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STATISTICAL MECHANICS AND PARTITIONS INTO
NON-INTEGRAL POWERS OF INTEGERS
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Communicated by R. A. RANKIN
Received 28 November 1949; and in revised form 14 August 1950

1. The problem of the partition of numbers, first investigated in detail by Hardy
and Ramanujan (1), has in recent years assumed importance on account of its applica-
tion by Bohr and Kalckar (2} in evaluating the density of energy levels in heavy nuclei.
A ‘physical approach’ to the partition theory has been made by Auluck and Kothari (3),
who have studied the properties of quantal statistical assemblies corresponding to the
partition functions familiar in the theory of numbers. The thermodynamical approach
to the partition theory, apart from its intrinsic interest, draws attention to aspects
and generalizations of the partition problem that would, otherwise, perhaps go un-
noticed. Thus we are led to consider restricted partitions such as: partitions where the
summands are repeated not more than a specified number of times; partitions where
the summands are all different; partitions into summands which must not be less than
a specified value; partitions into a prescribed number of summands, and so on. The
generalization that seemed to us to be the most interesting is the extension of the
partition concept to include partitions into non-integral powers of integers. The
problem is then to count the number of solutions satisfying the equation

af +a3+aj+...<gq,
where l1<a,<a,<0a;....
q is the integer.to be partitioned and o is a positive number not necessarily integral.

The number of solutions in the above case is denoted by c(q; &). In the case where the

summands are all different, i.e.
’ 1€a;,<a<a4...,

the number of solutions is denoted by c¢*(¢; o). The partition functionst p(g; o) and
p*(q; o) which enumerate the partitions of ¢ into oth powers of integers are then given

by ol o) = i o)=lg-1; . |
P¥(g; o) = ¢*(g; o) —c*(g—1; o).
The appropriate thermodynamic assembly corresponding to the above partition
functions is one obeying Bose-Einstein or Fermi-Dirac statistics and containing an
indefinite number of similar particles, the energy levels of any individual particle
being given by

(1)

e, =ar (r=1,2,3,..),

t It will, of course, be noted that we use here the term partition function as it is used in the
theory of numbers. This is not to be confused with the use of the term in statistical mechanics,
where it signifies the sum taken suitably over the states of the assembly.
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where « is a constant of the dimensions of energy. In the present note, the assembly
is restricted in the sense that the total number of particles is a fixed{ number n. The
relevant partition functions in the Fermi-Dirac and Bose-Einstein cases are then
P¥(g; o) and p,,(q; o), where the former enumerates the partitions of g into n different
summands and the latter the partitions of ¢ into n or less summands with repetitions
allowed. We find 1
PA(g; o) ~exp | J(f) 354

1 1 1 \Jokeo+D)
and 2.(9; cr)~exp{(0'+ 1)[;_I‘(1+;) §(1+ ;)] q?""“’}.

With the approximate method developed here one cannot obtain the multiplier of the
exponential expressions for the partition functions correctly. ¢, in the formula for
P3}(q; o) denotes the excitation energy of the Fermi-Dirac assembly and is given by

nlt+o
q = q1+ 92 .
It is striking that for o = 1 we obtain
P3(9) = palay); (2)
where = q,+4n

For o> 1, P¥(q; o) <p,(q,; o) and for 0 <1, P¥(q; o) > p,(9,; o) and the two are equal
only in the limiting case of o = 1. The equality (2) is shown to hold in the analytical
theory also. It is also noticeable that the exponential term in the expression for
P.(q; o) is the same as that for p(g; o). It has been shown that in the Bose case which
is characterized by n > ¢* the function p, (¢; o) tends to p(g; o).

2. We proceed to evaluate the relevant thermodynamic functions. We consider a
‘particle’ the number of states of which lying between the energies € and ¢+de is

given by a(e)de = Ber~1de, (3)
where B and p are constants and p > 1. The distribution law for an assembly composed
of such ‘particles’ is given by ale) de
n(e)de = SR
~_ eelT
197+ B
where 7 is the temperature (in energy units) of the assembly, # = — 1 for Bose-Einstein

statistics and # = + 1 for Fermi-Dirac statistics. The parameter 4 is independent of
€ and is a function of the total number of particles in the assembly.

We shall first consider the Bose-Einstein degenerate case. For this case 4 =1,
and we have for the total energy of the assembly the expression

= efde
E= Bfo 1 = BTPHT(p+ 1) E(p+1). (4)
The entropy S of the assembly is given by
_pt1E
8 = T (5)

1 The case of the unrestricted partitions is taken in §4.
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Eliminating 7T between (4) and (5) we have

§ = ZLL[BI(p-+ 1) Llp + )]+ Boo+, (6)
Consider now the Fermi-Dlrac degenerate case which is characterized by 43> 1. The
energy E is given by B - BTo Jm whdu .
oA e¥+1

Making use of Sommerfeld’s Lemma (4) according to which for large 4
J°° ubdu _ ugtt {1 mplp+1) T (p+ l)p(p— Dip—2) }

leu+ , PHL 6ul 360 ud
o A

where u, = log A and the error is of the order of 1/4, we have

P+1 1
E:BTmﬁ{Hg’)(pt )+...}. (7)

Up

For the total number of systems in the assembly we have

~ g™ = Vp
n—BT/’p{1+6 " +r.
From the above

2
p—1
uO:lOgA={F(p+1)A1}1/P{1—Em ...},

n
4= BT () ®)
Substituting for u, in (7) we have, after a little algebra,

where

p p+1
—ﬁnT{F(p+l l}llp{l_*-ﬁm } 9

For the free energy F we have
/mT w1 TPl }
{I‘ p+1) A} ﬂ{l 6 [T+ 1)A1}2”’+ ety
so that the entropy S is given by
E-F = np
T =3 T+ VAJH
the higher order terms being negligible when we consider the case for large n. Sub-
stituting the value of 4, from (8) in (10) we finally have

S:

(10)

S = %2 P11 BUpT', (11)

The first term in (9) is independent of 7" and hence represents the zero-point energy of
the assembly. With 4, given by (8) the zero-point energy is

z niHle
0= p+1 Bve P

PSP 47, 1 14

(12)
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The second term in (9) which gives the excitation energy reduces to
pm__ T
17 6 {T(p+1) A Ve
Eliminating T' between (11) and (13) we have
8 = 71 \J(3E,) nt-Vppi1-Up BUCP), (14)
The expressions (6) and (14) for the entropy will be used later.

2
% PPy A-1Ip) BYeT?, (13)

3. The connecting link between thermodynamics and partition theory is provided
by Bethe’s theorem (5) which connects the number of accessible wave functions of an
assembly in the energy state £ with the entropy S of the assembly according to the
relation ¢S

w(B) = (—MP__;E—’TT_Y (15)

The considerations outlined in § 2 can be adapted to the partition problem if we con-
template the energy levels of the individual particles of the assembly to be described by

e, =ar’ (r=1,2,3,...),

where o is a positive number, not necessarily integral, and « is a constant of the
dimensions of energy. We then have

a—l/u'
a(e)de = dr = p= ei—oe, (16)
and the total energy of the assembly is
E =Y n(e,)ar . (16')
E r
or —=q = Xn(E)r.
a r

An integer g has thus been partitioned in oth powers of integers.
A comparison between equations (3) and (16) gives

1
p=: B= 0% . (17)
With these values of p and B equations (6) and (14) become
S=(c+1) [l F(1+l)€(1 +l)]a/(q+l)q1/("+1) (B.E. case) (18-)
o o o
and S = g-ini-ag(2g}t (F.D. case). (18+)
The relation (9) becomes g=q+ 1n-1|-_+:-' (19)

In a Bose-Einstein degenerate assembly the number of accessible wave functions is
enumerated by the number of ways in which ¢ energy quanta can be distributed among
n systems, no restriction being placed on the number assigned to any system. This
enumeration for the partitions (16’) is identical with the function p,(g; o) so that we
have from (15) and (18 —)

Palg; o) ~exp {(0 +1) [—;-F( 1 +§) 4 ( 1+ g)]dwl)q"“’“’}- (20)
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Also Palg; 0) = EIPT(q; o).

In the accompanying graphs we have plotted the enumerated values of the function
P.(g; o) for ¢ = 10 and for values of  ranging from 1 to 10. Two values of o have been
chosen, namely, o = } and ¢ = 2. It is evident that for r~¢* the function has its
maximum value, and for values for r greater than ¢* the function falls off very rapidly.

1000}

800~

80 -

60 -

40

P (q;0) ——

0 1 1 1 ] -
0 2 4 6 8 10

7 —

Therefore for > ¢, which condition is fulfilled in the Bose-Einstein degenerate case,

we have n !
% F(g; o)~ X El(g; o),
r=1 r=1
and therefore 2.(q; 0)>p(g; o),
1 1 1\]eho+1)
so that (g; o‘)~exp{(a'+ 1) [; F(l +;) §(1 +E)] q1/(<7+1)},

14-2
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This is identical with the Hardy-Ramanujan expression for p(¢; o). This case therefore
leads to no new result. It must be emphasized that the method developed here is only
approximate and cannot yield any multiplier of the exponential part of the partition
function.

In Fermi-Dirac statistics we have toimpose the restriction that the number of quanta
attached to different particles must all be different. The number of accessible wave
functions will then be equivalent to the partition function P}(q; o), so that (15)
and (18+) give

P(g; o) ~exp{m(3q,n' /o)) (21)
For o =1 P(q; o) ~exp{m J(34,)}-
Also from (20) Po(dy) ~ exp{m (341},
so that we are led to the result PE(q) = pu(q1), (22)
with ¢=q+in2 (23)

To compare the relative magnitudes of the functions P#(q; o) and p,(g;; o) for values
of o other than unity, we note that

logzl)’nT*((qql;;—t%) oD E 3 (1 " Ti) §(1 i ?;)]U/(M) @D —m (g, o) (24)
¢, and n are large quantities and may be assumed to be of the same order of magnitude,
i.e. g~n=R.

The relative magnitude of the two terms on the right in (24) is then given by

1 1 1\]elo+D)
(o + 1)[—1‘(1 +--) §(1 +_)] g+
—c—l = o o o ~ Riclo-Dfe+1),

Ca 7(3g,n'=o o)t
For o> 1: ?>1 or p,(¢q; 0)>PHg; o).
2
For o<1 221 or pulay o)< Pia; o).
2
In the limiting case of o=1, c ~cy
and ‘ (1) = PR(9)-

This equality can be shown to hold good in the analytical theory also.
For this we note that Pf(q) is the coefficient of z2—tnn+1) jn
1
(I—2)(1—a®) (1 —23) ... (1 —a™)’

Also p,(q,) is the coefficient of % in

1
l-2)(1-2)(1—2%)...(1—an)’

then the coefficient of za-1u=+D jn

1
(1-2)(1-23)(1-2%)...1—z")
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must be equal to the coefficient of 4 in
1
l-2)(1-22) (1 —-=%)...(L~a?)’

so that we should have the relation
g—inn+1) =gq,. (25)

The conditions (23) and (25) are not materially different in the case we are considering,
since all the formulae are asymptotic in character.

4. We now come to unrestricted partitions. First we note that for integral values
Hardy and Ramanujan (1) obtained the asymptotic expression for p(g; o):

plg; ) = (s (L) prtierenp (o + 1 fgter),  (26)
aflc+D)
where g = [%F(l+$)§(1+(—i)] . (27)

The corresponding expression for p*(g; o) has been given by Auluck and Kothari (6):

¥
(1- 2--1/a)ta/(cr+1)( i ) g ¥eo Dl +D

1
*k . —_

1 \olc+D)
X eXp {(o‘ +1) (1 - ?’;) ﬁ’ql/("+1>} . (28)
By following the method outlined in the present paper it can readily be shown that
even for the case of non-integral o the exponential terms for p(g; o) and p*(q; o) are
identical with (26) and (28) respectively. As already remarked the method of the
present paper is not competent to determine the multiplying factor to the exponential
terms. However, the conjecture may be permissible that the asymptotic expressions

(26) and (28) will hold for non-integral powers of o.
As an illustration we have carried out the enumeration of the partitions for two

non-integral powers o = 4 and o = £ for values of ¢ up to 10. Table 1 gives the
enumerated values of the function C,(¢; o) which denotes the number of solutions

satisfyin
fying af{ +a3+... +a3<q,
where 1<a;<a,<... <a, are any n positive integers.

In Table 1 (i) the number 15, for example, corresponding to ¢ = 5and n = 2 for the
value o = £, represents all possible solutions of the equation

af +ai <5,
where 1<a,<a,.

If the summands are required to be all different the partitions are denoted by
C%*(¢; o) and the enumerations in this case are tabulated in Table 2 for the same values

of gand o.



214

B. K. AcarRwarLAa aAND F. C. AULUCK
Table 1
(i) o=4%
‘\\::\ 1 | 2 | 3 | 4 | 5 | 6 | 7 |38 10
q
1 1
2 2 1
3 5 2 1
4 8 7 2 1
5 11 15 8 2 1
6 14 | 28 19 8 2 1
7 18 45 | 41 21 8 2 1
8 22 70 78 | 48 | o2 8 2 1
9 27 | 100 | 134 | 99 52 | 22 8 2
10 31 | 138 | 218 |18 | 111 53 22 8 1
(ii) o =
” 1 2 3 4 5 6 7 8 9 10
q
1 1
2 4 1
3 9 5 1
4 16 18 5 1
5 25 45 22 5 1
6 36 100 71 24 5 1
7 49 185 186 84 24 5 1
8 64 323 427 251 90 24 5 1
9 81 522 888 653 288 92 24 5 1
10 100 804 | 1704 | 1543 811 306 | 93 24 | 5 1
Table 2
)o=3%
" 1 2 3 ¢
q
1 1
2 2
3 5 1
4 8 5
5 11 12 1
6 14 23 5
7 18 39 16
8 22 62 38 3
9 27 91 74 12
10 31 127 133 33
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(i) o =3}
" 1 2 3 4 5
q
1 1
2 4
3 9 3
4 16 14
5 25 39 6
6 36 91 32
7 49 173 109 8
8 64 307 288 47
9 81 502 654 194 5
10 100 779 1337 592 45
Table 3
() o=3%
¢(g; o) c*(g; o)
q
Enumerated Calculated Enumerated Calculated
1 1 0 1 0
2 3 3-2 2 2-2
3 8 97 6 6-9
4 18 22-3 13 12-9
5 37 458 24 24-6
6 72 88-6 42 44-0
7 136 164-3 73 76-0
8 251 295-2 125 127-0
9 445 517-4 204 207-4
10 770 891-3 324 331-3
(i) o= %
c(g; o) c*(gq; o)
q
Enumerated Calculated Enumerated Calculated
1 1 0 1 0
2 5 52 4 3-3
3 15 17-6 12 11-1
4 40 50-8 30 29-1
5 98 122-1 70 72-0
6 237 282-2 159 154-8
7 534 639-6 339 333-8
8 1185 1403-0 706 694-2
9 2554 2997-0 1436 1404-0
10 5391 6291-0 2853 2787-0

215

In Table 2 (i) the partitions of ¢ for any values up to 10 into more than four parts is
zero. Similarly in Table 2 (ii) the maximum value of » is 5.
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For these enumerated values the functions ¢(¢; ) and c¢*(¢; o) which as defined in
§ 1 are given by g
olg; o) = X Gilg; )

4
and c*(g; 0) = X C}(g; o)
r=1
are easily found and are given in Table 3.
In the tables under the columns calculated we have given the values of the integrals

q
c(g; o) =f plx; o)dr,
: (20)
c*g; o) = f "t )

evaluated numerically, the values of p(g; o) and p*(¢; o) being given by (26) and (28).
The agreement between the values calculated according to (29) and the values obtained
by actual enumeration is satisfactory.}

Our thanks are due to Prof. D. S. Kothari for his interest and guidance during the
course of this work.

+ It may also be noted that the agreement between the calculated and enumerated values
of ¢*(¢; o) (Fermi-Dirac assemblies) is better than that in the case of c¢(¢; o) (Bose-Einstein
assemblies). In a recent paper Temperley (7) has shown that there is considerable doubt about
the validity of the method of steepest descent when applied to Bose-Einstein assemblies, but no
such difficulty seems to exist with Fermi-Dirac assemblies.
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