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Abstract: We present the first general formulas for the central and non-central moments of the
multinomial distribution, using a combinatorial argument and the factorial moments previously
obtained in Mosimann (1962). We use the formulas to give explicit expressions for all the non-central
moments up to order 8 and all the central moments up to order 4. These results expand significantly
on those in Newcomer (2008) and Newcomer et al. (2008), where the non-central moments were
calculated up to order 4.
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1. The Multinomial Distribution
For any d € N, the d-dimensional (unit) simplex is defined by S := {x € [0, 1] -

Y7, x; < 1}, and the probability mass function k ~ Py, (x) for & := (&1,&2,..., &) ~
Multinomial (m, x) is defined by

Pk,m(x) =

m! d d 4k d
(1= Y x)mEa kT, keNinmS, (1)

(m—Yi k)T K S p

wherem € Nandx € S. If x5,1 :=1— 2?21 x;, then (1) is just a reparametrization of

(&1 -4 | &) ~ Multinomial (m, (x, x;,1)) where Z?ill x; = 1. In this paper, our main
goal is to give general formulas for the non-central and central moments of (1), namely

E{ﬁgﬂ and E{

i=1 i

d
(&i — E[ﬁz‘])’”}r P1, P2, -, Pa € No. 2)
=1

We obtain the formulas using a combinatorial argument and the general expression for
the factorial moments found in Mosimann (1962) [1], which we register in the lemma below.

Lemma 1 (Factorial moments). Let & ~ Multinomial (m, x). Then, for all k1, ko, ..., ks € Ny,

—.

Il
MR

d
E[ él(ki)] _ m(Zle ki) kai, (3)
i=1

where m*) := m(m —1)... (m — k + 1) denotes the k-th order falling factorial of m.

The formulas that we develop for the expectations in (2) will be used to compute
explicitly all the non-central moments up to order 8 and all the central moments up to
order 4, which expands on the third and fourth order non-central moments that were
previously calculated in (Newcomer (2008) [2], Appendix A.1). We should also mention
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that explicit formulas for several lower-order (mixed) cumulants were presented in Wishart
(1949) [3] (see also Johnson et al. (1997) [4], page 37), but not for the moments.

2. Motivation

To the best of our knowledge, general formulas for the central and non-central mo-
ments of the multinomial distribution have never been derived in the literature. The central
moments can arise naturally, for example, when studying asymptotic properties, via Taylor
expansions of statistical estimators involving the multinomial distribution. For a given
sequence of i.i.d. observations X1, X», ..., X, two examples of such estimators are the
Bernstein estimator for the cumulative distribution function

1 n
Fia(x):= Y, - Z]l(ioork](Xi)Pk,m(x), xeS, mneN, 4)
keNdnms  i=1 "

and the Bernstein estimator for the density function (also called smoothed histogram)

d n
frm(x) := m7 YLk k) (X)) Pem-1(x), x€S, mneN, ®)
keNdn(m-1)S i=1

over the d-dimensional simplex. Some of their asymptotic properties were investigated by
Vitale (1975), Stadtmiiller (1986), Tenbusch (1997), Petrone (1999), Ghosal (2001), Petrone
and Wasserman (2002), Babu et al. (2002), Kakizawa (2004), Bouezmarni and Rolin (2007),
Bouezmarni et al. (2007), Leblanc (2009, 2010, 2012), Curtis and Ghosh (2011), Igarashi and
Kakizawa (2014), Turnbull and Ghosh (2014), Lu (2015), Guan (2016, 2017) and Belalia et al.
(2017, 2019) [5-30] when d = 1, by Tenbusch (1994) [31] when d = 2, and by Ouimet
(2020) [32,33] for all d > 1, using a local limit theorem from Ouimet (2020) [34] for the
multinomial distribution (see also Arenbaev (1976) [35]). The estimator (5) is a discrete
analogue of the Dirichlet kernel estimator introduced by Aitchison and Lauder (1985) [36]
and studied theoretically in Brown and Chen (1999), Chen (1999, 2000) and Bouezmarni
and Rolin (2003) [37-40] when d = 1 (among others), and in Ouimet (2020) [41] for all
d>1

3. Results

First, we give a general formula of the non-central moments of the multinomial
distribution in (1).

Theorem 1 (Non-central moments). Let { ~ Multinomial (m, x). For all py,pa, ..., ps € No,
ki
bt ©

where {}} denotes a Stirling number of the second kind (i.e., the number of ways to partition a set
of p objects into k non-empty subsets).

pi
ki

P1 Pd d
y ..oy m(zf':lkf)H{

k=0  ks=0 i=1

o [[1¢/]

Proof. We have the following well-known relation between the power p € Ny of a number
x € R and the falling factorials of x:

xP = i {Z} X0, (7)
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See, e.g., (Graham et al. (1994) [42], page 262). Apply this relation to every (’,‘fi and use the
linearity of the expectation to get

d P Pd d
E[TTe"] =Y - {Pl}...{pd}E gk, 8)
[E l] klzzo kdzz() ki kq [E l }

The conclusion follows from Lemma 1. [

We deduce a general formula for the central moments of the multinomial distribution.

Theorem 2 (Central moments). Let ¢ ~ Multinomial(m,x). Forall p1,p2,...,pq € Ny,

e[ sienr] = 5 3 55wt ] (1) [ o)

=1 6=0  £;=0k;=0  k;=0 i=1

where (z) denotes the binomial coefficient ﬁi@!'

Proof. By applying the binomial formula to each factor (§; — E[¢;])?i and using the fact
that E[¢;] = mx; foralli € {1,2,...,d}, note that

E[é@i ~EE)"] = gpzlo"'gpzdoE[éﬁf"] Ij () mmre a0

The conclusion follows from Theorem 1. [

4. Numerical Implementation

The formulas in Theorems 1 and 2 can be implemented in Mathematica as follows:

NonCentral[m_, x_, p_, d_] :=
Sum[FactorialPower [m, Sum[k[i], {i,1,d}]] =*
Product [StirlingS2[p[[i]], k[il] * x[[il] -~ k[il, {i,1,d}], ##] & @@
({x[#], 0, p[[#1]1} & /@ Rangeld]l);
Central[m_, x_, p_, d_] :=
Sum[Sum[FactorialPower [m, Sum[k[i], {i,1,d}]] *
(-m) ~ Sum[p[[i]] - ell[i], {i,1,d}] =
Product [Binomial [p[[i]], ell[i]] * StirlingS2[ell[i], k[il]] =
x[[11] =~ (p[[i]1] - el1[i] + k[il), {i,1,d}], ##] & @@
({x[#], 0, ell[#]} & /@ Rangel[d]), ##] & @@
({ell[#], 0, p[[#1]1} & /@ Rangeld]l);

5. Explicit Formulas

In Newcomer (2008) [2], explicit expressions for the non-central moments of order 3
and 4 were obtained for the multinomial distribution, see also Newcomer et al. (2008) and
Ouimet (2020) [43,44]. To expand on those results, we use the formula from Theorem 1
in the two subsections below to calculate (explicitly) all the non-central moments up to
order 8 and all the central moments up to order 4.
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Here is a table of the Stirling numbers of the second kind that we will use in our calculations:

=1,

Il
L

Il
L

Il
o

I
L

I
L

{0}
~aon {f} - {7} <0 7} - 7}
o)~ } s {5} <, {2} o 1) -

8 8
b2, {0 =8 {T} -1
5.1. Computation of the Non-Central Moments Up to Order 8

By applying the general expression in Theorem 1 and by removing the Stirling num-
bers {}} that are equal to 0, we get the following results directly.

N —— ——
Il
[}
&
—
[6; e
——
I
—_
]

Il
L

O W ON OO O Ul Ok OW ON OFr OO

Il
L

I
(=]
—
——
Il
=
—N
——
I
—_
N
N
—N

Order 1: Forany j; € {1,2,...,d},
E[¢;,] = x;m. (11)
Order 2: For any distinct jy, jo € {1,2,...,d},
E[E] = xj, [m +mPx; ], (12)
E[¢;,&,] = xj,x;,m'?). (13)

Order 3: For any distinct j1, jo, j3 € {1,2,...,d},

E[&]) = xj, [m +3m@x;, + mOx2], (14)
E[&2 &) = xj,x;, [m® + mPx; ], (15)
E[ghgfng] = Xj szx]'3m(3). (16)

Order 4: For any distinct i, jo, j3,ja € {1,2,...,d},

E[gﬁ] = xj, [m+ 7m(2)x]-1 + 6m(3)x]21 + m(4)x}?’1], (17)
E[G3 5] = xj,x;, [m® 13m0 + m(4>x]21 ], (18)
E&2 2] = x;,x;, [m® +m® (x;, + x7,) + mPx; v, (19)

E[EF81,8) = %035 [m® + mWg; ], (20)

E[gjl ‘3]'261'36]'4] =X szxj3xj4m(4). (21)
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Order 5: For any distinct j1, j2, j3, ja, j5 € {1,2,...,d},

Eg7] = xj, [m + 15171(2)xj1 + 25m(3)x]2] + 10171(4)x]31 + m(5)x;11], (22)

E[gﬁﬁh] = X, %}, [m® + 7m(3)x]-1 + 6171(4)x]21 + m(5)x}?’1], (23)

E[ ]316]22] = Xj,Xj, [m® 4 m® (3xj, +xj,) + m(4)(x]21 +3xj,xj,) + 171(5)x]21 xp], (24)

E[Z}, 8585 = % %1 [m®) + 3m Yy +mOxd ], (25)
E(¢387,85) = xjyxjp ), [m®) +m® (i, + x;,) +mxj,x3, ], 26)

(&7 6,8is8is) = x,%5,%3%, [m®) +m O ], 27)
E[2,81,81,814855] = %%, ), (28)

Order 6: For any distinct i, j2, j3, ja, j5, jo € {1,2,...,d},

]E[é?l] = xj [m +31m(2)xh —|—9Om(3)x]21 —|—65m(4>x1"3}1 + 15m(5)x;¥1 + m(6)x]51], (29)
E[C;Cjz] = Xj Xj, [m(z) + 15m(3)le —i—25m(4>x]21 + 10m<5)x/31 + m(6>x}*1], (30)
[m® +m® (7x; +x;,) +mPB (6x? + 7x; xj,)
B[S 65 = i | 6) (22 e .)]1 ooy } (31)
| +m® (x4 6x7 xj,) +m©xD xj,
E[Cﬁgjzéjé] = Xj; Xj, Xj3 [m<3) + 7m(4>le —0—6111(5)x]21 + m<6)x]31}, (32)
(m@ £ m® By, +3x ) +m® (22 +9x; x; + x2
E[E2 8] = xj,x;, " 5 mz (3xj, xlzz) ’”(6)(’;]12 Xjy Xj, + ) / (33)
| +m (3le Xj, +3xhxj2) +m X5 X5

]E[C?l 6]2251-3] = X}, X, X, [m<3) +m® (3xj, +xj,) + m® (szl +3xj,x;,) + m(6>x]21 X, (34)

E[2) 8,8/367,] = %)% %7, j, [m™) +3m )y +m©x3 ], (35)
m<3) + m<4)(x- + x4+ x; )
]E[C]zléjzzgjzs] = Xj; Xjp Xjs +m®) (x; x; ix, sz +x]v3x- )+ mOx; x; x; (36)
Xy T Xjy Xjg T Xjp X 1 X2 %js
EI&2 &2 81 81u) = xjy %% [m®) +m®) (xj, + x;,) +m©)xj x;, ], 37)
B[} 8,81,67,8js) = xjy X)o7, %js [m®) +m ) ], (38)
E[gjl $126j567sGjs ‘:je] = Xj1 Xjp Xja Xjy Xjis xfam(6) : (39)
Order 7: For any distinct J1,J2, 1374, 5, J6s J7 € {1,2, ey d},
m+63mPx; +301m®)x2 4 350m® 3
Bl = ’ : a (40)
—i—140m(5)x;~*1 + 21;11(6)x]5 +m? x?
1 1
[m® +31mB)x; +90m®) K2
E[], 8] = xj,%; " s | (41)
ner i —i—65m(5)x]3 +15m(6>x}l +m<7)x]5
L 1 1 1
B 2] = 5 x, m® +m® (15xj, + x;,) +m® (257 +15x},x, ) (2)
ner n | -i-m(5>(103c]31 + 25x]21 Xj,) + m(é)(le1 + le]?l xXj,) + m(7)x;¥l X},
]E[éi inCisl = xjyxjxj; [m®) + 15m(4)le + 25m(5>x]2l + 10m(6)x]31 + mmx;ﬁ], (43)
[ m@ 4+ mG) (7xj, +3xj,) + m) (635]21 + 21xj, xj, + x]22)
]E[C}ll C?z] = xj,x;, er(5)(x]3’1 + 18x]2l Xj, +7xj, szz) , (44)
i +m(®) (E&x}?’1 xj, + 696]21 x]22) +m?) xf’l szz
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®) ) (7 . ) (6x2 s
m®) +m®) (7x;, 4+ x;,) +m®) (6x5 + 7x;, %)
E[g}‘l 5;22513] = X}, X}, X, O3 16 J; 2 . g m*n) (45)
| +m® (x5} +6x5 x5, ) +m'x; xj,
E(6} 8,8587) = xj, %575 %), [m®) +7mOx;, +6m O +m72 ], (46)
m® 1+ m@ 3y, + 3x; (5)2+9..+2
B8 = 5xnsa | o (3xj, x;z) m<7>(9; Xjy X, + X5, / (47)
| +m (3x \Xjp + 3%, x5, 2)+m X5 x]2
m® +m®) (Bxj, +xj, +xj5)
E[Z,Ch8E] = %%, | +m) (], + 3, xJz + 3%, X5 + X, j3) , (48)
+m<6)(x] xj, + x - X, + 3xj, xlzxjs) +m )x - X, Xjy
4) (5) (3 )
m\® +m>) (3x;, +x;)
E[&? 63 51 Gia) = %), %53, o (49)
J1¥)213%]4 17273 )4 +m(6)(xg1 +3xj1x]'2)+m(7)x]21xj2
E[Ci $inCinGialis] = xf1xj2xisxi4xfs[ m® + 3m<6)x] +m7)x ]2} (50)
4) ) (x; A .
2 22 a2 B m® +m (x; +xj, + xj5)
E[ghgizgisghl = X Xj3 Xy +m®) (x; x; ix‘ x% +X'3X’ Y+ mDx; 2 x| (1)
172 JASE] J27]3 J17 1273
E[CJZI '3,226]‘36]‘46]‘5] = X} X}, X}, Xj, Xjs [m® + m<6)(xj1 +xj,) + m<7)xj1 X, (52)
E[g]zl 812 8387aCis Cjs) = Xj1%ia %3 %) Xjs X [m(6> +m? xh]’ (53)
B[ 8 s i 7] = i XiaXjs X7 X5 s X1 (54)
Order 8: For any distinct ji, j, 3, ja, j5, jo, j7, Js € {1,2,...,d},
m+127m @ x;, +966m3) 3 +1701m ) x?
Elej) = +1050m %) x* ]+ 266m(0) x> +28m< ) X +m( )x7 | (55)
1 i i i
[m+63m®)x; +301m®) a2 + 350m )3
E[],¢5) = xj,x, (6) 4 " (7) 5 ! (8) 16 m, (56)
| +140m X, +21m X7 +m X7
[ m@ 4+ m® (31x;, + xj,) +m® (9022 +31x;,x7,)
E[g5¢%] = xj,xj, | +m®)(65x3 + 9027 x]2)+m(6)(15x +65¢ xj,) |, (57)
I +m(7)( ]1 —|— 153(]1.7(]2) =+ m( )xix]z
— m® 4+ 31mWyx; + 9Om(5>x]21 58
CRERER] = 55555 | 43 4 15m7)xh 4 m®)x3 9
m® +m® (15x;, + 3x;,) + m® (25x7 + 45X}, xj, + x7)
+m®) (1023 + 75x2 x; + 15x; x2 )
+m x5 X5 X X, X
EleS ] = x; x: J2 iR , 59
[‘:]16]2] RN +m<6)(x +30x x]z +25x]1 ]2) ( )
+m? (3x - xj, + 10x3 x)+ m®) x X},
®) 4) . , (5) (2542 s
mS) +m®) (15x;, + xj,) +m©) (25x7 + 15x; x;,)
[‘3 é]zgls] Xj1 X2 X3 (6) 3 . 2 " (7) (4 n 3 . (8) 4 , (60)
+m (10le + 25x7 Xxj,) +m (xj1 +10x; xj,) +m X Xy
E[g?l‘:jzﬁjsgh] = XjyXj, Xjp X, [m(4) + 15m(5>xj1 +25m<")x]21 + 10711(7)Jc§-’l + m<8)xm, (61)
m® +m® (7xj, +7x;,) + m™) (632 + 49x;, x, + 627 )
+m®) (x +42x X + 42x; x +x
[‘: C | = %%, (6)( ]22 2 ]17 2 ’ (62)
+m'®)(7x x]2 +36x7, x5, +7x;, /2)
7) 2.3 8) 43 43
+m!7) (6le J2 +6x]1 x]z) +ml >x]l ja
m®) +m®) (7x, +3xj,) + m®) (635]21 +21x;,xj, + xlzz)
E[C 5 8] = x5, +m(6)(x;’1 + 18x]21 Xj, + 7xhx]22) , (63)

7)(3x3 x. 2 x2 (8) 43 42
(3xh Xjp T 6x/1 x]z) +m TR
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m® +m® (7xj, + xj, + xj3)
5) (a2
+ml )(6le + 7xj xj, + 7%, %), + szij)

Y X Yj , 64
[‘: 6 6 | = 723 +m(6)(x3 +6x]21xj2+6x2 xj3+7xj1xj2xj3) ( )
+m7) (x ]3x]2 +xhx]3 + 6xhx]2x]3) +m® )x]3 X), %,
‘H—‘Mh +x)+m@wx+7xx)
AT A%

E%%%%%=%%%M%W”+W”%+m“%+w%ﬂ, (66)

m(3> + m(4>(3xj +3xj, +xj,) 1
[C C 5 | = %, xj,% (x]1+x +3x]1x]3+3X]2X]3+9xhx]2) (67)

(x x]3 + x LX)y + 3x - Xj, + 3x]1x + 9xj, xlzxjs)

2,2

(8)
(x]1 i +3x - X)X +3x/1x] Xjy) +m X3 X3 Xy |

[C (;" el | = %, %5, m® 4+ m®) (3Xj1 +3xj,) + m(6)(x]21 + 9%, X, + xlzz) ) (68)
35]4 1472 %3 X jy I +m® (3x]21xj2 4 3xj1x]22) + m(8)x]21x]22 ]

m® 4+ m®) (Bxj, +xj, +xj)

[C ‘: ‘: 28] = X7, X, %5, +m(®) (8xj,xj, +33‘]’1 Xjy + Xj,Xj3) , (69)
i +m? >(x] xj, + xth +3xhx]2x]3) +m® >xhx]2x]-3
(5) (©) (3x: .
m®) +m'® (3x; + xj,)
[55555] Xjy Xj, Xjy X, X ' (70)
J20J3%9]4°]5 1727137 147 )5 +m<7>(x]21 +3x]-1x]-2)+m(8)x]2]x]-2

3 6 7 8).2

E[le $in833%iaCisCle) = Xia %2 %3 %)y Xjs X [m< )+ 3m >le +ml )xj]]' (71)

m® +m® (xjy + x5, + xj; + ;)
+m©) (le Xjy + Xy Xjg X Xy + X, X + X X, + X x]'4)

B[ 6587 0] = xj, %%, %) , (72)
P +m(7>(xj]xj2x]-3+xj]xj2x/~4+xj1x]v3xj4+xj2xj3xj4)
+m(8>xf1szxf3xf4
(5) 6) (. ) .
m®) +m\®) (x; +xj, +x;,)
[C C C (:]4(:]5] Xjy X, Xj3 Xjy Xjs @) ! ]2 J3 ® , (73)
+m (lesz+xj1xj3+xj2xj3)+m Xj1 Xja Xj3
BI& & 88,855 8is] = X1, X1, %%, %55 % [m©) +m7) (xj, + x3,) +m®)xj x;, ], (74)
EI& 67,81,8i4 &G Sy ] = X3 X1 iy Xjs Xjo Xy [m D)+ m®x ], (75)
E(&}, 8128574 s oG Cis) = X1 Xja Xjs Xja Xjs Xjo Xy Xjs ) (76)

5.2. Computation of the Central Moments Up to Order 4

With the results of the previous subsection and some algebraic manipulations (or the
formula in Theorem 2), we can now calculate the central moments explicitly. We could
calculate them up to order 8, but it would be very tedious. Instead, we write them up to
order 4 for the sake of brevity. The simplifications we make to obtain the boxed expressions
below are done with Mathematica.

Order 2: For any distinct j1, j» € {1,2,...,d},
E[(&, — Eg,))%] = E[&2] — (B[&,))? = xj, [m + m@Px;, ] — m?x?

mxj, (1- xil) (77)

E[(&, — E[&;,))(&;, — E[&,))] = E[&;,&,] — E[&;, JE[E),] = m®)x; x;, — maj mx;,

™
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Order 3: For any distinct j1, jo, j3 € {1,2,...,d},

E[(¢;, —EIg;)’) = E[Z} ] - 3E[¢} (S, ] +2 (ELZ;,])°

= xj, [m+3m® g +mCad ] = 3w, [+ m g Yy, + 2%

n
= [ m (x, ~ D@, ~1) | (79)
= X% [m(Z) + m(3)xh] X [m + m(z)x/-l}msz - 2m(2)le Xjmxj + Zmzsz] mxj,

=[] 0

E[(¢j, —E[g;,1)(E;, — E[5,)(E; —E[G;,])]
=E[§;,8,,85] — B8, 6, |EIS)] — B[S, 85 1E[G),] — B[S, 8LIE[G, ] +2E[G), [E[S),E[¢,]

— @y v — @Dy R ¢} BUS IR ) DU ) IV
= X Xy Xy — Xy Xy Xy — MU X X MGy — T X Xy Xy 207X X Xy
= mej1 Xjy Xjy |- (81)

Order 4: For any distinct i, jo, j3, ja € {1,2,...,d},

E[(g;, —E[5,])*]
= E[¢}] - 4E[¢} JE[¢),] + 6 E[G 1(E[E;])* — 3 (E[g;,))*
=x; [m+ 7m<2)x]-1 + 6m(3)x]2l + m(4)x]31} — 4x;, [m+ B:m(z)xjl + 111(3)35]21]111xjl

+ 6x;j, [m + m(z)xj]] (mx;, )2 — 3m4x;-*l

= szsz1 (xj, — 1)% + mxj, (1 —xj )(635]21 —6x; +1) (82)

E[(&, — E[&;,1) (&), — El&,))]
=E[g} &),] — E[5} |E[Z),] - 3E[Z}, ¢, |E[Z),] + 3E[E JELZ, JELS),]
+3E[g;, 2, (B[, ])* — 3 (E[Z},]))°E[g),]

_ 2 3 1.2 2 3).2
= Xj; Xj, [m( )+ 3m )xfl +ml >le] X [m +3m )xh +ml >xj1]mxf2
— 3xj, X, [m(Z) + m(3)xh} mx;j, + 3xj, [m+ m(z)xh}mle mx;j, + Bm(Z)x]vl thzszl — 3m3x]31 mx;,

= ‘ mx; X, (3(m —2)x;, (xj, —1) = 1) ‘ (83)

E[(&;, — E[Z;, )2, — E[Z,)?)
=E[5},65] — 2E[E} &, ]E(S),) — 2E[G;, &3 JE(G), ] + EIEF 1(ELE),))* + E[E3 (B[S, ))?

= xjyx, [m® 4 (i, +x3,) + W3, ] = 2055, [P+ g gy

N, VTV 2 3y, . . 2) . 2,2 . 2) . 2,2

2xj, X;, [m( ) +m )sz}mxh +xj, [m+ m! xj,]m X, + x5, [m+ m! xj, ] m X3
@)y, 5. . . 2,2 ,,2,2

+4m\ xj xj,mx; mxj, —3m Xxj, mex;,

= ‘ m(m —2)x;, x;, (3%}, xj, — (xj, +xj,) +1) + mxj xj, (84)

E[(gj, — E[5;,)?(&), — EZ,)) (& — E[E:))]
= E[¢}&,,85,) — EI23 6, )EIS),] — B2 €, ]EIS),] — 2E[G), 6,8, ]EIS), ] + E[EE IE[S),JE(E),)
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+2E(g),&,E(Z;, JE[E),] + 2, &, ]EIZ;, JE[E,] + E[E, 8, (BIE;,1)* — 3 (B¢, )*E[E, JE[Z;,]

= 05,253 [+ m @y ] — 0, [m® g I, — 01, [m®) -y Iy
—2m®x; xj, 3, mag, + xj, [m+m@ g Jmamxg, +2m® g xg,mxg mag
+ Zm(z)le Xj,mxj mxj, + m(z)szxj3m2x% - 3mzx]21 mxj, mxj,

= ‘ m(m — 2)x;, x;, %), (3xj, —1) ‘ (85)

E[(¢;, —E2;])(Z), — Elg,]) (85 — E[5;1) (65, — ElZ;,])]

=E[5;,6,,6556i) — ElSj, 61,85 JEIC;,) — B8, 81,8 )ELS,] — EIS), 6156, JEIS),] — E¢1,85581,]E[S ]
+E[¢;, ¢, E[C,E[S), ] + E[G), §; JEIE, B[S, ] + E[S;, &, 1E[S,1E[S),]
+E[¢;,6;,]E[S;, JES;,] + B[S, 8, JEIS) 1EIS,] + E[¢; ¢, 1R, 1E[E;,] — 3E(S;, JE[S;, B[S, ]E[S;,]

= m gy 07,35, — g g, 3, ma, — m g, 3, mivg, — m g x5, migg, — m g, v, 05,m,
+ m<2)xj1 Xj, MXjMxj, + m(z)x]vl XjMXj, MXj, + m(z)xj1 Xj, MXj, X,
+ m<2)szxj3mxj] mx;j, + 711(2)96]-29c]-4nqxj1 mxj, + m(z)ijxjAmx/-] mxj, —3 m4le Xj Xjy X,

= | Bm(m —2)x;j xj,x},%;, |- (86)
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6. Conclusions

In this short paper, we found general formulas for the central and non-central moments
of the multinomial distribution, as well as explicit formulas for all the non-central moments
up to order 8 and all the central moments up to order 4. Our work expands on the results
in [2], where the central moments were calculated up to order 4. It also complements the
general formula for the (joint) factorial moments from [1] and the explicit formulas for
some of the lower-order (mixed) cumulants that were presented in [3].
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