13.29 (17.04) 13.62 (17.74) 12.33 (15.58) 8.51 (18.96)
40 16.66 (26.52) 13.13 (16.57) 13.34 (17.02)  13.39 (17.74) 11.78 (15.46) 8.51
45  11.13 (23.19) 12.74 (16.52) 13.05 (17.04) 13.05 (17.77) 10.99 (15.43) 8.51
50 9.90 (20.95) 12.89 (16.39) 13.21 (17.04) 13.08 (17.65) 11.25 (15.36) 8.51
75 11.61 17.45) 11.28 15.57) 13.10 17.04) 12.77 17.15) 10.56 (15.10) 8.51
150 9.40 (15.41) 10.28 (14.97) 13.20 (17.08) 12.76 (16.30) 10.63 (14.66) 8.51
225  10.49 (14.98) 10.38 (14.89) 13.58 (17.10) 12.92 (16.04) 11.04 (14.52) 8.51
300 10.41 (14.95) 10.37 (14.95) 13.66 (17.16) 12.85 (16.07) 10.94 (14.52) 8.51

Table 9: Realized returns of different investment strategies corresponding to different esti-
mators with various N (realized risks are given in parentheses). The maximum annualized
returns and risks are highlighted in bold.

Nest Sample Glasso CONCORD  CondReg LedoitWolf
35 8.42(3.19) 0.45(0.12) 0.38 (0.10) 0.39 (0.27) 1.40 (0.38)
40 5.81 (2.28) 0.41 (0.12) 0.34 (0.10) 0.37 (0.26) 1.29 (0.36)
45 4.58 (1.65) 0.39 (0.12) 0.31 (0.10) 0.36 (0.23) 1.20 (0.35)
50 3.74 (1.19) 0.39 (0.13) 0.28 (0.09) 0.36 (0.25) 1.11 (0.33)
75 2.03 (0.67) 0.50 (0.19) 0.21 (0.08) 0.43 (0.29) 0.86 (0.29)

150 0.87 (0.32) 0.73 (0.27) 0.14 (0.07) 0.40 (0.22) 0.54 (0.23)

225 0.57 (0.24) 0.56 (0.22) 0.11 (0.07) 0.31 (0.13) 0.41 (0.18)

300 0.44 (0.21) 0.44 (0.23) 0.09 (0.07) 0.24 (0.11) 0.33 (0.17)

Table 10: Average turnovers for various estimation horizons, N (standard errors are given
in parentheses). The minimum average and standard error values for each row are highlighted
in bold.

borrowing cost rate is given by

BCO(k) = (1 + )51 —1) Z | min(w;(_1), 0)]. (38)

N Proof of Theorem 2

The result follows by noting the following straightforward facts
1. The existence of a minimizer follows by the convexity of Qcop.

2. By assumptions (A0) and (A1), for any n > 0, {Qy}1<i<p, are uniformly bounded
away from zero and infinity with probability larger than 1 — O(n™").

3. When the diagonal entries are fixed at {@,,i; }1<i<p,, then the objective function Qcon

(reparameterized from w® to 6) is same as the objective function of SPACE with
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Nest Sample Glasso CONCORD CondReg  LedoitWolf

35 41.13 (3.18) 0.66 (0.84) 0.05 (0.14) 1.75 (5.00) 20.50 (6.64)
40 38.64 (3.47) 0.64 (0.75) 0.05 (0.14) 1.78 (5.04) 20.45 (6.63)
45 36.89 (4.26)  0.90 (0.85) 0.05 (0.14)  1.84 (4.95) 20.31 (6.61)
50 35.46 (4.38) 1.35(1.19) 0.04 (0.11) 2.17 (5.44) 20.33 (6.66)
75 30.89 (5.37) 8.67 (3.76) 0.04 (0.11) 4.91 (7.38) 20.13 (6.83)
150 25.65 (6.25) 23.48 (4.68) 0.02 (0.07) 9.07 (6.31) 19.60 (6.82)
225 23.68 (6.69) 23.36 (6.27) 0.01 (0.05) 10.71 (3.22) 19.26 (6.91)
300 22.45 (6.90) 22.42 (6.87) 0.00 (0.02) 9.95 (2.93) 18.85 (7.10)

Table 11: Average short sides for various estimation horizons, Ny (standard errors are
given in parentheses). The minimum average and standard error values for each row are

highlighted in bold.

Nest Sample Glasso CONCORD CondReg LedoitWolf
35 567.958 (214.05)  22.635 (5.62) 18.642 (4.53) 20.757 (17.46) 91.316 (25.19)
40 394.508 (149.90)  20.660 (5.70) 16.858 (4.40) 20.013 (16.78) 85.661 (24.16)
45 315.340 (108.87)  19.899 (5.80) 15.470 (4.22) 19.419 (15.27) 80.524 (23.39)
50 260.887 (81.13)  20.146 (6.39) 14.081 (4.06) 19.695 (16.04) 76.154 (22.43)
75 150.242 (45.87) 30.942 (10.92) 10.516 (3.17) 25.191 (19.19) 63.481 (20.94)

150 75.700 (27.88) 61.495 (18.40)  6.596 (2.24) 26.788 (12.83) 46.680 (17.78)

225  56.242 (22.09) 54.117 (18.82)  5.155 (1.80)  22.973 (6.08) 39.441 (15.72)

300 46.904 (20.09) 47.118 (20.72)  4.404 (1.67) 18.823 (5.16) 35.065 (14.89)

Table 12: Average trading costs in basis points for various estimation horizons, Neg (standard
errors are given in parentheses). Borrowing rate is taken to be 7% APR and transaction cost
rate is taken to be 0.5% of principal for each transaction. The minimum transaction cost for
each row is highlighted in bold.
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Figure 3: Normalized wealth growth after adjusting for transaction costs (0.5% of principal)
and borrowing costs (interest rate of 7% APR) with N = 75.

weights w; = @3, ;; (which are uniformly bounded), except that the penalty term is now

Zlgiqun An A/ Qn iiQlp j;0i;, instead of Zl§i<j§pn Anbi; as in Qgpe.

4. Since 6, ;; = ——id using the uniform boundedness of {Q,, ;; }1<i<p. , there exists a
2] ) SUSPno

—~ )

On ii0n,jj

constant C such that for any n > 0,
@5 — @plla < C1[|6;, — O7 |2

holds with probability larger than 1 — O(n™").

~

5. For 1 <1 < j < p,, sign(wy;) = sign(6,.;), since they differ by a positive multiplica-

tive constant.

6. When the penalty term in SPACE is replaced by Zl§i<j§pn An A/ iiQl 05, the uni-
form boundedness of {@,, ;i }1<i<p, implies that Theorems 1, 2 and 3 of Peng et al.
(2009) hold with trivial modifications at appropriate places. The result now follows

immediately using these theorems along with the above assertions. 0

Remark: Note that Theorem 2 on the consistency of CONCORD has been formulated as to
exactly parallel the result given for SPACE by Peng et al. (2009). An accurate estimator
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of w;; when p, > n can be obtained by using the inverse of the sample conditional variance
of each variable. In practice, however, once can simply use the diagonal estimates given by
CONCORD, and there is no need for recourse to external estimates. Note also that CON-
CORD estimates themselves always exist, regardless of the sample size, and with certainty

will lead to estimates, even when p,, > n. This property follows directly from the convergence
of the CONCORD algorithm.

O Joint convexity of the SYMLASSO in the () param-

eterization

We will show that the SYMLASSO objective function in (4) is jointly convex if we reparam-
eterize in terms of €2 (see also Lee and Hastie (2014)). However, the SYMLASSO objective
function is not in general strictly convex if n < p, and hence the convergence of the coor-
dinatewise descent algorithm is not guaranteed. It follows from the proof of Lemma 5 that
the SYMLASSO objective function (in terms of 2) is given by

Qum(®) = = [~log|Qp| +tr(SQ' Q] + 4 Yyl

2 —
1<i<j<p
P 1
Z T Z
= —|— log Wi + w—wi,Swi. + )\ |w”|
i=1 K 1<i<j<p

To prove the convexity of Qsym(€2), we first prove the following lemma.

Lemma 8. Consider the function f on Ry x R¥ defined by f(a) = a’da If A is positive

ai

semi-definite, then f is a convex function.

Proof 1t follows by straightforward manipulations that

a)= A a +2 Aa‘jLL, 39
f( ) 1161 ]z:; 1% a ( )
where a_; := (aj)?;“zl and A_; is the principle submatrix of A obtained by excluding the

first row and the first column. Since the first two terms above are clearly convex functions

T
a’;A ja

of a, it suffices to prove that the third term is a convex function of a. Again, by

straightforward manipulations, it follows that the Hessian matrix of this term is given by

2 (aZIA_la_l —(alA_la_l)T>

H — —3 2
aj —alA,la,l CllAfl
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Hence, for any b € R*! (with b_; := (b; )k+1) it follows that

b"Hb
2
= ; (bfaﬂA,la,l — 2b1a1bT1A,1a,1 + a%bilAflbfl) . (40)

1

Since A_; is positive semi-definite, it follows that if b, A_1b_; = 0, then A_1b_; = 0. In

this case

2
bTHb——s(ba Aja ) >0
ay
If b A_1b_; > 0, then it follows by (40) that
b” Hb
2
2b2 bT A_ja_q)? 2 / — bl A _ja_
ai —141-1P-1 ay 1/bzlA_1b_1
> 0.

The last statement follows by noting that (a”; A_ja_;) (b”;A_1b_;) > (b, A_ja_)* (using
the positive semi-definiteness of A_; and the Cauchy-Schwarz inequality). Hence H is a

positive semi-definite matrix, which combined with (39) implies that f is a convex function.
O

It follows by the above lemma that —wT Swie is a convex function in w;e (and hence ) for
every 1 < i < p. Since —logx and |93| are convex functions, it follows that Qs m(£2) is a

convex function.

P Examples where the Incoherence condition (A3) is

satisfied

We now present two lemmas which outline settings where the Incoherence condition (A3) is
satisfied. The first lemma shows that (A3) is satisfied if the true correlations are sufficiently
small. This lemma can be regarded as a parallel result to (Zhao and Yu, 2006, Corollary 2),
which shows that the irrepresentable condition for lasso regression is satisfied if the entries of

forsorneO<c<1

LXTX, (X, being the regression design matrix) are bounded by 5

Lemma 9. Let

dn = max |{j : @wn; # 0}].

1<i<pn
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The incoherence condition (A3) is satisfied if

Enil V20X
\/in,iiin,jj N \/Qndn)\mcut’

for everyn>1and 1 <i+# j < p,.

Proof: Tt can be shown by straightforward algebraic manipulations that
Ly, () = Uy Valn,

where V,, is a p,-block diagonal matrix with the i** diagonal block given by %,, without the
i'" row and column, and U, is an appropriate p,(p, — 1) X ¢, orthogonal matrix with 0 and
1 elements. Each column of U,, has exactly two 1’s. Hence for any x € R, it follows that
xTUTU,x = 2xTx. Tt follows that the smallest eigenvalue of U!'V,,U, is bounded below by
# Consequently, the largest eigenvalue of (U'V,,U,)~" is bounded above by ’\"ﬁ

ax

Since the diagonal entries of 3, are uniformly bounded above by %, it follows that

V28
\% Qndn )\max ’

for every n > 1 and 1 < k # | < p,. Note that for every (i,7) ¢ A, L;; 4, (Qn) has at most

2d,, non-zero entries. Hence, we get that

Finally, we note from the discussion above that

1S u <

=/

_ 2
L4, ()|l < V/2d, X V20 0

2
\% qndn)\max B \/q_n)\max .

1" = " — -1
< | 2ha @ || |25, @0)] || sien@s,)|
20 )\max
<
Vi 2 Y
= 0.
Hence (A3) is satisfied. O

The next lemma shows that the Incoherence condition (A3) holds if the true Q,’s are tridi-

agonal matrices satisfying some mild conditions. This lemma can be regarded as a parallel
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result to (Zhao and Yu, 2006, Corollary 3).

Lemma 10. Suppose that Q,, is a tridiagonal matriz with all diagonal entries equal to 1 and

the non-zero off-diagonal entries equal to p,, for everyn > 1. If p := sup,, |pn| satisfies

8p
Tz ="

then (A3) is satisfied.
Proof: Using standard results for inverse of tridiagonal matrices, it follows that

|i—|

_ . pn
1—p2

n,<gj —

for every 1 <i,j < p,. Note that A, = {(i —1,7) : 2<i<p,}, and |A,| = p, — 1. Hence,
L 4,(Qn) is a tridiagonal matrix (with the i"* row corresponding to the edge (i,i + 1)),

with
2

1—p2

=/

‘Ci(i+1),i(i+1)(Qn) = Eni + in,(i—l—l)(i—l—l) =
for every 1 <i <p, — 1, and

2
= _ _ pn
Ei(i+1)7(i+1)(i+2)(9n) = En,i(i+2) = m’

n

for every 1 <14 < p, —2. Again, using standard results for inverse of tridiagonal matrices, it
follows that

)" (1= o) (Ph/2)"
< An,An(Qn)> . L. = 4 )
i(i+1),5(5+1) 2—pt/2
for every 1 < i,j < p, — 1. Using the fact that Y - a' = ﬁ for |a] < 1, we conclude
that each entry in (E;ln, An)_l () Sign((z}jn) iS, bounded above in absolute value by Wz;ll/r
Moreover, if i < j and (4, j) ¢ A,, then E;/] 4, (€2,) has at most four non-zero entries (entries
corresponding to the edges (i — 1,4), (i, 4+ 1),(j — 1,7) and (4,5 + 1), if applicable). All of

these non-zero entries are bounded above in absolute value by denl Tt follows that for every

1-p2
(4,7) & An,
— _ — _ —1 ) Y
’ﬁij,An (€2) [EAR,AH (Qn)] Slgn(%\n) ‘
4pn| % 2
L—pp  2—pn/2
8pul
(1—p2)(2—pp/2)
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8l
(1=p*)(2-p'/2)
6.

IN

Hence (A3) is satisfied. O

Q Non-convergence of SPACE

We provide a simple example where the SPACE algorithm (with uniform weights) does not
converge, and the iterates alternate between two matrices. A sample of n =4 i.i.d. vectors
was generated from the A(0,3) distribution with ¥ as in (2). The standardized data is as

follows:

0.659253 —0.635923  0.492419
0.994414 —1.015863  1.115863
—1.150266  1.141668 —1.135115
—0.503401  0.510117 —0.473166

(41)

The SPACE algorithm was implemented with choice of weights w; = 1 and A = 0.2. Again,

after the first few iterations, it turns out that successive SPACE iterates alternate between

1.432570 1.416740  —2.132500 3552.565950 1.416720  0.000000
1.416740  3552.598070  0.000000 | and 1.416720  1.404240 2.100770 |,
—2.132500  0.000000  89.163310 0.000000  2.100770 123.137260

thereby also establishing non-convergence of the SPACE algorithm in the case when the
weights w; = 1. Note that some of the elements in the two matrices above are vastly different.

The sparsity pattern is also different, thereby yielding two different partial correlation graphs.
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