ASYMPTOTIC PARTITION FORMULAE
I. PLANE PARTITIONS
By E. MAITLAND WRIGHT
[Received 16 May 1931]

1. THE idea of the ordinary partition of an integer has been con-
sidered by many writers, with or without restrictions on the size of
the parts or on the number of parts. Let us confine our attention
for the moment to unrestricted partitions, and regard a partition as
involving a definite arrangement of the parts in descending* order
of magnitude along a line; thus, a partition of 8 is

- 431. (1.01)

Then we may regard this as a one-dimensional or line partition.
This point of view leads us to an obvious generalization to two-
dimensional or plane partitions, which may be defined as follows.
Take any line partition of the integer n and arrange the parts in_
rows and columns,.so that a descending® order of magnitude is in
evidence in each row from left to right, and in each column from top
to bottom: Each row starts from the first column and each column
from the first row. Such an arrangement is termed a plane partition
of n.
Thus, the particular plane partitions of 8 which are derived from
the line partition (1.01) are
431 43 41 4
1 3 3 }
1
The idea of a plane partition was introduced by MacMahon, He
deals with the general problem of such partitions, with or without
restrictions on one or more of the following:
(1) the size of each part,
(ii) the number of rows,
(iii) the number of columns.
He obtains the generating functiont for each of the various cases by
means of intricate and beautiful analysis based on his theory of
Lattice Functions.

* ‘Descending order of magnitude’ is used'in the wide sense.
t Combinatory Analysis (Camb., 1916), vol. ii, pp. 173-243.
36952 ’

(1.02)
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The case ‘each part not greater than unity’ is equivalent to that
of unrestricted line partitions. Here the generating function is

ﬁ[l(l—a})-1= 14 élp(n)z“. (1.03)

Hardy and Ramanujan* obtained an asymptotic formula for p(n)
with an error only O(n-1).

Of the other cases the unrestricted case is the most difficult and
interesting from the asymptotic point of view. For this case the
generating function is

flz) = iga—z' =14 élq(n)xn, (1.04)

where ¢(n) is the number of plane partitions of » defined as above.
In this paper I shall obtain an asymptotic formula for g(x) for large n.
At first sight, the analogy between (1.03) and (1.04) suggests the
possibility of some simple proof of (1.04) on the lines of Euler’s
‘intuitive’ proof of (1.03). I have been unable to find any such proof;
and as from one of MacMahon’s memoirst it is clear that he devoted
much attention to the problem of proving (1.04), it seems unhkely
that a simple proof exists.
.2.1. T use the following scheme of notation:
{(s) is the zeta-function of Riemann, and B, is the sth Bernoullian

number; that is, ® 1
)= > —,
m=1

_ . [yPdy _ 4eT(26)1(26)
and B8_4sf P (2.11)
0
- _ " ylogy dy
A={3). c_sz—T’ (2.12)
0
o B B8+l 2P(28+2)§(28){(2‘9+2) (2 13)
YT st )2 1) 8(2m)te+2 ’ )

B, (s < 741) is the coefficient of 3* in the expansion of
r+1
exp(— 2 uy)

* Proc. London Math. Soc. (2) 17 (1918), 75-115. The small order of the
error in this case is due to special properties of the generating function. The
results of the present paper indicate the improbability of anything similar
being true in the case of g(n). t Phil. Trans. Royal Society, 2114, 77.
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in ascending powers of y. It is obvious that, so long as s <71,
B, is independent of r. Also, if |y| be small,

r+1 - r+l
exp(—3 ouy) = 3 By +Olly I+ (2.14
bs, . is the coefficient of y2™ in the expansion of
(14g)2esomsi2(3.4-2)-md (2.15)

in ascending powers of y.

H and K are positive numbers whose values vary from one occur-
rence to another. H is an absolute constant (such as 3), while K
depends on r only. By |u(n)| = (Ov(n)), I mean that, for any fixed r,

. Ju(n)] < Kv(n)
- for all n; and by |u(n)| = o(v(n)), I mean that, for any € > 0 and any
fixed r
’ o) _,
v(n)
for all » greater than some fixed ny, = ng(e, ).

N is a large positive number, to be assigned later, and Cy is the
circle || = e-UN
in the complex z-plane.

0 is the principal value of arg z,

— oz} = log|L| — 0 = peté
z—log—a-:—logz 10 = petd,
—of 7™\ __mcosé
w_m(i)— 2 ’
C\=CEV+ s

where C) is that part of Cy on which |§] <1/N.
2.2. The object of this paper is to prove the following
THEOREM. The asymplotic expansion* of q(n) 8

(ERAT (3. 2-‘A*n’){l+ > L+ O(n-‘f'w)), 2.21)
=1

i, 25136
where 3
Y=o (3)” > (P BhyTh—s+ DA} (222)
8=0

From the product form of f(z) in (1.04), we see that f(r) is an
analytic function regular within the unit circle, every point of the
* The numerical values of the constants involved.-in the first term of the

expansion are given at the end of the paper.
N2
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circumference being an essential singularity. Then, by Cauchy 8
theorem, ¢(n) may be expressed in the form

5 f (2.23)

zﬂ'f-l ’

since Cy encloses the origin a.nd lies entirely within the unit circle.

It will appear that, to-put it roughly, z = 1 is much the ‘heaviest’
singularity of f(z); and I shall show that, when N is large, the
dominant terms in g(n) are supplied by the portion of the integral -
(2.23) on C,. For this purpose, we need two lemmas with regard
to the value of f(x) on Cy, Cy respectively. :

3. LemMa 1. When z 18 on Cy, we have

for-esmesp(4)( S
8=0

This is proved by using Cauchy’s theorem in a manner which may
be adapted to obtain the asymptotic or exact transformation of ma.ny
similar functions. -

We note that for z on Cy, we have

< V2/N and |¢| <}m.
We understand by £ a number whose absolute value is less than
' Ke-Hip,
It is obvious that, since cos¢ > 1/v2, .
e—Hlpcosd  o-Hlp = E,
p(logp)Pe-Ttle = E,
if « and B are numbers (positive or negative) depending only on r.

< KN-z-4-12g4N* " (301)"

for z on Cy. Also

3.1. Suppose that p is a positive integer and 8 a small positive
number. Let I, be a contour in the ¢-plane running from ¢ =38 to
t =p+34, coincident with the real axis except near t=1,2,.., p,
where we pass round small semicircles above these points. Let A be
the quarter-circle with centre at the origin running from 3 to 3.
Finally, let I}, A’ be the reflections of I}, A in the real axis.

We take that value of log(1—e—) which tends to zero as {—> +c0
along the real axis, and note that the only singularities of

g =80T, (3.11)
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apart from the origin, are simple poles at ¢ = 4!, and logarithmic
singularities at ¢ = 4 2lnt/z, where / runs through all positive integral .
values.

We draw two straight lines, one through ¢ = iw, parallel to the
real axis, and the other through ¢ = p+3, parallel to the imaginary
axis. These two straight lines form an indented rectangle with A, I',,,
and the imaginary axis from 3 to #w. By Cauchy’s theorem, since
the integrand has no singularities within the rectangle,

i . pHd+iw ped
[+ [voa=—[+ [ + [ pod=L+L+1, (312
i1y iw a w

P+i+iw

The reader will readily find that, for |¢| <},
1] < H(@8log+48|log2]),

and [15] <H(p+;;>) e-PPive,

Now let 3 tend to zero and p. to infinity. The limits of integration
in I, are now 4w and w+o0; and I';, becomes I', =T (say). The
equation (3.12) becomes

. ,
f Pit) dt + j Y(t) dt = I, (3.13)
r {w

Let us now consider I,. Making the transformation v={z, we
find that @+ {w
L] < Hetwipooss [ tlog(l—e)| |dt| = EI(g),  (3.14)

where I(g)= [ o] llog(1—e)] |dv,
L

and L is the half straight line in the v-plane from

v = }mie'bcos ¢
inclined at an angle ¢ to the positive direction of the real axis.
Divide L into L, and L, so that, on L, R(v) < 37. Then L, is of

bounded length, and the integrand on L, is uniformly bounded for
I¢] < }m. Also, on L,, R(v) > H|v|, and so we have

J’ 0] [log(1-—e—")| |dv| < H j lve=] ldv] < H | [o]e-H |do| < H.
L, L, L,

Hence I(¢) < H, and we have I,= E.
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(3.13) now becomes

iw
tlog(1—e*) tlog(l1—e)
fwdtzf LB e dt+ . (3.15)
r 0
By similar reasoning, we have also
—iw
tlog(l e-‘z) tlog(l—e—‘z)

>
By Cauchy’s theorem we know that
J‘ tlog(l—e*) df — J‘ tlog(l—e*) it

eZm.l 1 1— e-—21n'l
r r
tlog(l—e—2) tlog(l1—e*)\,
= zllog(l—e“’)—*'f( eg2mt 1 - lg_(_e—21n:l )) dt

= —logf(z)— j tlog(1—e) dt
0

A
= —logf(x)-{-?. (3.17)
Finally, from (3.15), (3.16), and (3.17), we have

iw . —{w
A tlog(l—e tlog(l—e
logf(x).—_-;-i-f_lg_(eTw)dt—f—egm(m_)dt-i-E
0 0

which reduces to

logf(z) = f y‘"f#ﬁ dy +E. (3.18)
0
3.2. We now proceed to calculate the value of
J‘ ylog(2sin yz2) dy. (3.21)
e2mv ) )

From the well-known form_ula

o0

sm7=rﬂ(1_i),

m=1 mPm?
we have at once, for |r]| <,

logsinT =logr — Z Z p o =logr — z 4(28)128. (3.22)

8=1m=1

If we now write r = 4yz, we have, on the range of mtegratlon in (3.21),

Il = 1dyz| < dwlz| < 3.
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The series (3.22) is uniformly convergent for such values of r, and
80 we may write

f ylog(2sin }yz) dy
e?v—1
0 w
o [ylogyz)dy ( < [(2s)22 f y+l dy
=2 j 2y | Z —Z+2 s(2m® ) 1
- - 0
= I4+ S,+8,. (3.23)

Now we have

I,=2 f ylog(yz) dy +O(p~le~mip oz log p)

21-ry
0

= fylogy dy+2long y dy +E
0

2ny__ 1
0
=c+44logz+E, (3.24)
. [ yd
since | &t =1B=k
0
Also, by (2.11) and (2.13),
r+1
_ U(28)2% [ y»+dy
8y -228(2’17 fez"”—l—*-E
r+1
= Zlasz%-i—E. (3.25)
8=

Finally,

w
yrris yr\*
2r+4 A
ISZI <KP * fegny_l{Z(zﬂ) dy
0 8=0
y2r+5 dy

= Kp2r+4J {1_(?;_:,’)2: (e2"v—1)
0

©
2r 45 d
2r+4 y y
< Kp f oy
0

- Combining (3.18), (3.24), (3.25), and (3.26), we see that the error
terms may all be included in one term, since

E < Ke-lllp < Kp¥t4,

< Kp¥#, (3.26)
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Hence, r+1

4 1 .
_ logf(x)=—§+l—210gz ;}—cfg.aazza+0(Pb+4);

and from this we have
flx)= e°zl/‘3e4/"{ 2 Ba®+ 0(p2’+‘)}

Now, on Cy, p < ¥2/N, and
A
exp 2_3 =

| ‘f(x)—eczllﬂedlz‘ {'gﬁ,zz’” < KN—”4-u12e¥N',

y:|
AN
;—4<6 5

so we have

the result of Lemma 1.

4. Lemma II. Ghiven any € >0, we can find an No Nyle), such
that, forallN>N and all x on Cy, we have

f@)| <exp{(4—3}+€)N?).
The proof of this is very simple. We have

logf(z)=—l§ llog(l—.z‘)— le_"“= zm(lxm .

S ™t —am)’
and so . lem
=i Ll _{ =)
& m—Rm (1= -2
But Z;‘n(l—'_ai'lxm_l)z=10gf(lxl)=AN2+o(N2),

m=1

by Lemma I. Also

2tz _ el [ (1= 5 1xeso s
1—|z|)? N—z (1_|x|)2{1 (Il—xl)}>% +0(N?),
i 1— |z 1
since |1—x|\\/2+0( ) for |0|>N,

So we have finally

llog f(z)] < (A—3)N2+0(N?) < (A—}+¢)N?,
if N > Ny(e).
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5.1. I now put N = (n/24)}, so that n=24N3. It'is convenient
to work mainly in terms of N, rather than n. We have

flx) dx
q(n) - o zn+1
l .
A [
Cy Ck
By Lemma I,
1 (1+9)N
Jy = 23 f(e-z)e“N dy
(1-9/IN
(1+9)/N
r+1 4
=5 f (sgop az2a+1/12) exp (; + 2AN3z) dz +
(1-i)/N

+ O(N-2r-5-1/12434N*)

r+1
— < BsPa + 0(N—2r-5—1]1268AN')’

N2s+1+112
8=0 .
N2s+1+112 (+0iv postliz.. 4 \
where . Ps=2—m,- f 2%+ exp(;+2AN z) dz
(1=9/N :
1+1
=% f v%+m2exp{ANﬁ(2v+$)} dv
e’ :

if we put v = Nz.
5.2. Our next step is to obtain an asymptotic- expansmn of P, in
descending powers of N2 by the method of ‘steepest descents’.*
"The curve of steepest descent through v =1 is found ‘by putting
3(2v+v2)=0.
If we write v = X417, and reject the factor ¥, we find the equation
of the curve €, namely, '
(X242 = (5.21)
This is the equatlon of a closed curve touclnng X =1 at (1,0),
and X =0 at (0,0), and cutting X = —Y, X =Y at the points
D (2-Y,—2-1), E (2-%,2-1) respectively. € lies entirely in the strip
0 < X < 1. The figure shows the general shape of the curve.

* Watseon, Proc. London Math. Soc. (2) 17 (1918), 117, gives references to
memoirs discussing this method.
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We consider the v-plane as cut from 0 to —o0 along the real axis,
and we take that value of vV12 which is real and positive at v = 1.
We regard the contour € as starting from 0 and being described in
the counter-clockwise sense.

Let' us Wl'iw . 1)234'1/12 . . 1
& (v)= o exp{AN (20-}-@)},
and P = J. £,(v) dv.
&
If F, G are the points 1—i, 147, we have
X2__Yy?2
-2y —
Rv?) = (X2+ Yz)z< 0
G -
3
0 I
D
F

on the straight lines DF, EG and the parts OD, EO of €. Hence, on
these contours, since X <1, |v| is bounded, and 8 {741, we have

)] = T gravix  groran,

' It follows timt

|P,—B| < 24N (5.22)

j £,(v) dv

In P, we now put

+|”+Z

t= _i('%_)(zw )i, (5.23)
that value of the square root being taken which is positive at v = 1.
Then 2=3—20—v"2
and € transforms into the real axis in the f-plane. So we have

4o
P, = e34n* f Xo()e= 4V dt,

-0
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28+1/12
h _?)
where Xoll) = —5—— 5

5.3.* Near v= 1, we can expand (5.23) in a power series

t= g dm(’U— l)m;
m=1

where d, = —i¥3. Since d, # 0, by reversion of the series we have
v=1+4 g Iod™,
and dv i mg,,t™,
- each with a positive radius of convergence. Hence we have
ut) =3 a,tm (5.31)
m=0
the series having a radius of convergence greater than some K.
Since  B=3—20—v"%
: dt  1—®
o AR
dv v w2041 )*
and so — .
dt = 1—* 14ote?
Then, on 0:, p28+112 gy K
“2m dt <

and |x,(t)] is therefore bounded on the whole of the real axis in the
t-plane. '

Since (5.31) holds on an interval of the real axis near t=0, we
have, on the whole of the real axis,

2743 s
|%ll)— 3 antm| < Klefs.
m=0 ’
R .
Hence P = f Xs(8)e— AN dt

2 +3
b J’ a, tme-4N'" gt 4+ M,,

where \M,| <K f 1 +4g=AN'C 4y < N§+5

* I am indebted to Watson’s paper (loc. cit., pf). 133, 137) for the method
I use in this paragraph. .
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Now f tme—4AN'" dt — 0,
ifmisbdd; while if m is even,
[ pme- _ L@m+})
So finally we have the asymptotic expansion
F,=F+0(e4™)

r+1 ;
_ o Lag Dmt-3) | (4N
e4n z aNz)mH 0(N2r+5)'

5.4. To calculate a,,, we proceed as follows. Near {=0,

Xa(t)= z a,t™,
m=0

1 (o dt
i Xl )im’

and so Aoy =

the integral being taken along a small loop around ¢ =0.

1 J‘(l+) p28+112

Then Tom=—173 T W

(—1ym (A g2ei1z42mel p
472 f (’D— 1)2m+1(2v+ l)m+§ v
Putting v = 14y, we have

(—1)m ©0+) (1 +y)2a+2m+1+1112 dy
R e

= !"‘_12)%;, by (2.15).
5.5. By Lemma IT,
[Je] <exp{(4—3}+€)N24-nN-1}
= exp{(34—}+¢)N?) < K(N-2-5-112g34N*),
if we take ¢ <}. Combining this with (5.32), we have

r+1 .
P eaAN’
g(n)=J\+J,= ec z st+13112+ 0( N2r+5+1112)

_iew-'z“‘ S UmBh, Tt )
T an Am+i N2mis+D)+1/12

=0 m=0

4 O(N-2-5-112534N")

(5.32)
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Let us now put b =m-s, and sum with respect to 5 and s. Then
8 runs from 0 to %; and we may collect all terms for whlch h>r
in one error term. We have

Le3AN? T 74N g e34N?
g(n) = oAt N2 {;;2, (z) Ahl‘?;h} + O_(Ner#y/lz) :
Tf we now write N = (n/24)}, we have the result of the theorem.

6. It is clear that the method I have used could be extended to
determine the asymptotic expansion of the nth coefficient of other
functions of a similar type. The essential step in each case is the
proof of two lemmas corresponding to those proved here.

The next paper of this series will be concerned with the different
idea of ‘weighted’ partitions, and, in particular, with the coefficients
of the function w '

H(l—ax‘)*l.

The case a > 1 seems of the greater interest, but the appropriate
method is entirely distinct from the one used here. The case a < 1,
however, which is of less interest in itself, provides a simple example
of an application of the method of this paper.

Note. The numerical evaluation of the number c mvolves that of

the series "
' Z °gm — 0-9375482....

. m=2
We know* that  , _ 3y _ 1.90205690...,
and so we have 25 47\1/36
CPATVRE _ 0.4009989....
2nt .
We have also, for the coefficient of nt in the index of the exponent,
the value 324 = 2.0094....

The values of g(n) for n = 1,2,...,16 have been calculated by Mac-
mahon, and appear in the right-hand column of the table on p. 332,
vol. ii, of his Combinatory Analysis. In this table, g(n) appears as
the number of ‘solid graphs’ of » nodes, but the two definitions are

equivalent.
* Knopp, Infinite Series, p. 561.



