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Information-Theoretic Limits of Selecting Binary
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Abstract—The problem of graphical model selection is to esti-
mate the graph structure of a Markov random field given sam-
ples from it. We analyze the information-theoretic limitations of
the problem of graph selection for binary Markov random fields
under high-dimensional scaling, in which the graph size p and the
number of edges k, and/or the maximal node degree d, are allowed
to increase to infinity as a function of the sample size n. For pair-
wise binary Markov random fields, we derive both necessary and
sufficient conditions for correct graph selection over the class G, ;.
of graphs on p vertices with at most k edges, and over the class G, 4
of graphs on p vertices with maximum degree at most d. For the
class G,, 1., we establish the existence of constants ¢ and ¢’ such that
if n < cklog p, any method has error probability at least 1/2
uniformly over the family, and we demonstrate a graph decoder
that succeeds with high probability uniformly over the family for
sample sizes . > ¢’k? log p. Similarly, for the class G,, 4, we ex-
hibit constants ¢ and ¢’ such that for n» < ed? log p, any method
fails with probability at least 1/2, and we demonstrate a graph de-
coder that succeeds with high probability for n > ¢'d® log p.

Index Terms—High dimensional inference, KL divergence
between Ising models, Markov random fields, sample complexity,
structure of Ising models.

I. INTRODUCTION

ARKOV random fields, also known as undirected
graphical models, provide a structured representation
of the joint distributions of families of random variables. They
are used in various application domains, among them image
processing [5], [14], social network analysis [27], [30], and
computational biology [1], [12], [20]. Any Markov random
field is associated with an underlying graph that describes
conditional independence properties associated with the joint
distribution of the random variables. The problem of graphical
model selection is to recover this unknown graph using samples
from the distribution.
Given its relevance in many domains, the graph selection
problem has attracted a great deal of attention. The naive ap-
proach of searching exhaustively over the space of all graphs is
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computationally intractable, since there are 2() distinct graphs
over p vertices. If the underlying graph is known to be tree-
structured, then the graph selection problem can be reduced to
a maximum-weight spanning tree problem and solved in poly-
nomial time [9]. On the other hand, for general graphs with cy-
cles, the problem is known to be difficult in a complexity-theo-
retic sense [8]. Nonetheless, a variety of methods have been pro-
posed, including constraint-based approaches [20], [26], thresh-
olding methods [6], and £;-based relaxations [13], [21], [22],
[24], [33]. Other researchers [11], [19] have analyzed graph se-
lection methods based on penalized forms of pseudolikelihood.

Given a particular procedure for graph selection, classical
analysis studies the algorithm’s behavior for a fixed graph as
the sample size n is increased. In this paper, as with an evolving
line of contemporary statistical research, we address the graph
selection problem in the high-dimensional setting, meaning that
we allow the graph size p as well as other structural parameters,
such as the number of edges & or the maximum vertex degree d,
to scale with the sample size n. We note that a line of recent
work has established some high-dimensional consistency re-
sults for various graph selection procedures, including methods
based on ¢; -regularization for Gaussian models [21], [23], [24],
{1 -regularization for binary discrete Markov random fields [22],
thresholding methods for discrete models [6], and variants of
the PC algorithm for directed graphical models [20]. All of
these methods are practically appealing given their low-com-
putational cost.

Of complementary interest—and the focus of the paper—are
the information-theoretic limitations of graphical model selec-
tion. More concretely, consider a graph G = (V| E), consisting
of a vertex set V' with cardinality p, and an edge set F. In
this paper, we consider both the class G, ;, of all graphs with
|E| < k edges, as well as the class G, 4 of all graphs with max-
imum vertex degree d. Suppose that we are allowed to collect
n independent and identically distributed (i.i.d.) samples from
a Markov random field defined by some graph G' € G, ;. (or
Gp.4)- Remembering that the graph size p and structural param-
eters (k, d) are allowed to scale with the sample size, we thereby
obtain sequences of statistical inference problems, indexed by
the triplet (n, p, k) for the class G,, 1., and by the triplet (n, p, d)
for the class G, 4. The goal of this paper is to address questions
of the following type. First, under what scalings of the triplet
(n.p, k) (or correspondingly, the triplet (n, p, d)) is it possible
to recover the correct graph with high probability? Conversely,
under what scalings of these triplets, does any method fail most
of the time?

Although our methods are somewhat more generally appli-
cable, so as to bring sharp focus to these issues, we limit the
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analysis of this paper to the case of pairwise binary Markov
random fields, also known as the Ising model. The Ising model
is a classical model from statistical physics [4], [18], where it is
used to model physical phenomena such as crystal structure and
magnetism; more recently, it has been used in image analysis
[5], [14], social network modeling [3], [27], and gene network
analysis [1], [25].

Atahigh level, then, the goal of this paper is to understand the
information-theoretic capacity of Ising model selection.! Our
perspective is not unrelated to a line of statistical work in non-
parametric estimation [15], [17], [31], [32], in that we view the
observation process as a channel communicating information
about graphs to the statistician. In contrast to nonparametric
estimation, the spaces of possible “codewords” are not func-
tion spaces but rather classes of graphs. Accordingly, part of
the analysis in this paper involves developing ways in which to
measure distances between graphs, and to relate these distances
to the Kullback—Leibler (KL) divergence known to control error
rates in statistical testing.

We note that understanding of the graph selection capacity
can be practically useful in two different ways. On one hand, it
can clarify when computationally efficient algorithms achieve
information-theoretic limits and, hence, are optimal up to con-
stant factors. On the other hand, it can reveal regimes in which
the best known methods to date are suboptimal, thereby moti-
vating the search for new and possibly better methods. Indeed,
the analysis of this paper has consequences of both types.

Our main contributions are to establish necessary and suffi-
cient conditions for two classes of graphical models: the class
G, of bounded edge cardinality models, and the class G, 4 of
bounded vertex degree models. Proofs of the necessary condi-
tions (see Theorems 1 and 2) use indirect methods, based on a
version of Fano’s lemma applied to carefully constructed sub-
families of graphs. On the other hand, our proof of the sufficient
conditions (see Theorems 3 and 4) is based on direct analysis of
explicit “graph decoders.”

The remainder of this paper is organized as follows. We
begin in Section II with background on Markov random
fields, the classes of graphs considered in this paper, and a
precise statement of the graphical model selection problem. In
Section III, we state our main results and explore some of their
consequences. Section IV is devoted to proofs of the necessary
conditions on the sample size (see Theorems 1 and 2), whereas
Section V is devoted to proofs of the sufficient conditions. We
conclude with a discussion in Section VI.

Notation: For the convenience of the reader, we summarize
here notation to be used throughout the paper. We use the fol-
lowing standard notation for asymptotics: we write f(n) =
O(g(n)) if f(n) < cg(n) for some constant ¢ < o0, and
f(n) = Qg(n)) if f(n) > g(n) for some constant ¢’ > 0.
The notation f(n) = ©(g(n)) means that f(n) = O(g(n)) and

fn) = Qg(n)).

!In this paper, we assume that the data is drawn from some Ising model in the
classG, 1 and G, 4, thus we study the probability of recovering the exact model.
However, similar analysis can be applied to the problem of best approximating
an arbitrary distribution using an Ising model from class G, » or G, «.
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II. BACKGROUND AND PROBLEM FORMULATION

We begin with some background on Markov random fields,
and then provide a precise formulation of the problem.

A. Markov Random Fields and Ising Models

An undirected graph G = (V, E) consists a collection V' =
{1,2,...,p} of vertices joined by a collection £ of undirected
edges.2 The neighborhood of any node s € V is the subset
N(s) c V

N(s)y={teV|(st)e E} )

and the degree of vertex s is given by ds := |N(s)], corre-
sponding to the cardinality of this neighbor set. We use d =
maxsey ds to denote the maximum vertex degree, and k = | F|
to denote the total number of edges.

A Markov random field is obtained by associating a random
variable X to each vertex s € V, and then specifying a joint
distribution P over the random vector (X,...,X,) that re-
spects the graph structure in a specific way. In the special case
of the Ising models, we consider each random variable X takes
values {—1, +1} and the probability mass function has the form

§ 65th Tt

(s,t)eE

1
Ep) = 70 exXp )

Here the normalization constant Z(#), also known as the parti-
tion function, is given by

2

xe{—1,+1}*

Z(9) =

g 0153

(s,t)eE

exp

)

To be clear, we view the parameter vector 6 as an element of
R(®) with the understanding that f/,; = 0 for all pairs (s,t) ¢ E.
So as to emphasize the graph-structured nature of the parameter
¢, we often use the notation §{G).

The edge weight #,; captures the conditional dependence be-
tween X, and X, given fixed values for all vertices { X, u #
s,t}. In particular, a little calculation shows that the conditional
distribution takes the form

Py (l‘s:ﬂ?t ‘ 575&’\{8-,15}) x

exp | Ogxsmy + Z OusTuls + Z 0T uxt
ueN (s)\t weEN(t)\s

As mentioned earlier, the Ising model (2) has its origins in sta-
tistical physics [4], [18], and it has also been used as a simple
model in image processing [5], [14], gene network analysis [1],
[25], and in modeling social networks [3], [27]. For instance,
Banerjee et al. [3] use this model to describe the voting behav-
iors of p politicians, where X; represents whether politician s
voted for (X, = +1) or against (X, = —1) a particular bill. In
this case, a positive edge weight #,; > 0 would mean that con-
ditioned on the other politicians’ votes, politician ¢ and ¢ are

2In this paper, we forbid self-loops in the graph, meaning that (s. s) ¢ E for
alls € V.
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Fig. 1. TIllustration of the family G,, & for p = 3 and k& = 2; note that there are
three distinct graphs G with p = 3 vertices and & = 2 edges. Setting the edge
parameter #(G) = [@ 8 0] induces a family of three Markov random fields.
As the edge weight parameter # increases, the associated distributions ()
become arbitrarily difficult to separate.

more likely to agree in their voting (i.e., X, = X;) than to dis-
agree (X, # X;), whereas a negative edge weight means that
they are more likely to disagree.

B. Classes of Graphical Models

In this paper, we consider two different classes of Ising
models (2), depending on the condition that we impose on the
edge set E. In particular, we consider the two classes of graphs:

1) the collection G,, 4 of graphs such that each vertex has de-

gree at most d for some d > 1, and
2) the collection Gy, 1 of graphs G with |F| < k edges for
some k > 1.
In addition to the structural properties of the graphs, the diffi-
culty of graph selection also depends on properties of the vector
of edge weights §(G) € R(). Naturally, one important prop-
erty is the minimum value over the edges, captured by

AO(@) ;== min B @)

(s,t)eE

The interpretation of the parameter A is clear: as in any signal
detection problem, it is obviously difficult to detect an interac-
tion f4; if it is extremely close to zero.

Estimation of the graphical structure also turns out to be hard
if the edge parameters f,; are large, since large values of edge
parameters can mask interactions on other edges. The following
example illustrates this point.

Example 1: Consider the family G, ;. of graphs with p = 3
vertices and £ = 2 edges; note that there are a total of 3 such
graphs. For each of these three graphs, consider the parameter
vector

BG) =10 6 0]

where the single zero corresponds to the single distinct pair s #
t not in the graph’s edge set, as illustrated in Fig. 1.

In the limiting case § = +o0, for any choice of graph with
two edges, the Ising model distribution enforces the “hard-core”
constraint that (X7, X2, X3) must all be equal; that is, for any
graph G, the distribution Py(¢) places mass 1/2 on the con-
figuration [+1 +1 +1] and mass 1/2 on the configuration
[-1 =1 —1]. Of course, this hard-core limit is an extreme
case, in which the models are not actually identifiable. Nonethe-
less, it shows that if the edge weight 4 is finite but very large, the
models will not be identical, but will be very hard to distinguish.
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Motivated by this example, we define the maximum neigh-
borhood weight

W' (B(G)) = max Y |fail- )

teEN (s)

Our analysis shows that the number of samples n required to
distinguish graphs typically grows exponentially in w™.

In this paper, we study classes of Markov random fields that
are parameterized by a lower bound A on the minimum edge
weight, and an upper bound w on the maximum neighborhood
weight.

Definition 1 (Classes of Graphical Models):

a) Givena pair (A, w) of positive numbers, the set G,, 4(\, w)
consists of all distributions Pg(s) of the form (2) such
that 1) the underlying graph G = (V, E) is a member of
the family G, 4 of graphs on p vertices with vertex de-
gree at most d; 2) the parameter vector § = 6(G) re-
spects the structure of G, meaning that f,; # 0 only when
(s,t) € F; and 3) the minimum edge weight and max-
imum neighborhood satisfy the bounds

MO(G) > A and W' (H(G)) < w. (6)

b) ThesetG, (A, w) is defined in an analogous manner, with
the graph G belonging to the class G, ;. of graphs with p
vertices and at most &k edges.

We note that for any parameter vector 8((F), we always have

the inequality

W (6(G)) 2 max IN ()] A*(6(G)) )

so that the families G, (A, w) and G, 4(A, w) are only well de-
fined for suitable pairs (A, w).

C. Graph Decoders and Error Criterion

For a given graph class G (either G, 4 or G, ) and posi-
tive weights (A, w), suppose that nature chooses some member
Py from the associated family G(A,w) of Markov random
fields. Assume that the statistician observes n samples X7 :=
{x® .. X} drawn in an i.i.d. manner from the distribu-
tion Py, . Note that by definition of the Markov random field,
each sample X () belongs to the discrete set X' := {—1,+1}7,
so that the overall dataset X7 belongs to the Cartesian product
space X™”.

We assume that the goal of the statistician is to use the data
X7 to infer the underlying graph G' € G, which we refer to as
the problem of graphical model selection. More precisely, we
consider functions ¢ : &A™ — G, which we refer to as graph
decoders. We measure the quality of a given graph decoder ¢
using the 01 loss function [[¢(X7) # G], which takes value
1 when ¢(X7) # G and takes the value 0 otherwise, and we
define associated 0—1 risk

Poo)[#(XT) # G| = Eye) [l[o(XT) # G]]

corresponding to the probability of incorrect graph selection.
Here, the probability (and expectation) are taken with the re-
spect the product distribution of Py () over the n i.i.d. samples.
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The main purpose of this paper is to study the scaling of the
sample sizes n—more specifically, as a function of the graph
size p, number of edges %, maximum degree d, minimum edge
weight A, and maximum neighborhood weight w—that are ei-
ther sufficient for some graph decoder ¢ to output the correct
graph with high probability, or conversely, are necessary for any
graph decoder to output the correct graph with a prespecified
probability.

We study two variants of the graph selection problem, de-
pending on whether the values of the edge weights £ are known
or unknown. In the known edge weight variant, the task of the
decoder is to distinguish between graphs, where for any candi-
date graph G = (V, E), the decoder knows the numerical values
of the parameters #( (). (Recall that by definition, [(G)] ., = 0
for all (u, v) ¢ F, so that the additional information being pro-
vided are the values [#(F)]s: forall (s, t) € E.) In the unknown
edge weight variant, both the graph structure and the numerical
values of the edge weights are unknown. Clearly, the unknown
edge variant is more difficult than the known edge variant. We
prove necessary conditions (lower bounds on sample size) for
the known edge variant, which are then also valid for the un-
known variant. In terms of sufficiency, we provide separate sets
of conditions for the known and unknown variants.

III. MAIN RESULTS AND SOME CONSEQUENCES

In this section, we state our main results and then discuss
some of their consequences. We begin with statement and dis-
cussion of necessary conditions in Section III-A, followed by
sufficient conditions in Section I1I-B.

A. Necessary Conditions

We begin with stating some necessary conditions on the
sample size n that any decoder must satisfy for recovery over
the families G, 4 and G, . Recall (6) for the definitions of A
and w used in the theorems to follow.

Theorem 1 (Necessary Conditions for G, q): Consider the
family G, 4(}, w) of Markov random fields for some w > 1.
If the sample size is upper bounded as

n<{1-206)
i log p exp(w) log(pzd -1 (_],10 P
P 20 tanh()) T dddexp(h) 8 0 8d]

®)

then for any graph decoder ¢ : X7 — §,, 4, whether the edge

weights are known or not,
1

max .
log p

P XN A£G >6—
0(G)EG, a(Mw) 0(G) [¢( 1) 75 } =

©)

Remarks: Let us make some comments regarding the inter-
pretation and consequences of Theorem 1. First, suppose that
both the maximum degree d and the minimum edge weight
A remain bounded (i.e., do not increase with the problem se-
quences). In this case, the necessary conditions (8) can be sum-
marized more compactly as requiring that for some constant c,

. clogp - .
a sample size n > P canh(%) 1S required for bounded degree
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graphs. The observation of log p scaling has also been made
in independent work [6], although the dependence on the min-
imum value A given here is more refined. Indeed, note that if the
minimum edge weight decreases to zero as the sample size in-
creases, then since A tanh(\) = O(A\?) as A — 0, we conclude
that a sample size n > ‘/i# is required, for some constant ¢’.

Some interesting phenomena arise in the case of growing
maximum degree d. Observe that in the family G,, 4, we neces-
sarily have w > Ad. Therefore, in the case of growing maximum
degree d — 400, if bound (8) is not to grow exponentially in
d, it is necessary to constrain A = O(%). But as observed pre-
viously, since Atanh(\) = O(A%) as A — 0, we obtain the
following corollary of Theorem 1.

Corollary 1: For the family G, 4(}, w) with increasing max-
imum degree d, there is a constant ¢ > 0 such that in a worst case
sense, any method requires at least n > cmax{d?, A2} logp
samples to recover the correct graph with probability at least
1/2.

We note that Ravikumar et al. [22] have shown that under
certain incoherence assumptions (roughly speaking, control on
the Fisher information matrix of the distributions Py () and as-
suming that A = Q(d 1), a computationally tractable method
using £; -regularization can recover graphs over the family G,, 4
using n > ¢/d’logp samples, for some constant ¢’; conse-
quently, Corollary 1 shows concretely that this scaling is within
a factor d of the information-theoretic limit.

We now turn to some analogous necessary conditions over
the family G, . of graphs on p vertices with at most & edges.
In doing so, we assume that there is some constant v € (0, 2)
such that £ > 8p7. This is a mild condition, excluding only
graphs in which all except a logarithmic number of the vertices
are completely isolated.

Theorem 2 (Necessary Conditions for G, ): Consider the
family G, (A, w) of Markov random fields for some w > 1.
If for any v € (0,1) and universal constant ¢,,, the sample size
is upper bounded as

n<(1-206)

logp exp(w) log(k/8)
max ) . ,
2Xtanh(A)’ 16w exp(2A) sinh(A)

ey K logp}

(10)

then for any graph decoder ¢ :
weights are known or not,

1
PH(G) [‘J—S(X?) 7’é G] > 6 — @

XY — Gpx, whether edge

max
8(GYEG,, 1 (Aw)

(11)

Remarks: Again, we make some comments about the conse-
quences of Theorem 2. First, suppose that both the number of
edges k& and the minimum edge weight A remain bounded (i.c.,
do not increase with n, p, or k). In this case, the necessary con-
ditions (10) can be summarized more compactly as requiring
that for some constant ¢, a sample size n > %%16) is re-
quired for graphs with a constant number of edges. Again, note
that if the minimum edge weight decreases to zero as the sample

size increases, then since A tanh(\) = O(A\?) for A — 0, we
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conclude that a sample size n > % is required, for some
constant ¢’

The behavior is more subtle in the case of graph sequences
in which the number of edges % increases with the sample size.
As shown in the proof of Theorem 2, it is possible to construct
a parameter vector #(G) over a graph G with k edges such
that w*(6(G)) > A|[Vk]. (More specifically, the construction
is based on forming a completely connected subgraph on L\/ A_J
vertices, which has a total of ( L\éﬂ) < k edges, and then placing
a uniform edge weight A on each edge.) Therefore, if we wish to
avoid the exponential growth from the term exp(w), we require
that A = O(k~1/2) as the graph size increases. Therefore, we
obtain the following corollary of Theorem 2.

Corollary 2: For the family G, (A, w) with increasing
number of edges %, there is a constant ¢ > 0 such
that in a worst case sense, any method requires at least
n > cmax{k, A 2} logp samples to recover the correct graph
with probability at least 1/2.

To clarify a nuance about comparing Theorems 1 and 2, con-
sider a graph G € G, 4, with homogeneous degree d at each
node. Note that such a graph has a total of & = dp/2 edges.
Consequently, one might be misled into thinking Corollary 2
implies that n. > c%d log p samples would be required in this
case. However, as shown in our development of sufficient con-
ditions for the class G, 4 (see Theorem 3), this is not true for
sufficiently small degrees d.

To understand the difference, it should be remembered that
our necessary conditions are for identifying a graph among all
possible choices from the specified graph families. As men-
tioned, the necessary conditions of Theorem 2 and hence of
Corollary 2 are obtained by constructing a graph G that con-
tains a completely connected graph, K 7, with uniform degree
Vk. But K is not a member of G, 4 unless d > Vk. On the
other hand, for the case when d > \/E, the necessary conditions
of Corollary 1 amount to 7 > ck log p samples being required,
which matches the scaling given in Corollary 2.

B. Sufficient Conditions

We now turn to stating and discussing sufficient conditions
(lower bounds on the sample size) for graph recovery over the
families G, 4 and G . These conditions provide complemen-
tary insight to the necessary conditions discussed so far.

Theorem 3 (Sufficient Conditions for G, 4):
a) Suppose that for some § € (0,1), the sample size n

satisfies
1
n> % d (3 log p + log(2d) + log ) (12)
s 2

Then, if the edge weights are known a priori, there exists
a graph decoder ¢* : X7 — G, 4 whose worst case error
probability satisfies

Poe) 0" (X7) # Gl < 8 (13)

max
0(G)eGp.a(Xw)
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b) In the case of unknown edge weights, suppose that the
sample size satisfies

w (Bexp(2w) + 1)72 ) _
sinhZ()/4) | (16108 + 4l0g(2/8)).  (14)

n>[

Then, there exists a graph decoder ¢f : X} — G, 4 that
that has worst case error probability at most 6.

Remarks: Tt is worthwhile comparing the sufficient condi-
tions provided by Theorem 3 to the necessary conditions from
Theorem 1. First, consider the case of finite degree graphs. In
this case, condition (12) reduces to the statement that for some
constant ¢, it suffices to have n > ¢\ =% log(p/§) samples in
order to obtain the correct graph with probability at least 1 — 6.
Comparing with the necessary conditions (see the discussion
following Theorem 1), we see that for known edge weights and
bounded degrees, the information-theoretic capacity scales as
A2 log p. For unknown edge weights, conditions (14) provide
a weaker guarantee, namely that n > ¢’A~% log p samples are
required, but we suspect that this guarantee could be improved
by a more careful analysis.

Like the necessary conditions in Theorem 1, the sample size
specified by the sufficient condition (12) scales exponentially
in the parameter w—compare to the middle term in the lower
bound (8). Recalling that w is always at least dA, we conclude
that if we wish not to incur such exponential growth, we nec-
essarily must have that A = O(1/d). Consequently, it becomes
interesting to compare the dependence on the minimum edge
weight ), especially under the scaling A — 07. The bound (12)
depends on A via the term sinh ()% = m.
For small A, we have sinh " 2(A) < A~2. Similarly, the nec-
essary condition (8) includes a term involving (A tanh())) !,
which exhibits the same A2 scaling as A — 07F. Thus, in the
case that A = O(1/d), we obtain the following consequence of
Theorem 3.

Corollary 3: Suppose that A < < for some universal con-
stant ¢g. Then, for the graph famlly Gp.a( A, w), there exists a
graph decoder that succeeds with probability at least 1 — é using
n > ¢y max{d®, A~?}dlog(p/§) samples.

Comparing to Corollary 1 of Theorem 1, we see
that no method has vanishing error probability if n <
camax{d?, A72} logp, for some constant cy. Therefore,
together Theorems 1 and 3 provide upper and lower bounds on
the sample complexity of graph selection that are matching to
within a factor of d. We note that under the condition A > <,
the results of Ravikumar et al. [22] also guarantee correct
recovery with high probability for n > c4d? log p using ¢; -reg-
ularized logistic regression; however, their method requires
additional (somewhat restrictive) incoherence assumptions
that are not imposed here. In terms of the correct scaling, we
conjecture that the scaling n < max{d?, A =2} logp provided
by our lower bounds in Theorem 1 is the optimal one, since our
analysis in this case seems relatively sharp.

Finally, we state sufficient conditions for the class §,, j, in the
case of known edge weights.
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Theorem 4 (Sufficient Conditions for G, 1.):
a) Suppose that for some § € (0,1), the sample size n
satisfies

3exp(2w) + 1
Sinh?(%)

((k;+ Dlogp + log %) . (15)

Then, for known edge weights, there exists a graph de-
coder ¢* : X{ — G, . such that

max
8(GYEG, 1 (Aw)

Poy [¢"(XT) # G] < 6. (16)

b) For unknown edge weights, there also exists a graph de-
coder that succeeds with probability at least 1 — 4 under
condition (14).

Remarks: 1t is again interesting to compare Theorem 4 with
the necessary conditions from Theorem 2. To begin, let the
number of edges k remain bounded. In this case, for A = o(1),
condition (15) states that for some constant ¢, it suffices to have
n > ‘];\)# samples, which matches (up to constant factors)
the lower bound implied by Theorem 2. In the more general
setting of £ — 400, we begin by noting that like in Theorem
2, the sample size in Theorem 4 grows exponentially unless the
parameter w stays controlled. As with the discussion following
Theorem 2, one interesting scaling is to require that A < & ~/2,
a choice which controls the worst case construction that leads to
the factor exp(w) in the proof of Theorem 2. With this scaling,
we have the following consequence.

Corollary 4: Suppose that the minimum value A scales with
the number of edges % as A < & ~/2. Then, in the case of known
edge weights, there exists a decoder that succeeds with high
probability using n > ck? log p samples.

Note that these sufficient conditions are within a factor of &
of the necessary conditions from Corollary 2, which show that
unless n > ¢ max{k, A2} logp, then any graph estimator
fails at least half of the time.

IV. PROOFS OF NECESSARY CONDITIONS

In the following two sections, we provide the proofs of our
main theorems. We begin by introducing some background on
distances between distributions, as well as some results on the
cardinalities of our model classes. We then provide proofs of the
necessary conditions (see Theorems 1 and 2) in this section, fol-
lowed by the proofs of the sufficient conditions (see Theorems
3 and 4) in Section V.

A. Preliminaries

We begin with some preliminary definitions and results
concerning “distance” measures between different models, and
some estimates of the cardinalities of different model classes.

1) Distance Measures: In order to quantify the distinguisha-
bility of different models, we begin by defining some useful
“distance” measures. Given two parameters § and ¢ in R(g),
we let D(6]|6”) denote the KL divergence [10] between the two
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distributions Py and Py . For the special case of the Ising model
distributions (2), this KL divergence takes the form

Po(x)log .
el a1y Po(z)

D(||e") = (17)

Note that the KL divergence is not symmetric in its arguments
(i.e., D(8)|0") # D(6]|¢") in general).

Our analysis also makes use of two other closely related di-
vergence measures, both of which are symmetric. First, we de-
fine the symmetrized KL divergence, defined in the natural way
as

S(01|6") == D(@|le’) + D(']|6). (18)
Second, given two parameter vectors # and #', we consider the
model IP’HQ/ specified by their average. Using this averaged

model, we define another type of divergence as

T(0)|6') := D (9 + 0/||e) +D (9 + 9'||9'). (19)

2 2

Note that this divergence is also symmetric in its arguments. A
straightforward calculation shows that this divergence measure
can be expressed in terms of the partition function (3) associated
with the Ising family as

T(010') = 10g 22 0)

o)

Useful in our analysis are representations of these distance
measures in terms of the vector of mean parameters 1(6) €

R(g), where element /14 is given by

2

we{—1,41}»

e = B[ X Xy] = Polz]zez:.

2

Itis well known from the theory of exponential families [7], [28]
that there is a bijection between the canonical parameters # and
the mean parameters ji.

Using this notation, a straightforward calculation shows that
the symmetrized KL divergence between Py and Py is equal to

1
S@e") = ) Z (Ot — 054) (pese — p25) (22)
s,teV. st

where p.; and g, denote the edge-based mean parameters
under # and #’ respectively.

2) Cardinalities of Graph Classes: In addition to these di-
vergence measures, we require some estimates of the cardinal-
ities of the graph classes G, 4 and G, j., as summarized in the
following.

Lemma 1:
a) Fork < (g) /2, the cardinality of G, ;. is bounded as

((/Ii)) < (Gp.i szf((g))

and hence log |Qp7k.,| = 0(klog %)

(23)
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the cardinality of G, 4 is bounded as

d((l:»l) J ( )
p : pd
| J!} < [Gp.al < ( )
[ d+1 P bd

n—1
b) Ford < %=,

(24)

and hence log |gp7d| =0 (pdlogL).
Proof:
a) For the bounds (23) on |G, «|, we observe that there are

((g)) graphs with exactly ¢ edges, and that for k < (5) /2,

we have ((j)) ((k)) forall{ =1,2,...,k.
b) Turning to the bounds (24) on |G,, ,;| observe that every

model in G, 4 has at most &% edges. Note that d < 251

ensures that
pr]
2.
7 < (3)

Therefore, following the argument in part (a), we con-
clude that |G, 4| < "d ((fd)) as claimed.

In order to establish the lower bound (24), we first group
the p vertices into d + 1 groups of size | 25 +1J, discarding any
remaining vertices. We consider a subset of G,, 4: graphs with
maximum degree d each edge of the graph straddling vertices
in two different groups.

To construct one such graph, we pick a permutation of
[Ldi—lj} and form an bijection between vertices of group 1 and
group 2 representing that permutation. Similarly, we form an
bijection from groups 1 to 3, and so on up until d + 1. Note that
use d permutations to complete this procedure, and at the end
of this round, every vertex in group 1 has degree d, vertices in
all other groups have degree 1.

Similarly, in the next round, we use d — 1 permutations to
connect group 2 to group 3 through d + 1. In general, for i =
1....,d, inround 7, we use d + 1 — ¢ permutations to connect
group ¢ with groups ¢ + 1, ..., d 4 1. Each choice of these per-
mutations yields a distinct graph in G,, 4. Note that we use a total
of

d

Z(l+1—L

=1

r]—l—l)

d
permutations over | 72 | elements, from which the stated claim

(24) follows. |

3) Fano's Lemma and Variants: We provide some back-
ground on Fano’s lemma and its variants needed in our
arguments. Consider a family of M models indexed by the
parameter vectors {1, 82 ... #(M) 1 Suppose we choose
a model index K umformly at random from {1,...,M};
given K = k, we obtain a dataset X7 of n samples drawn
in an i.i.d. manner according to a distribution Pyx). In this
setting, Fano’s lemma and related inequalities provide lower
bounds on the probability of error of any classification function
¢ X" — {1,...,M}, specified in terms of the mutual
information

I(X7; K) = H(XT) —

H(X] | K) (25)
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between the data X7 and the random model index K. We say
that a decoder ¢ : X™ — {1,..., M} is $-unreliable over the
family {0, ... 9D if

max  Pgay [H(XT) £ k] > 6 — ;

2
k=1,....M - log M (26)

In this paper, we use the following forms of Fano’s inequality.

Lemma 2: Any of the following upper bounds on the sample

size imply that any decoder is ¢-unreliable over the family
{6 gD,
a) The sample size n is upper bounded as

(1 - ) log(M)

n < I(X(l);K) (27)
b) The sample size n is upper bounded as
log(M
n< (1-86)—r0 ff( ) ‘ (28)
a2 2 S(EW[e0)
k=1 ¢=k+1

We note that these variants of Fano’s inequality are stan-
dard and widely used in the nonparametric statistics liter-
ature (see e.g., [15], [17], [31], and [32]).

B. Key Separation Result

In order to exploit (28), one needs to construct families of
models with relatively large cardinality (M large) such that the
models are all relatively close in symmetrized KL divergence.
Recalling definition (21) of the mean parameters and the form of
the symmetrized KL divergence (22), we see that control of the
divergence between Py and Pg: can be achieved by ensuring that
their respective mean parameters jis¢ jig¢ Stay relatively close
for all edges (s,t) where the models differ.

In this section, we state and prove a key technical lemma that
allows us to construct such a class of models. As shown in the
proofs of Theorems 1 and 2 to follow, this lemma allows us to
gain good control on the symmetrized KL divergences between
pairs of models. Our construction of the model class, which ap-
plies to any integer 1 > 2, is based on the following procedure.
We begin with the complete graph on m + 1 vertices, denoted
by K, +1. We then form a set of ('”‘H) graphs, each of which
is a subgraph of K, 11, by removing a particular edge. Now de-
noting by G** the subgraph with edge (s,) removed, we define
the Ising model distribution Pg(¢«ty by setting [#(G**)]y = A
for all edges (u,v) # (s,t), and [#(G"*)]ss = 0. Thus, we are
considering a graph ensemble with uniform edge weights.

The following lemma shows that the mean parameter ps; =
Eg(c++)[XsX:] approaches its maximum value 1 exponentially
quickly in the parameter w = Arn.

Lemma 1: For some integer m,1 < m < p — 1, consider
the ensemble of ('”H) graphs with uniform edge weights pre-
viously defined. Suppose that w = Am > 2-—"=. Then, the
likelihood ratio on edge (s,¢) is lower bounded as

Pg(Gst)[XSXt - +1] B (st
[XSXt = —1] -

> exp (w — A)
1 —gs m

(29)
[FDQ G.sf
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and moreover, the mean parameter over the pair (s, #) is lower
bounded as

2m exp(\)
Egiooty[X:s Xe] > 1 — .
ool XeXi] 2 exp(w) + mexp(A)

(30)

Proof: Let us introduce the convenient shorthand ¢,z =
Pg(g-1)[Xs Xt = 1]. We begin by observing that the bound (29)
implies the bound (30) To see this, suppose that (29) holds, or
equivalently that g.; > 7 +b where b = SR@=20) Observing

m—+1
that Eg(ge+)[ X, X¢] = 2¢s¢ — 1, we see that

2b 2
Egiqsiy[ X X¢] > -1=1- .
oG )[ t]_l—l—b 1+4

from which (30) follows.
The remainder of our proof is devoted to proving the lower
bound (29). Our first step is to establish the relation

g _ Lo (") e (327 - m+3)° - 4)
1~ gy Y (M e (312 -m+1)2)
D

In order to prove (31), let us consider a fixed configuration X €
{—1,+1}” such that X, X; = 1. Define the subsets

Syi={ued{l,...,p\{s,t} | Xu =+1} and
Sy={uwe{l,....pN\{s,t} | X, = —-1}.

If the set S has j elements in total, then the contribution to
the exponential weight from variables in S alone is A (;) , from

variables in S_ alone is A (m*?l*j) , and the cross terms between

S and S_ is —\j(m—1—j). Depending on whether X and X
are both +1 or —1, the contribution from terms involving either
X, or Xy is 2025 — m + 1)) or —2A(2§ — m + 1)). Overall,
the probability of configurations for which X, X, = +1 and
|S4| = 4, denoted by rs = P[X . Xy = 1,]54| = j], is given

by
1 i m—1—j
=g () (")
- Xj(m—1-3)

|:e(2k(2j—m+1)) + e(—Z)\(Zj—'m-l—l))]

A1)
— Aj(m — 1~ .j))

|:e(2/\(2j7m+1)) + 8(2,\(2(771717]')7,1#1))}

where Z is the partition function. Noting that

e

1((2]‘ —m+1)* = (m—1))
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and that there are (m 1) ways of choosing j variables other than
X, and X; to be —|—1 we find that

qst

m—1
= Z (m B 1) CXp (%((2] —m+ 1% —m+ 1))
[6(2)\(237171,4-1)) +6(2A(2(m717j)7m+1))]
m—1
-1 A
:ZZ (m )PXp (5((2j—m+1)2—m+1)>
[6(2)\(237171+1)):|

m—1

2 Z <m}— 1) exp (%((Zj —m+3)2 —m— 3)).

Similarly, we obtain

17(14:1‘

m—1

72 (" e (Glei-mr 1y —ma)

7=0
(1+1)

m—1

7 Z (m - 1) exp (%((Z.i -m+1)? —m+ 1))

and combining the pieces yields the bound (31).

It remains to use the representation (31) to prove the stated
lower bound. We lower bound the ratio in (31) by identifying
the largest terms in the denominator. To do so, note that the ratio
between adjacent terms in the denominator is

(7;:11) exp ()‘ [(2] —m + 3)2])
(m 1) exp ( [(27 —m + 1)2])
(m—1-7)

R (%[2(4;‘ —2m+ 4)]) -

Consequently, if we write j = (m —1)/2— (m —1)ar— %, then
we have 45 — 2m 44 = —4(m — 1)a. Hence, if A(m —1) > 2,
the ratio between j 4+ 1th and jth terms is

1 1
1420+ (m—1) (774)\(m71)a < 1420+ ( 1) —8a
i ° = : 1
1—2@—m 1 -2« (mfl)
Note that if o # 0, then @ > —=. If 2cv + (m 5 < 1/2and
a # 0
1420+ 1=
(m;l) < 6(20'+(ml—71))(1+21n2)78(y <1
1—2a— =)
Consequently, the maximum term in the summation
cannot occur when 2 + ﬁ < 1/2 nor when

(m—-1)/4+1 < j < (m — 1)/2 — 1. By inspection,
the Y} term is smaller than the m%”th term whenever
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A(m — 1) > 2. Furthermore, by symmetry, we also have a
maximum when § > 3(m — 1)/4.

Picking a maximum j* > 3(m — 1)/4, using the representa-
tion (31), and noting that all terms in the numerator are nonneg-
ative, we find that

g imo (") exp (5 (25— m+3) — 4])

=g X777 exp (5127 - m+ 1))

('”—1) exp (% [(ZJ* —m+ 3)2 — 4])

m(m]:l) exp (5 [(2j* — m+ 1)2))
exp (A (45" — 2m +4) — 2]
exp (A(m — 17)T)L
exp (w’E A)

m

which completes the proof. |

C. Proof of Theorem 1

We begin with necessary conditions for the bounded degree
family G, 4. The proofis based on applying Fano’s inequality to
three ensembles of graphical models, each contained within the
family G, 4(A, w). Since the worst case performance is no better
than the performance over any subfamily, any such ensemble
provides a lower bound on the performance.

Ensemble A: In this ensemble, we consider the set of (IZJ)
graphs, each of which contains a single edge. For each such
graph—say the one containing edge (s, ¢), which we denote by
H,—weset [§(Hg:)]st = A, and all other entries equal to zero.
Clearly, the resulting Markov random fields Pg( 77y all belong to
the family G, 4(A, w). (Note that by definition, we must have
w > A for the family to be nonempty.) Let us compute the sym-
metrized KL divergence between the MRFs indexed by §(G:)
and 6(G ;). Using the representation (22), we have

S(O(Hse) || 0(Huo)) =
)‘{(IEG(HSt)[X::Xt][Ee(Hw)[Xth])_

— (Eoa,) [ XuXo] — IE@(H7LU>[XUX'U])}
= 2AEq(m, ) [ X X

since Eg(p,,)[XuX,] = 0 for all (u,v) # (s,t), and
Eoca,.,)[XuXo] = Egem,,)[XsX¢]. Finally, by definition of the
distribution Py, ), we have

exp(}) — exp(—A)

E X Xo] =
oo s X = o)

= tanh(A)

so that we conclude that the symmetrized KL divergence is
equal to 2 tanh()) for each pair.

Using the bound (28) from Lemma 2 with M = (72’), we
conclude that the graph recovery error is at least § — oz (2) if

the sample size is upper bounded as

(1-5)log(5)/4)

" S T tanh(\)

(32)
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Ensemble B: In order to form this graph ensemble, we begin
with a grouping of the p vertices into | 745 groups, each with
d + 1 vertices. We then consider the graph G obtained by fully
connecting each subset of d + 1 vertices, namely G is a graph
that contains | 725 | cliques of size d + 1. Using this base graph,
we form a collection of graphs by beginning with &, and then
removing a single edge (u, v). We denote the resulting graph by
G*“. Note that if p > 2(d + 1), then we can form

] P J(d+1)>p_d

d+1 2 — 4

such graphs. For each graph G™”, we form an associated
Markov random field Pg(gu=y by setting [(G"" )]s = A > 0
for all (a,b) in the edge set of G*”, and setting the parameter
to zero otherwise.

A central component of the argument is the following bound
on the symmetrized KL divergence between these distributions

Lemma 2: For all distinct pairs of models (G*") # 6(G"")
in ensemble B and for all A > 1/d, the symmetrized KL diver-
gence is upper bounded as

< 4Ad exp(A)

SOEIHIG) < =225

Proof: Note that any pair of distinct parameter vectors
6(G*") #£ 9(G*) differ in exactly two edges. Consequently,
by the representation (22), and the definition of the parameter
vectors,

SO(G) || 6(G*))
= A (Egigv) [ Xs Xo] — Egoon [Xs Xi])
+ X (Egaon [Xu Xo] — Egigony [Xu X o)
<A (1= Egaon[ X Xy]) + A (1 - Egiguny[XuXo))

where the inequality uses the fact that A > 0, and the edge-based
mean parameters are upper bounded by 1.

Since the model Py -y factors as a product of separate dis-
tributions over the [ ;4] cliques, we can now apply the sepa-
ration result (30) from Lemma 1 with 1 = d to conclude that

, 2d exp(A)
S(O(G)]|9(G™)) <2
( ( )” ( )) - exp(/\d) + dexp()‘)
4 A d exp())
exp(Ad)
as claimed. -

Using Lemma 2 and applying the bound (28) from Lemma 2
with M = I’Td yields that for probability of error below ¢ and
Ad > 2, we require at least

log(4f — 1)
S(O(Gs) || 9(Gw)) —

exp(d)) 1og(%‘l -1
4dA exp(A)

n>(1-206)

samples. Since w = dA in this construction, we conclude that

exp(w) log(5 — 1)
A d exp(A)

n>(1-6)
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samples are required, in order to obtain error below 6 —
as claimed in Theorem 1.

Ensemble C: Finally, we prove the third component in the
bound (8). In this case, we consider the ensemble consisting of
all graphs in G, 4. From Lemma 1(b), we have

1
log(pd/4)°

dd+1) P
log|Gpa| > ~— log !
08|Gp.al 2 ——5— log | -~
d(d+1) l7+]
=7 Ld+1“0g e
(lp1
g8d

For this ensemble, it suffices to use a trivial upper bound on the
mutual information (25), namely

I(XT;G) < H(XY) < np

where the second bound follows since X7 is a collection of np
binary variables, each with entropy at most 1. Therefore, from
the Fano bound (27), we conclude that the error probability stays
above § — m if the sample size n is upper bounded as
n < (1-— 6)% log &, as claimed.

D. Proof of Theorem 2

We now turn to the proof of necessary conditions for the graph
family G, », with at most k& edges. As with the proof of Theorem
2, it is based on applying Fano’s inequality to three ensembles
of Markov random fields contained in G, x (A, w).

Ensemble A: Note that the ensemble (A) previously con-
structed in the proof of Theorem 1 is also valid for the family
Gpx(A w), and hence the bound (32) is also valid for this
family.

Ensemble B: For this ensemble, we choose the largest integer
m such that k + 1 > (). Note that we have

m > |Vk| > g

We then form a family of (") graphs as follows: 1) first form
the complete graph XK, on a subset of m vertices, and 2) for
each (s,1) € Ky, form the graph G** by removing edge (s, ¢)
from K,,. We form Markov random fields on these graphs by
setting [0(G*")],» = A on every edge (wz) of G**.

Lemma 3: For all distinct model pairs 6(G*") and 6(G""),
we have

16w exp( 2

S(O(G*) | 6(G™)) < (33)

Proof: We begin by claiming for any pair (s,t) # (u,v),
the distribution Py (i.e., corresponding to the subgraph that
does not contain edge (u, v)) satisfies

Po(Gue) [ Xs Xz = +1]
PO(G“”)[XSXt - _1]

@)X Xy = +1]
Pg(Gst)[X Xe=-1]

(st (34)

IA

exp(2)\)

= exp(2X)
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where we have reintroduced the convenient shorthand ¢5; =
a+y[Xs Xy = 1] from Lemma 1.

To prove this claim, let Py be the distribution that contains
all edges in the complete subgraph K,,, each with weight A.
Let Z(6) and Z(#(G*")) be the normalization constants asso-
ciated with Py and Py(.), respectively. Now since A > 0 by
assumption, by the FKG inequality [2], we have

Pogun [Xs Xi =
PoGon (X X; =

1] Po[X, X, = +1]
_1] - P@[Xth - _1]

We now apply the definition of Py and expand the right-hand
side of this expression, recalling the fact that the model Pg(¢s1)
does not contain the edge (s, ¢). Thus, we obtain

Po[X, Xe = +1]
Po[X, X, = —1]
exp(A) 25 Py [X Xy = +1]

cxp(— )\)Z(G(G ) Pocceny[Xs Xs = —1]
Pocc sf,)[XSXt_ 1]

= 2X
exp( ) IFDH(Gs/)[XSXt - —1]

which establishes the claim (34).
Finally, from the representation (22) for the symmetrized KL
divergence and the definition of the models

S(B(G)16(G))
= MEpe) [XuX,] = Eogun)[Xu Xo]}

+ A {[Eg(Guv)[Xth] — IE@(Gst)[XSXt]}
= 2 {Eg(gve)[Xo X4] — Eggon X X0}

where we have used the symmetry of the two terms. Contin-
uing on, we observe the decomposition Eg(gs1)[ X X;] = 1 —
2Pg(G++)[Xs X = —1], and using the analogous decomposition
for the other expectation, we obtain

SOGT) |1 6(G™))

— 4)\ {P@(Gsf)[XSXt - ] Pg( w1 ) X Xt *1]}
1 1
= 4)‘{ Pe((}sf)[}(*‘\’”:—"_l} 1 - [F"B(Gm:)[X'SX/:-I-l} + 1}

Pg(gs:)[Xst,Zfl] Po(gun)[ X X, =-1]

()
< 4A

(= )
T T opN

A 1 1
— T qa {1 + 1-q., ox (2/\) + 1-gs, }
1—qse gst p st
AN (exp(2X) - 1) 1
13% [1 + 1;‘{*} [exp(Z)\) + —1;35’]

where in obtaining the inequality (a), we have applied the bound
(34) and recalled our shorthand notation gy; = Py(ge)[ X Xt =
+1]. Since A > 0 and (1 — gt)/qst > 0, both terms in the de-
nominator of the second term are at least one, so that we con-
clude that S((G*t) || H(Gv)) < N1

— st T—q,
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Finally, applying the lower bound (29) from Lemma 1 on the
ratio ¢s;/(1 — ¢st), we obtain that

4Am (exp(2A) — 1)
exp(w — A)

< 8w exp(2A) sinh(A)

- exp(w)

SEGT) 1 0(G™)) <

where we have used the fact that mA = w. [ |

By combining Lemma 3 with Lemma 2(b), we conclude that
for correctness with probability at least 1/2, the sample size n
must be at least

exp(w) log %

exp(w) log(k/8)
n
16w exp(2A) sinh(\)

16w exp(2X) sinh(A)

as claimed in Theorem 2.

Ensemble C: We now establish the third term in the bound
(10). As shown in the construction of Ensemble B, there is an
ensemble with A/ > @ graphs such that each edge has weight
A, andw = Avk. Combining the bounds from Ensembles and B
and using the bound k£/8 > p”, we conclude that the decoding
will be é-unreliable if

n 1
<
(1 —6)logp — 4Atanh(N)

v exp(3Vk)
128)\\/Eexp(7)‘) sinh(\)

[0 [)

In fact, since we must necessarily have v < 2, it suffices to
impose the (slightly) stronger condition

n 1
L PV R
(1-246)logp =7 { 8 tanh(\)

w_/
Fr(n)
cxp(3VF) |
128)\\/Ecxp(%) sinh(A) J°

Gi(N)

Since e® < 1 + 4z for 0 < z < 2, it can be verified that
Atanh(A) < 42 forall A € [0, 1], and hence

Fr(A) > .

e for all A € [0,1].

On the other hand, we have sinh(\) < exp(A), and hence

exp(%\/ﬁ)exp(%\/ﬁ) @ exp(%\/z)
128 0kexp(B) T 1280k

exp (gﬁ)

Gi(A) >

2

1024

where inequality (i) follows as long as vk > 14. Combining
the pieces, we see that

1 exp(3vk)
FeN\) + Ge(A) > — + —— 872
b0 + Gl )_§A2+ 1024

Hi.(A)
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Note that Hy, is a strictly convex function on the positive real
line, and since Hi(A) — 400 as A — 0T and A — +oc,
it must achieve its minimum somewhere in the open interval
(0, >). Taking derivatives to find the optimum A*, we see that
it must satisfy the equation

1 Vkexp(3Vk)
16(A*)3 8192 '

(35

Substituting back, we find that Hy.(\*) = g5y + 2\/54(&*)3-
which decreases as A* increases. But from (35), for any v €

(0,1), we have A* = o(k™=), which implies that there is a
universal constant ¢, such that Hy(A*) > ¢, k' ", as claimed.

V. PROOFS OF SUFFICIENT CONDITIONS

We now turn to the proofs of the sufficient conditions given in
Theorems 3 and 4, respectively, for the classes G, 4 and G, 1. In
both cases, our method involves a direct analysis of a maximum
likelihood (ML) decoder, which searches exhaustively over all
graphs in the given class, and computes the model with highest
likelihood. We begin by describing this ML decoder and pro-
viding a standard large deviations bound that governs its per-
formance. The remainder of the proof involves more delicate
analysis to lower bound the error exponent in the large devia-
tions bound in terms of the minimum edge weight A and other
structural properties of the distributions.

A. ML Decoding and Large Deviations Bound

Given a collection X7 = {X 1), X1 of n iid. sam-

ples, its (rescaled) likelihood with respect to model Py is given
by

l 1 T .
Lo(X}) === logPy[X Y],
i=1

n

(36)

For a given graph class G and an associated set of graphical
models {#(G) | G € G}, the ML decoder is the mapping ¢* :
X — G defined by
¢"(X7) = arg max £y (X7). (37

Ifthe maximum is not uniquely achieved, we choose some graph
G from the set of models that attains the maximum.

Suppose that the data are drawn from model Py () for some
G € G. Then, the ML decoder ¢* fails only if there exists
some other 6(G”’) # 6(G) such that Lo\ (XT) > Loy (XT).
Note that we are being conservative by declaring failure when
equality holds. Consequently, by union bound, we have

Poldp"(X1) # G1 < D P loan(XT) > Loy (XT)] -
areg\@

Therefore, in order to provide sufficient conditions for the error
probability of the ML decoder to vanish, we need to provide an
appropriate large deviations bound.
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Lemma 3: Collection a collection of n i.i.d. samples X =
(XM . , X1 from the distribution Py(a). Then, for any
G # G we have

P [loay(XT) > lye)(XT)] < e BIEW@GIEED)  (38)
where the distance ./ was defined previously (19).
Proof: So as to lighten notation, let us write § = 8(G)

and §° = 0(G"). We apply the Chernoff bound to the random
variable V' := £y (X7) — £4(XY), thereby obtaining that

1
—logPg[V > 0]
n
1
mf log Eg [exp(sV)]

= lnf Z [Pe(2)]

>0
we{~1,+1}r

1 1
<log Z(#/2+6'/2) — §logZ(9) - glogZ(E’/).,

| /\

U [Par(a)]”

where Z(#) denotes the normalization constant associated with
the Markov random field Py, as defined in (3). The claim then
follows by applying the representation(20) of J{(f || ). ]

B. Lower Bounds Based on Matching

In order to exploit the large deviations claim in Lemma 3, we
need to derive lower bounds on the divergence J(#(G) || #(G"))
between different models. Intuitively, it is clear that this diver-
gence is related to the discrepancy of the edge sets of the two
graph. The following lemma makes this intuition precise. We
first recall that a matching of a graph G = (V, E) is a subgraph
H such that each vertex in A has degree one. The matching
number of GG is the maximum number of edges in any matching
of .

Lemma 4: Given two distinct graphs G = (V, E) and G’ =
(V,E"),letm(G, G") be the matching number of the graph with
edge set

EAFE =

(E\E') U(E"\E').

Then, for any pair of parameter vectors #(G) and 6(G') in

G(A\,w), we have
A
inh” [ = ).
sin (4)

Proof: Some comments on notation before proceeding: we
again adopt the shorthand notation # = 6(G) and ¢’ = §(GF").
In this proof, we use e; to denote either a particular edge, or
the set of two vertices that specify the edge, depending on the
context. Given any subset A C V,weusex s = {z,, s € A} to
denote the collection of variables indexed by A. Given any edge
e = (u,v) withu ¢ A andv ¢ A, we define the conditional
distribution

m(G,G")

J(6(G) ]| 0(G") > 3 oxp(20) + 1 (39)

Po(@y, Ty, x4)

Py(e (40

Pg[ ](Tu Ly ):
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over the random variables z. = (z,,, 2, ) indexed by the edge.

Finally, we use
TG

+D( ENVERLEN |F’9,[“) (41)

J7, (0167 =

to denote the divergence (19) applied to the conditional distri-
butions of (X, X, | Xa = z4).

With this notation, let M C EAE’ be the subset of edges in
some maximal matching of the graph with edge set FAE’. Let
M ={ey,...,en}, and denote by V\M the subset of vertices
that are not involved in the matching. Note that since J is a
combination of KL divergences, the usual chain rule for KL
divergences [10] also applies to it. Consequently, we have the
lower bound

JON ) 2
Yo Y Pawles ) (0116)
=1 TY\M>

Tep s -Tey_ |

where for each ¢, we are conditioning on the set of variables

TS, , = (’l’p \M1Teys- > Tey_ 1) Finally, from Lemma 7 in
Appendix A, for all £ = 1 ..... ,m and all values of x5,_,, we
have

1 A
Jee o (0]6) > ———————sinh® [ =
Se-1 Jexp(2w)+ 1 4

from which the claim follows. [ |

C. Proof of Theorem 3(a)

We first consider distributions belonging to the class
Gp.a(A, w), where A is the minimum absolute value of any
nonzero edge weight, and w is the maximum neighborhood
weight (5). Consider a pair of graphs G and G’ in the class
Gp.q that differ in £ = |E' A E’| edges. Since both graphs have
maximum degree at most d, we necessarily have a matching
number

14

A !
m(G,G") > T4
Note that the parameter £ = |E A E’| can range from 1 all the
way up to dp, since a graph with maximum degree d has at most
‘% edges.

Now consider some fixed graph G € G, 4 and associated
distribution Pg(y € Gy, 4; we upper bound the error probability
Pocyl¢™(XY) # GI. For each £ = 1,2,...,dp, there are at

most (( /)) models in G, 4 with mismatch £ from . Therefore,
applying the union bound, the large deviations bound in Lemma

A
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3, and the lower bound in terms of matching from Lemma 4, we
obtain

Po(cyl¢™(XT) # G]

d

) GOd)
<2 ( / ) e { —n g T ()}
< pd z}{laxpd exp { log (%))

)
o 3exp(2w) + 1 b1nh2(§)}

seeey

’ILﬂ sinhz(i)}.
3exp(2w) + 1 2

This probability is at most 4 under the given conditions on 7 in
the statement of Theorem 3(a).

D. Proof of Theorem 4

Next, we consider the class §, ; of graphs with at most %
edges. Given some fixed graph G € G, ;,, consider some other
graph G’ € G, such that the set E A E’ has cardinality m.
We claim that for each m = 1,2, ..., 2k, the number of such
graphs is at most 2Fp2 (k1)

To see this claim, recall the notion of a vertex cover of a set
of edges, namely a subset of vertices such that each edge in the
set is incident to at least one vertex of the set. Note also that the
set of vertices involved in any maximal matching form a vertex
cover. Consequently, any graph E’ such that E A FE’ has car-
dinality m be described in the following (suboptimal) fashion:
1) first specify which of the & edges in E are missing in E’; 2)
describe which of the at most 2m vertices belong to the vertex
cover corresponding to the maximal matching of £ A E’; and
3) describe the subset of at most k& vertices that are connected
to the vertices of the cover in Step 2). This procedure yields at
most 2Fp2mp2km = ok p2m(k+1) possibilities, as claimed.

Consequently, applying the union bound, the large deviations
bound in Lemma 3, and the lower bound in terms of matching
from Lemma 4, we obtain

Poey[¢™(XT) # G]
k
< Z 2kp2m(k:+1)e—nm sinh” (%)

m=1

<k

ek+2m(k+1)logp7n z

T sinh®(3)

max
m=1,....k
This probability is less than é under the conditions of Theorem
4, which completes the proof.

E. Proof of Theorems 3(b) and 4(b)

Finally, we prove the sufficient conditions given in Theorems
3(b) and 4(b), which do not assume that the decoder knows
the parameter vector #(() for each graph G € G, 4. In this
case, the simple ML decoder (37) cannot be applied, since it as-
sumes knowledge of the model parameters 6(G) for each graph
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G € G, 4. A natural alternative would be the generalized likeli-
hood ratio approach, which would maximize the likelihood over
each model class, and then compare the maximized likelihoods.
Our proof of Theorem 3(b) is based on minimizing the distance
between the empirical and model mean parameters in the /.,
norm, which is easier to analyze.

1) Decoding From Mean Parameters: We begin by de-
scribing the graph decoder used to establish the sufficient con-
ditions of Theorem 3(b). For any parameter vector § € R() , let
() € R() represent the associated set of mean parameters,
with element (s,¢) given by [11(8)]s: := Ea[X:X:]. Given a
set X7 = {XM .. XY of n samples, the empirical mean
parameters are given by

1 <& ) .
o= =y XW X0, 42
Hst o £ : t ( )

For a given graph G = (V, E), let O, .(G) C R®) be a
subset of exponential parameters that respect the graph struc-
ture—viz.

a) we haved,, = 0 forall (u,v) ¢ F,

b) for all edges (s,t) € E, we have |[64| > A;

c¢) for all vertices s € V', we have Zte.}\/"(s) [fst] < w.

For any graph (G and set of mean parameters p € R(‘g),
we define a projection-type distance via Jg(p) =
mingeo, () 1t — 1(0)]|cc.

We now have the necessary ingredients to define a graph de-
coder ¢' : ™ — G, 4; in particular, it is given by

HT(XT) == arg Gmin Ja(i)

Yp,d

(43)

where 7i are the empirical mean parameters previously defined
(42). (If the minimum(43) is not uniquely achieved, then we
choose some graph that achieves the minimum.)

2) Analysis of Decoder: Suppose that the data are sampled
from Py for some fixed but known graph G € G 4, and
parameter vector (G) € O, (). Note that the graph decoder
#' can fail only if there exists some other graph G’ such that
the difference A(G’ ; G) := Jo (it) — Jo () is not positive.
Again, we are conservative in declaring failure if there are ties.

Let ¢’ denote some element of ©) .,(G’) that achieves the
minimum defining Jg(j1), so that Jg/ (i) = | — 1(8")]]so.
Note that by the definition of J¢;, we have Jg (f) < || —
8(G)]|oc, where §(() are the parameters of the true model.
Therefore, by the definition of A(G’; G), we have

A(GG) 217 = (@)oo = 17 = 1(0(G))loo

2 11(6") = 1(0(G))lloo — 20|72 — 1(8(G))lloo
(44)

where the second inequality above uses the triangle inequality.

Therefore, in order to prove that A(G’; G) is positive, it
suffices to obtain an upper bound on ||z — p(8(G))||s0, and
a lower bound on ||x(8’) — 1(#(G))||0, Where 8’ ranges over
O,...(G). With this perspective, let us state two key lemmas.
We begin with the deviation between the sample and population
mean parameters:
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Lemma 5 (Elementwise Deviation): Given n i.i.d. samples
drawn from Py, the sample mean parameters /i and popula-
tion mean parameters p(f(G)) satisfy the tail bound

p(0(G)) oo

t2
Pl — > 1] < 2cxp (—n; + 210gp) .

This probability is less than é for ¢ > M

Our second lemma concerns the separation of the mean pa-
rameters of models with different graph structure:

Lemma 6 (Pairwise Separations): Consider any two graphs
G = (V,E) and G’ = (V, E’), and an associated set of model
parameters §{G) € O (@) and (G") € Oy ,,(G"). Then, for

all edges (s,t) € E A E'
max ’IEF;(G) [X.X,] -

Eoion | Xu Xy
u€{s,t},veV H(G)[ ]

sinh?(\/4)
~ 2w (3exp(2w) + 1)

We provide the proofs of these two lemmas in Sections V-E3
and V-E4.

Given these two lemmas, we can complete the proofs of The-
orems 3(b) and 4(b). Using the lower bound (44), with proba-
bility greater than 1 — 6, we have

) > sinh?(\/4) .y \/ 4logp + log(2/6)
w (3exp(2w + 1) n ’

IN(E

This quantity is positive as long as

w(Bexp(2w +1)72 G
[W] {16logp + 4log(2/6)}

which completes the proof.
It remains to prove the auxiliary lemmas used in the proof.
3) Proof of Lemma 5: This claim is an elementary conse-
quence of the Hoeffding bound. By definition, for each pair
(s,t) of distinct vertices, we have
}L ST XxOXY — Ege)[X, X))

i=1

Post — [M(e(G>)]st

which is the deviation of a sample mean from its expectation.
Since the random variables { X, X (1" arei.i.d. and lie in
the interval [—1, +1], an application of Hoeffdmg s inequality
[16] yields that

Pl st — [1(8(G))]st

The lemma follows by applying union bound over all (}) edges
of the graph, and the fact that log (5) < 2log p.

4) Proof of Lemma 6: The proof of this claim is more
involved. Let (s,1) be an edge in EF\E’, and let C' be the
set of all other vertices that are adjacent to s or  in either
graphs—namely, the set

C:={ueV|(us)or(ut)c FEUE}
= N(s) UN () \{s, 1}
Our approach is to first condition on the variables zo =

{x,,u € C}, and then to consider the two conditional dis-
tributions over the pair (X, X;), defined by Py and Py,

> 1] <2 exp (- nt?/2).
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respectively. In particular, for any subset S C V, let us define
the unnormalized distribution

Z cxXp

To, aS

Qo(zs) :=

g 61L’I) a;?l,a;’l)

(uv)EE

(45)

obtained by summing out all variables xz, for a ¢ S. With this
notation, we can write the conditional distribution of (X, X)
given {X¢ = x¢} as

Ty, T, T
I]:Dg[ ](T& It) QG( 29 C)

Qo(xc)

As reflected in our choice of notation, for each fixed z, the
distribution (40) can be viewed as a Ising model over the pair
(X5, X:) with exponential parameter 8[2¢]. We define the un-
normalized distributions Qg[,,] and the conditional distribu-
tions Py/[;.] in an analogous manner.

Our approach now is to study the divergence
J(0lzc] || @'[xc]) between the conditional distributions

induced by Py and Py . Using Lemma 7 from Append1x A, for
sinh? ()
3 oxp(Zw)+1 ’

(46)

each choice of ¢, we have J(8uc] || €' [x¢]) >
and hence

Evsor [J(O[Xc] | 0'[Xc])] 2 mh G)

(47)
where the expectation is taken under the model P 5,/ . Some
calculation shows that ’

Eopw [J(61X] || #1Xc))
Qs (Xo) Qo (X¢)
=Esie |log—F7——| + Eoyor |log ————]| .
= l QR X)) T [ el
Applying Jensen’s inequality yields
Qo(Xc)
Evier |log —F—7—
=R [ ' Q%(XC)
Qo(zc)
<1 —_——— /
< log [Z Q9+9’ 7C‘ ;Qaw TC Q6’+9[76]

ne Qe(Tc)

1 e = 7
°T.. Qoso (#0)

with an analogous inequality for the term involving Qg.. Con-
sequently, the average E oo [J(O[Xc] || #[Xc])] is upper
bounded by ’

[ZM Qo(zc)] [X.. Qor( iC)}

. (48)
[ch Qe%e’(fﬂc)}
In order to exploit (48), we upper bound the quantity
26.6) = [0 (o0xe] 1 (50 1xep |
+£0 | D | (5 ) ixe)]. @)
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By the definition of the KL divergence, we can decompose
A(8,0') as the sum Zj-:l T;, where

Tii= > (ew — ) (Buu — 00,) (50a)
uEN (s)\t

Toi= Y (pew— i) (B —0;,) and  (50b)
veN(#)\s

T3 :=FEyl QHQI(XC) Eg | QQW(XC) 50

O 74— 0, —. C

o log Qo (o) ¢ log Qo (X0 (50¢)

In the expressions for 77 and T3, the quantities p and o/ de-
note mean parameters computed under the distributions Py and
Py, respectively. But by Jensen’s inequality, we have the upper
bound

Eo ey (c) <1 2o Qe loc) 51
"B Xy < B Y @) O

with an analogous upper bound for the term involving ¢’.
Combining the initial bound (48), the decomposition (50) and
the last bound (51), we obtain

Euew [T(6Xe] || #Xc])] <
Z (Usu - N;u,) (‘9511 0;”)

uwEN(s)\t

LD

VE. ’\f(f)\s

Mtv Mtv (‘9“’ - 9;1))

Finally, since 3, o v(,) [fus| < w by the definition (5) (and
similarly for the neighborhood of ¢), we conclude that

Eoro [J(O[Xe] || 0'[Xc])] < 2w

WAX |y — iy, |-

u€{s,t} vev

Combining this upper bound with the lower bound (47) yields
the claim.

VI. DISCUSSION

In this paper, we have analyzed the information-theoretic
limits of binary graphical model selection in a high-dimen-
sional framework, in which the sample size n, number of
graph vertices p, number of edges k&, and/or the maximum
vertex degree d are allowed to grow to infinity. We proved four
main results, corresponding to both necessary and sufficient
conditions for inference in the class G, 4 of graphs on p vertices
with maximum vertex degree d, as well as for the class G, 5, of
graphs on p vertices with at most & edges. More specifically, for
the class G, 4, we showed that any algorithm requires at least
n > ¢ d*logyp samples, and we demonstrated an algorithm
that succeeds using n < ¢ d3logp samples. Our two main
results for the class G, , have a similar flavor: we show that
any algorithm requires at least n > ¢ klog p samples, and we
demonstrated an algorithm that succeeds using n < ¢’ k2 log p
samples. Thus, for graphs with constant degree d or a constant
number of edges &, our bounds provide a characterization of the
information-theoretic complexity of binary graphical selection
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that is tight up to constant factors. For growing degrees or edge
numbers, there remains a minor gap in our conditions.

In terms of open questions, one immediate issue is to close
the current gap between our necessary and sufficient conditions;
as summarized previously, these gaps are of order d and % for
Gp.q and G, 1, respectively. We note that previous work [22] has
shown that a computationally tractable method, based on /; -reg-
ularization and logistic regression, can recover binary graphical
models using n = (d> log p) samples, a result that is con-
sistent with but not quite matching the n = Q(d? log p) lower
bound given here. Moreover, in this paper, although we have fo-
cused exclusively on binary graphical models with pairwise in-
teractions, many of the techniques and results (e.g., constructing
“packings” of graph classes, Fano’s lemma and variants, large
deviations analysis) apply to more general classes of graphical
models. Some other follow-up work [29] has used related tech-
niques for studying the information-theoretic limits of Gaussian
graphical model selection. It would be interesting to explore
other extensions in this direction, including the case of discrete
models with larger alphabets.

APPENDIX

A) Separation Lemma: In this appendix, we prove the fol-
lowing lemma, which plays a key role in the proofs of both
Lemmas 4 and 6. Given an edge e = (s,t) and some subset
U C V\{s,t}, recall that .J;_(8 || 8") denotes the divergence
(19) applied to the condltlonal dlstrlbutlons of (X, Xo | X4 =
T 4), as defined explicitly in (41).

Lemma 7: Consider two distinct graphs G = (V| E') and
G’ = (V, E’), with associated parameter vectors # and #’. Given
an edge (s,7) € F\F’ and any subset U C V\{s,%}, we have

euv
4 .

T (01167 >

1
= &inh? )
2 Tom2 )+1blnl ( (52)

Proof: To lighten notation, let us define

2
~ Bexp(2w) +1

()u'u

sinh?
sin (4

) > 0.

Note that from the definition (5), we have w > |6,,,|, which
implies that e < 2. For future reference, we also note the relation

6, Oun \]°
{exp (%) —exp (%)] = 2e+ 6eexp(2w).  (53)

With this setup, our argument proceeds via proof by contra-
diction. In particular, we assume that

Tl (0 0) < ef2 (54)

and then derive a contradiction. Recall from (45), our notation
Qo(x4) for the unnormalized distribution applied to the subset
of variables 4 = {z;, ¢ € A}. With a little bit of algebra, we
find that

Q (J”D) QQ’(JJD)
2
S sz VECITT

JeL (0] 6) = log
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Let us introduce some additional shorthand so as to lighten
notation in the remainder of the proof. First we define f(x) :=

Qo(z) Qpr(x) and o(z) = % We make note of the
equivalence a(z) = exp(A(z)/2), where
Alz) = Z 012 52s — Z 0l T Ty
(s.t)€EE (s t)EE

Observe that Lemma 8§ in Appendix B characterizes the be-
havior of A(x) under changes to z. Finally, we define the set

Yiap)={ye{-1,+1}? |y, =x; foralli e U},
corresponding to the subset of configurations y € {—1,+1}7

that agree with =y over the subset U.
From the definitions of « and 3, we observe that

{ > Qa(y)} { > QW(?/)}

yeV(zy) yeY(xr)
_ o(y)
= Y. aws) >
e - By
yEY (xrr) yEY(xry)
2
<@+’ D By (55)
yEYV (w17)

where the inequality follows from the fact ¢ < 2, our original
assumption (54), and the elementary relations for all z € (0, 1]

exp(z) < (14 22) < (1 + 22)2.

Now consider the set of quadratics in ¢, one for each y €
Y(zv), given by

B(y)

2 =0.
a(y)

Bwy)aly) —2(1+€)B(y) t +

Summing these quadratic equations over y € Y(zy) yields a
new quadratic ¢ given by

gty = > Blyaly) —26(1+¢) > By
yeV(wr) yEY (wrr)
2 ﬁ(y)
+1
ye%u)a(y)

which by which by (55) must have two real roots.
Let ¢* denote the value of ¢ at which the quadratic ¢ achieves
its minimum. By the quadratic formula, we have

. U+ ey AWY)

- Z?/Ey(mbr)(ﬂ(y)/a(?/)) >0

Since ¢(+*) < 0, we obtain

5 yeviony 0 [ VTl — ol TF |

2et™ >

. (56)
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If we define the set Y* () as

az)’> af*g‘/)} < eXp(%)}

then we can rewrite (56) as

{y & Y(ur) | x{

A 2
> ﬁ(y)t*{[ o ﬁ] _26}
ygYV* (wrr) \/ (v) t
> yey oy PY)
(@) 306(y) exp(2w
D g Ly (o) 30Y) exp(20)
> ovey- (o) BY)

2et™ >

(57)

where inequality (a) follows from the definition of Y*(x), the
monotonically increasing nature of the function f(s) = (s—1)?
for s > 1, and the relation (53).

From Lemma 8, for each y € Y*(z1), we obtain a configu-
ration a ¢ Y*(xy ) by flipping either u, v or both. Note that at
most three configurations y € Y*(x7) can yield the same con-
figuration z ¢ Y*(zr). Since these flips do not decrease 5(y)
by more than a factor of exp(2w), we conclude that

> Bly) <3 exp(2w)

yeV*(x1r)

> By

ygY*(xr)

which is a contradiction of (57). Hence, the quadratic g cannot
have two real roots, which contradicts our initial assumption
(54). ]

B) Proof of a Flipping Lemma: It remains to state and
prove a lemma that we exploited in the proof of Lemma 7 from
Appendix A.

Lemma 8: Consider distinct models § and #, and for each
x € {—1,+1}7, define

0 T Tore (58)

A(z) = Z BruoTuTy —

(u,v)EE

>

(u/ ,'U/)EE’

Then, for any edge (s,2) € F\FE’ and for any configuration
x € {—1,+1}?, flipping either z or z; (or both) changes A(z)
by at least |f4¢].

Proof: We use N (s) and N’(s) to denote the neighbor-
hood sets of s in the graphs G = (V, E) and G’ = (V. E’) re-
spectively, with analogous notation for the sets A/ () and N7 (¢).
We then define

bs(x) == 05uz,y, and
WEN (8NN (s)

8i(z) == Z 0., T
WEN () \N(5)
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with analogous definitions for the quantities é;(x) and 6;(x).
Similarly, we define

vsla) == Z Oguy, and
11,6./\/(5)('7/\/’(5)

’YT(:L) = Z gtw:};v-
VEN (NN ()

Finally, we define the pair
&(x) = Z OypTy®,. and

(u,v)EE;
u,vé{s,t}

g(x) = Z OuoTuTy.
(u,v)EE’
w,og{s,t}

With this notation, we first proceed via proof by contradic-
tion to show that A(x:) must change when (x5, «;) are flipped:
to the contrary, suppose that for A(x) stays fixed for all four
choices (4, 2:) € {—1,+1}2. We then show that this assump-
tion implies that #,; = 0. Note that both of the terms é4(x)
and 6:(x) include a contribution from the edge (s,¢). When
(zg,2¢) = (+1,+1), we have

(8s() — Bsr) + (e(2) — Bar)
+ 0ot + () + (7)) + 7e(2)
= 8,(2) 4+ 6;(x) + & () + 7s () + ye(x) + Ax)

whereas when (., 7:) = (—1, —1), we have
— (Bu() + B0) — (Bu(a) + 020)

F 0+ £(x) = ve(x) — 2e(2)
= 8 (x) — 8(x) + € (x) — & (x) —

Adding these two equations together yields
E(x) — B = &'(2) + Alx).
On the other hand, for (x5, z:) = (—1,+1), we have

— (6s() = B5e) + (8e() + Ost)
— O+ &(x) — v () + i)
= —60(x) + 6i(x) + ’() ¥s () + ve(w) + Ax)

and for (x5, 2;) = (+1,—1), we have
(6s(x) + O4t) — (64(z) — bp)

— st + &(2) + 7s(7) — 1(2)
= 84(x) = 8y(m) + &(w) + ve(2) —

Adding together these two equations yields

E(x) + 04 = £(2) + Alx).

yi(z) + Alx).

(59)

vi(z) + A(x).

(60)

Note that (59) and (60) cannot hold simultaneously unless #;; =
0, which implies that our initial assumption—namely, that A(x:)
does not change as we vary (z,,7;) € {—1, —1}*—was false.

4133

Finally, we show that the change in |A(z)| must be at least
|6s¢]. For each pair (¢,7) € {—1,+1}2, let S,] = Az |z, =
i,z+ = j) be the value of A(x ) when z, = 7 and z; = J.
Suppose that for some constant ¢ and 6 > 0, we have &;; €
[¢c — ¢,¢ + € for all (4, j). By following the same reasoning as
previously, we obtain the inequalities £(x:) — 85 > &'(x)+c—¢
and £(z)+05 < & (x)+c+e, which together imply that 6, < e.
In a similar manner, we obtain the inequalities (%) + 05 >
&(z)+c—eand &(z) — 05 < &'(x) + ¢+ ¢, which imply that
—85: < ¢, thereby completing the proof. |
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