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Abstract

An important problem in modeling networks is how to generate
a randomly sampled graph with given degrees. A popular model is
the configuration model, a network with assigned degrees and random
connections. The erased configuration model is obtained when self-
loops and multiple edges in the configuration model are removed. We
prove an upper bound for the number of such erased edges for regularly-
varying degree distributions with infinite variance, and use this result
to prove central limit theorems for Pearson’s correlation coefficient and
the clustering coefficient in the erased configuration model. Our results
explain the structural correlations in the erased configuration model
and show that removing edges leads to different scaling of the clustering
coefficient. We then prove that for the rank-1 inhomogeneous random
graph, another null model that creates scale-free simple networks, the
results for Pearson’s correlation coefficient as well as for the clustering
coefficient are similar to the results for the erased configuration model.

1 Introduction and results

1.1 Motivation

The configuration model [@ is an important null model to generate graphs
with a given degree sequence, by assigning each node a number of half-
edges equal to its degree and connecting stubs at random to form edges.
Conditioned on the resulting graph being simple, its distribution is uniform
over all graphs with the same degree sequence . Due to this feature the



configuration model is widely used to analyze the influence of degrees on
other properties or processes on networks |11}14}/15,/25,32.|38].

An important property that many networks share is that their degree
distributions are regularly varying, with the exponent ~ of the degree distri-
bution satisfying v € (1, 2), so that the degrees have infinite variance. In this
regime of degrees, the configuration model results in a simple graph with
vanishing probability. To still be able to generate simple graphs with ap-
proximately the desired degree distribution, the erased configuration model
(ECM) removes self-loops and multiple edges of the configuration model [7],
while the empirical degree distribution still converges to the original one |13].

The degree distribution is a first order characteristic of the network struc-
ture, since it is independent of the way nodes are connected. An important
second order network characteristic is the correlation between degrees of
connected nodes, called degree-degree correlations or network assortativity.
A classical measure for these correlations computes Pearson’s correlation
coefficient on the vector of joint degrees of connected nodes [29,(30]. In
the configuration model, Pearson’s correlation coefficient tends to zero in
the large graph limit [17], so that the configuration model is only able to
generate networks with neutral degree correlations.

The configuration model creates networks with asymptotic neutral de-
gree correlations [17]. By this we mean that, as the size of the network
tends to infinity, the joint distribution of degrees on both sides of a ran-
domly sampled edge factorizes as the product of the sized-biased distribu-
tions. As a result, the outcome of any degree-degree correlation measure
converges to zero. Although one would expect fluctuations of such mea-
sures to be symmetric around zero, it has frequently been observed that
constraining a network to be simple results in so-called structural negative
correlations [8,22,140}|44], where the majority of measured degree-degree
correlations are negative, while still converging to zero in the infinite graph
limit. This is most prominent in the case where the variance of the degree
distribution is infinite. To investigate the extent to which the edge removal
procedure of the erased configuration model results in structural negative
correlations, we first characterize the scaling of the number of edges that
have been removed. Such results are known when the degree distribution
has finite variance [1,26,27]. However, for scale-free distributions with in-
finite variance only some preliminary upper bounds have been proven [23].
Here we prove a new upper bound and obtain several useful corollaries. Our
result improves the one in [23] while strengthening [20, Theorem 8.13]. We
then use this bound on the number of removed edges to investigate the con-
sequences of the edge removal procedure on Pearson’s correlation coefficient
in the erased configuration model. We prove a central limit theorem, which
shows that the correlation coefficient in the erased configuration model con-
verges to a random variable with negative support when properly rescaled.
Thus, our result confirms the existence of structural correlations in simple



networks theoretically.

We then investigate a ‘global’ clustering coefficient, which is the num-
ber of triangles divided by the number of triplets connected by two edges,
eventually including multiple edges, see and for the precise defini-
tion. Thus, the clustering coefficient measures the tendency of sets of three
vertices to form a triangle. In the configuration model, the clustering coeffi-
cient tends to zero whenever the exponent of the degree distribution satisfies
v > 4/3, whereas it tends to infinity for v < 4/3 [31] in the infinite graph
limit. In this paper, we obtain more detailed results on the behavior of
the clustering coefficient in the configuration model in the form of a cen-
tral limit theorem. We then investigate how the edge removal procedure of
the erased configuration model affects the clustering coefficient and obtain a
central limit theorem for the clustering coefficient in the erased configuration
model.

Interestingly, it was shown in [34,35] that in simple graphs with v € (1, 2)
the clustering coefficient converges to zero. This again shows that constrain-
ing a graph to be simple may significantly impact network statistics. We ob-
tain a precise scaling for the clustering coefficient in ECM, which is sharper
than the general upper bound in [34].

We further show that the results on Pearson’s correlation coefficient and
the clustering coefficient for the erased configuration model can easily be ex-
tended to another important random graph null model for simple scale-free
networks: the rank-1 inhomogeneous random graph [5,9]. In this model,
every vertex is equipped with a weight w;, and vertices are connected in-
dependently with some connection probability p(w;, w;). We show that for
a wide class of connection probabilities, the rank-1 inhomogeneous random
graph also has structurally negative degree correlations, satisfying the same
central limit theorem as in the erased configuration model. Furthermore,
we show that for the particular choice p(w;,w;) = 1 — e~/ where p
denotes the average weight, the clustering coefficient behaves asymptotically
the same as in the erased configuration model.

Note that in the (erased) configuration model as well as the inhomoge-
neous random graph, Pearson’s coefficient for degree correlations and the
global clustering coefficient naturally converge to zero. We would like to
emphasize that this paper improves on the existing literature by establish-
ing the scaling laws that govern the convergence of these statistics to zero.
This is important because very commonly in the literature, various quan-
tities measured in real-world networks are compared to null-models with
same degrees but random rewiring. These rewired null-models are similar
to a version of the inhomogeneous random graph [2,|12]. Without knowing
the scaling of these quantities in the inhomogeneous random graph, it is not
possible to asses how similar a small measured value on the real network is
to that of the null model. Our results enable such analysis. In fact, we do
even more, by also establishing exact limiting distributions of the rescaled



Pearson’s correlations coefficient and clustering coefficient, which are the
most standard measures in statistical analysis of networks.

1.2 Outline of the paper

The remainder of paper is structured as follows. In the next three sections we
formally introduce the models, the measures of interest and some additional
notation. Then, in Section we summarize our main results and discuss
important insights obtained from them. We give a heuristic outline of our
proof strategy in Section [2] and recall several results for regularly-varying
degrees. Then we proceed with proving our result for Pearson’s correlation
coefficient in Section [3] and the clustering coefficient in Section [4, We then
show in Section [5| how the proofs for Pearson’s correlation coefficient and
the clustering coefficient in the erased configuration model can be adapted
to prove the central limit theorems for the rank-1 inhomogeneous random
graph. Finally, Appendix [6] contains the proof for the number of erased
edges, Theorem as well as some additional technical results.

1.3 Configuration model with scale-free degrees

The first models of interest in this work are the configuration model and
the erased configuration model. Given a vertex set [n] := {1,2,...,n} and
a sequence D,, = {D1, Ds,...,D,}, whose sum Zie[n] D; is even, the con-
figuration model (CM) constructs a graph G,, with this degree sequence by
assigning to each node ¢, D; stubs and then proceeds by connecting stubs at
random to form edges. This procedure will, in general, create a multi-graph
with self-loops and multiple edges between two nodes. To make sure that
the resulting graph is simple we can remove all self-loops and replace mul-
tiple edges between nodes by just one edge. This model is called the erased
configuration model (ECM).

We will denote by CM(D,,) and ECM(D,,) graphs generated by, respec-
tively, the standard and erased configuration model, starting from the de-
gree sequence D,. We often couple both constructions by first constructing
a graph via the standard configuration model and then remove all the self-
loops and multiple edges to create the erased configuration model. In this
case we write G, for the graph created by the CM and G, for the ECM graph
constructed from G,. In addition we use the hats to distinguish between
objects in the CM and the ECM. For example, D; denotes the degree of node
i in the graph CM(D,,) while its degree in ECM(D,,) is denoted by D;.

We consider degree sequences D,, = {D1, D2, ..., D,} where the degrees
D, are i.i.d. copies of an integer-valued random variable D with regularly-
varying distribution

P(D>t) =L, ~> L (1)



Here, the function L(t) is slowly varying at infinity and ~ is the exponent of
the distribution.

As commonly done in the literature, D,, may include a correction term,
equal to one, in order to make the sum L, = Zie[n] D; even. We shall
ignore this correction term, since it does not effect the asymptotic results.
In the remainder of this paper D always refers to a random variable with
distribution .

1.4 Rank-1 inhomogeneous random graphs

Another model that generates networks with scale-free degrees is the rank-1
inhomogeneous random graph [5,9]. In this model, every vertex is equipped
with a weight. We assume these weights are an i.i.d. sample from the scale-
free distribution . Then, vertices 7 and j with weights w; and w; are
connected with some connection probability p(w;,w;). Let the expected
value of be denoted by . We then assume the following conditions on
the connection probabilities, similarly to [16]:

Condition 1.1 (Class of connection probabilities). Assume that
plwi, wj) = =L h <wiwj) ;
un un
for some continuous function h : [0,00) — [0, 1] satisfying
(i) h(0) =1 and h(u) decreases to 0 as u — o,

(ii) q(u) = uh(u) increases to 1 as u — oo.

(iii) There exists uy > 0 such that h(u) is differentiable on (0,u;] and
h! (0) < oo.

This class includes the commonly used connection probabilities g(u) =
(u A1), where (z A y) := min(z,y) (the Chung Lu setting) [9], ¢(u) =
1 —e™™ (the Poisson random graph) [33] and ¢(u) = u/(1+u) (the maximal
entropy random graph) [10L21,[36]. Note that within the class of connection
probabilities satisfying Condition q(u) < (uA1). Note that p(w;, w;) =

Wiw;
q( lmj)'

1.5 Central quantities

Pearson’s correlations coefficient r(G,) € [—1,1] is a measure for degree-
degree correlations. For an undirected multigraph G,,, this measure is de-
fined as (see |17]),

2
i e XiDiDj — £ (Zie[n] D?)

2 icin] D} - Tln (Zie[n] Dl?)Q

r(Gn) = ) (2)

5



where X;; denotes the number of edges between nodes ¢ and j in G, and
self-loops are counted twice. We write 7, for Pearson’s correlation coefficient
on G, generated by CM and 7, if G,, is generated by ECM.

The clustering coefficient of graph G, is defined as

3N,
number of connected triples’

C(Gn) -

(3)

where /\,, denotes the number of triangles in the graph. The clustering
coefficient can be written as

64, 6> <icichen Xij XjeXik

C(G) = _ ,
(G) > icpn Pi(Di — 1) > icpn Pi(Di — 1)

(4)

where X;; again denotes the number of edges between vertex i and j in
G,,. For simple graphs, C(G,,) € [0,1]. However, for multigraphs, C(Gy)
may exceed one. As with Pearson’s correlation coefficient, we denote by C,
the clustering coefficient in G,, generated by CM, while én is the clustering
coefficient in GG, generated by ECM.

1.6 Notation

We write P, and E,, for, respectively, the conditional probability and ex-
pectation, with respect to the sampled degree sequence D,,. We use 4,

for convergence in distribution, and s for convergence in probability.
We say that a sequence of events (&,),>1 happens with high probability
(w.h.p.) if lim, oo P(&,) = 1. Furthermore, we write f(n) = o(g(n)) if
lim,, o0 f(n)/g(n) = 0, and f(n) = O(g(n)) if |f(n)|/g(n) is uniformly
bounded, where (g(n)),>1 is nonnegative.

We say that X,, = Op (g(n)) for a sequence of random variables (X, )n>1
if | X,,|/g(n) is a tight sequence of random variables, and X,, = 0:(g(n)) if

Xn/g(n) %4 0. Finally, we use (x Ay) to denote the minimum of z and y
and (z V y) to denote the maximum of x and y.

1.7 Results

In this paper we study the interesting regime when 1 < v < 2, so that the
degrees have finite mean but infinite variance. When v > 2, the number
of removed edges is constant in n and hence asymptotically there will be
no difference between the CM and ECM. We establish a new asymptotic up-
per bound for the number of erased edges in the ECM and prove new limit
theorems for Pearson’s correlation coefficient and the clustering coefficient.
We further show that the limit theorems for Pearson and clustering for the
inhomogeneous random graph are very similar to the ones obtained for the
ECM.



Our limit theorems involve random variables with joint stable distribu-
tions, which we define as follows. Let

=Y ¢ i>1, (5)
j=1

with (§;)j>1 i.i.d exponential random variables with mean 1. Then we define,
for any integer p > 2,

o0
Syp=> I (6)
i=1
We remark that for any o > 1 we have that > ;- I';® has a stable distri-
bution with stability index « (see [39, Theorem 1.4.5]).
In the remainder of this section we will present the theorems and high-
light their most important aspects in view of the methods and current lit-
erature. We start with 7,,.

Theorem 1.1 (Pearson in the ECM). Let D,, be sampled from D with 1 <
v <2 and E[D] = p. Then, if G, = ECM(D,,), there exists a slowly-varying
function L1 such that,

82
uﬁl(n)nl_% w a, 7/2’
Sy/s

where S, /5 and S /3 are given by @

The following theorem shows that the correlation coefficient for all rank-
1 inhomogeneous random graphs satisfying Condition behaves the same
as in the erased configuration model:

Theorem 1.2 (Pearson in the rank-1 inhomogeneous random graph). Let
W,, be sampled from D with 1 < v < 2 and E[D] = p. Then, when G,
1s a rank-1 inhomogeneous random graph with weights W,, and connection
probabilities satisfying Condition [1.1], there exists a slowly-varying function
L1 such that,

82

=3 (G) - — 22

pLi(n)n ,
Sy/3

where S, /5 and S /3 are given by @

Interestingly, the behavior of Pearson’s correlation coefficient in the rank-
1 inhomogeneous random graph does not depend on the exact form of the
connection probabilities, as long as these connection probabilities satisfy
Condition [l



Asymptotically vanishing correlation coefficient. It has been known
for some time, c.f. [17, Theorem 3.1], that when the degrees D,, are sam-
pled from a degree distribution with infinite third moment, any limit point
of Pearson’s correlation coefficient is non-positive. Theorem confirms
this, showing that for the erased configuration model, with infinite second
moment, the limit is zero. Moreover, Theorem gives the exact scaling
in terms of the graph size n, which has not been available in the literature.
Compare e.g. to [20, Theorem 5.1], where only the scaling of the negative
part of 7, is given.

Structural negative correlations. It has also been observed many times
that imposing the requirement of simplicity on graphs gives rise to so-called
structural negative correlations, see e.g. [8,22,40./44]. Our result is the first
theoretical confirmation of the existence of structural negative correlations,
as a result of the simplicity constraint on the graph. To see this, note that
the distributions of the random variables S,/ and S, /3 have support on the
positive real numbers. Therefore, Theorem [I.1]shows that when we properly
rescale Pearson’s correlation coefficient in the erased configuration model,
the limit is a random variable whose distribution only has support on the
negative real numbers. Note that this result implies that when multiple
instances of ECM graphs are generated and Pearson’s correlation coefficient
is measured, the majority of the measurements will yield negative, although
small, values. These small values have nothing to do with the network struc-
ture but are an artifact of the constraint that the resulting graph is simple.
Interestingly, Theorem shows that the same result holds for rank-1 inho-
mogeneous random graphs, indicating that structural negative correlations
also exist in these models and thus further supporting the explanation that
such negative correlations result from the constraint that the graphs are
simple.

Pearson in ECM versus CM. Currently we only have a limit theorem for
the erased model, in the scale-free regime 1 < v < 2. Interestingly, and also
somewhat unexpectedly, proving a limit theorem for CM, which is a simpler
model, turns out to be more involved. The main reason for this is that in the
ECM, the positive part of r(G,,), determined by Z” Xi;D;D; is negligible
with respect to the other term since a polynomial in n number of edges
are removed (see Section for more details). Therefore, the negative part
determines the distribution of the limit. In the CM this is no longer true
and hence the distribution is determined by the tricky balance between the
positive and the negative term, and their fluctuations. This requires more
involved methods to analyze than we could develop so far. Below, we state a
conjecture about this case, and state a partial result concerning the scaling
of its variance that supports this conjecture:



Conjecture 1.3 (Scaling Pearson for CM). As n — oo, there exists some
random o2 such that

Vi, —5 N(0,02). (7)

The intuition behind this conjecture is explained in Section Al-
though we do not have a proof of this scaling limit of r,, in the configuration
model, the following result that shows that at least \/nr,, is a tight sequence
of random variables:

Lemma 1.4 (Convergence of nVary,(r,) for CM). As n — oo, with Var,
denoting the conditional variance given the i.i.d. degrees,

2-8,6/S2%,
nVar, (r,) 4, M.
m

(8)

We now present our results for the clustering coefficient. The following
theorem gives a central limit theorem for the clustering coefficient in the
configuration model:

Theorem 1.5 (Clustering in the CM). Let D,, be sampled from D with 1 <
v < 2 and E[D] = p. Then, if G, = CM(D,,), there exists a slowly-varying
function Lo such that

Ch a 1

2C. /6S

7/697/6
S N Z/699/6 9
Lo(n)n4/7—3 w ) ’ )

~ .
(07/2Sv/2 —3C/aSy 4t o 12542
v/29y

where 8,2, Sy/4 and S, 6 are given by @ and

Ca = (F(Q - ;);Oi(waﬂ))a’

with T’ the Gamma-function.

Infinite clustering. Fory < 4/3, Theoremshows that C), tends to in-
finity. This observation shows that the global clustering coefficient may give
nonphysical behavior when used on multi-graphs. In multi-graphs, several
edges may close a triangle. In this case, the interpretation of the cluster-
ing coefficient as a fraction of connected triples does not hold. Rather, the
clustering coefficient can be interpreted as the average number of closed tri-
angles per wedge, where different wedges and triangles may involve the same
nodes but have different edges between them. This interpretation shows that
indeed in a multi-graph the clustering coefficient may go to infinity.



What is a triangle? The result in Theorem depends on what we
consider to be a triangle. In general, one can think of a triangle as a loop
of length three. In the configuration model however, self-loops and multi-
ple edges may be present. Then for example three self-loops at the same
vertex also form a loop of length three. Similarly, a multiple edge between
vertices v and w together with a self-loop at vertex w can also form a loop
of length three. In Theorem [I.5] we do not consider these cases as triangles.
Excluding these types of “triangles” gives the terms S, /4 and S, /5/S, /2 in
Theorem [L5l

To obtain the precise asymptotic behavior of the clustering coefficient in
the erased configuration model, we need an extra assumption on the degree

distribution .

Assumption 1.1. The degree distribution satisfies for all x € {1,2,...}
and for some K > 0

P(D=2) < KL(x)z™7" .
Note that for all t > 2
PD=t)=PD>t—1)—-P(D>t)=L(t—-1)t—-1)""=L(t)t7,

Hence, since (t —1)™7 —t™7 ~ yt=7"1 as t — oo, it follows that Assump-
tion is satisfied whenever the slowly-varying function £(t) is monotonic
increasing for all ¢ greater than some T'.

Theorem 1.6 (Clustering in the ECM). Let D, be sampled from D, satisfying
Assumption [1.1], with 1 < v < 2 and E[D] = p. Then, if G, = ECM(D,,),
there exists a slowly-varying function L3 such that

~

L3(n)Cy,
,/;(\/m)3n(—372+67—4)/(27)

Ay
Sy/2 ’

BN 2
where S, 5 1s a stable random variable defined in @, and

Ay = /0°° /0‘” /0°° (fﬂyzl)”“(l —e )1 —e ) (1 —e ¥)drdydz < cc.
(10)

We now investigate the behavior of the clustering coefficient in rank-1
inhomogeneous random graphs:

Theorem 1.7 (Clustering in the rank-1 inhomogeneous random graph).
Let W, be sampled from D, satisfying Assumption[I.1], with 1 <~ < 2 and
E [D] = u. Then, if Gy, is an inhomogeneous random graph with weights W,

10



and connection probabilities satisfying Condition there exists a slowly-
varying function L3 such that

£3(n)C(Gn) d, 3 1 /OO/OO/"O q(zy)q(2)q(y2)
L(y/pm)3n(=372+67=4)/(27) I Sy2 Jo Jo Jo (zyz)7 ! de dy dz,

where q is as in Condition (u), S, /2 1s a stable random variable defined

mn @, and
o0 o0 oo 1
/0 /0 /0 Wq(a:y)q(xz)q(yz) dzdydz < oo.
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Figure 1: Exponents of the clustering coefficient of CM and ECM for v € (1, 2)

Maximal clustering in the ECM and the inhomogeneous random
graph. Figure|l|shows the exponents of n in the main multiplicative term
of the clustering coefficient, in the CM and the ECM. The exponent in Theo-
rem is a quadratic expression in -y, hence, there may be a value of v that
maximizes the clustering coefficient. We set the derivative of the exponent
equal to zero

T3P 467 0/(2) = =372+ 272 =0,

which solves to v = 1/4/3 ~ 1.15. Thus, the global clustering coefficient of
an erased configuration model with v € (1,2) is maximal for v ~ 1.15 where
the scaling exponent of the clustering coefficient equals —2v/3 + 3 ~ —0.46.
This maximal value arises from the trade off between the denominator and
the numerator of the clustering coefficient in . When v becomes close
to 1, there will be some vertices with very high degrees. This makes the
denominator of very large. On the other hand, having more vertices
of high degrees also causes the graph to contain more triangles. Thus, the
numerator of also increases when ~ decreases. The above computation
shows that in the erased configuration model, the optimal trade off between

11



the number of triangles and the number of connected triples is attained at
v &~ 1.15. Theorem shows that the same phenomenon occurs in the
rank-1 inhomogeneous random graph.

Mean clustering in CM vs ECM. In the CM, the normalized clustering
coefficient converges to a constant times a stable random variable squared.
This stable random variable has an infinite mean, and therefore its square
also has an infinite mean. In the ECM as well as in the rank-1 inhomogeneous
random graph however, the normalized clustering coefficient converges to
one divided by a stable random variable, which has a finite mean [37]. Thus,
the rescaled clustering coefficient in the ECM and the rank-1 inhomogeneous
random graph converges to a random variable with finite mean. Formally,

Cu | _ Cu,

ECM and inhomogeneous random graphs. Theorems and
show that the clustering coefficient in the erased configuration model has
the same scaling as the clustering coefficient in the rank-1 inhomogeneous
random graph. In fact, choosing ¢(u) = 1 —e™ in Condition even gives
the exact same behavior for clustering in the erased configuration model
and in the inhomogeneous random graph. This shows that the erased con-
figuration model behaves similarly as an inhomogeneous random graph with
connection probabilities p(w;, w;) =1 — e~wiw;i/(m) in terms of clustering.

Vertices of degrees y/n. In the proof of Theorem [1.6| we show that the
main contribution to the number of triangles comes from vertices of degrees
proportional to v/n. Let us explain why this is the case. In the ECM, the
probability that an edge exists between vertices ¢ and j can be approximated
by 1—e~PiPi/Ln  Therefore, when D;D;j is proportional to n, the probability
that an edge between ¢ and j exists is bounded away from zero. Similarly,
the probability that a triangle between vertices 7,7 and k exists is bounded
away from zero as soon as D;D;, D; D, and D; Dy, are all proportional to n.
This is indeed achieved when all three vertices have degrees proportional to
V/n. If, for example, vertex i has degree of the order larger than /n, this
means that vertices j and k can have degrees of the order smaller than \/n
while D;D; and D;Dy, are still of order n. However, D;D}, also has to be
of size n for the probability of a triangle to be bounded away from zero.
Now recall that the degrees follow a power-law distribution. Therefore, the
probability that a vertex has degree much higher than y/n is much smaller
than the probability that a vertex has degree of the order /n. Thus, the
most likely way for all three contributions to be proportional to n is to have
D;, Dj, Dy, be proportional to y/n. Intuitively, this shows that the largest
contribution to the number of triangles in the ECM comes from the vertices

12



of degrees proportional to v/n. This balancing of the number of vertices and
the probability of forming a triangle also appears for other subgraphs [18].

Global and average clustering. Clustering can be measured by two dif-
ferent metrics: the global clustering coefficient and the average clustering
coefficient [32,|41]. In this paper, we study the global clustering coefficient,
as defined in . The average clustering coefficient is defined as the average
over the local clustering coefficient of every vertex, where the local clustering
coefficient of a vertex is the number of triangles the vertex participates in
divided by the number of pairs of neighbors of the vertex. For the configura-
tion model, the global clustering coefficient as well as the average clustering
coefficient are known to scale as n*/3~7 [31]. In particular, this shows that
both clustering coefficients in the configuration model diverge when v < 4/3.
Our main results, Theorems and provide the exact limiting behavior
of the global clustering coefficients for CM and ECM, respectively.

The average clustering coefficient in the rank-1 inhomogeneous random
graph has been shown to scale as n'~7log(n) [10,[16], which is very differ-
ent from the scaling of the global clustering coefficient from Theorem
For example, the average clustering coefficient decreases in -, whereas the
global clustering coefficient first increases in v, and then decreases in «y (see
Figure . Furthermore, the average clustering coefficient decays only very
slowly in n as v approaches 1. The global clustering coefficient on the other
hand decays as n~'/2 when ~ approaches 1. This shows that the global clus-
tering coefficient and the average clustering coefficient are two very different
ways to characterize clustering.

Joint convergence. Before we proceed with the proofs, we remark that
each of the three limit theorems uses a coupling between the sum of different
powers of degrees and the limit distributions S, /. It follows from the proofs
of our main results, that these couplings hold simultaneously for all three
measures. As a direct consequence, it follows that the rescaled measures
convergence jointly in distribution:

Theorem 1.8 (Joint convergence). Let D,, be sampled from D, satisfying
Assumption with 1 < v < 2 and E[D] = p. Let G, = CM(D,,), G, =
ECM(D,,) and define a = (—3v246y—4)/2v. Then there exist slowly-varying
functions L1, Lo and L3, such that as n — oo,

o~ 2 2
Li(n)n' ™7 7 Cn Lo)Co | 4, (_ Sy Sz S
Y Ly(n)ntv=37 L(/am)Pne N

with A, as in and Sy 2, Sy3 and S, /4 given by @
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2 Overview of the proofs

Here we give an outline for the proofs of our main results for the configura-
tion model and the erased configuration model and explain the main ideas
that lead to them. Since the goal is to convey the high-level ideas, we limit
technical details in this section and often write f(n) ~ g(n) to indicate that
f(n) behaves roughly as g(n). The formal definition and exact details of
these statements can be found in Sections [3] and [4] where the proofs are
given. The proofs for the rank-1 inhomogeneous random graphs follow very
similar lines, and we show how the proofs for the erased configuration model
extend to rank-1 inhomogeneous random graphs satisfying Condition [L.1}in
Section [5} We start with some results on the number of removed edges in
the erased configuration model.

2.1 The number of removed edges

The number of removed edges Z,, in the erased configuration model is given

by
Zp = ZXii + Z (Xij - IL{Xij>0}> ;
i=1

1<i<j<n
where X;; again denotes the number of edges between vertices 7 and j. For
the analysis of the ECM it is important to understand the behavior of this
number. In particular we are interested in the scaling of Z, with respect
to n. Here we give an asymptotic upper bound, which implies that, up to
sub-linear terms, Z,, scales no faster than n?~7. The proof can be found in
Section

Theorem 2.1. Let D, be sampled from D with 1 < v < 2 and @n =
ECM(D,,). Then for any § > 0,

Zn P
n2—"+o 0

The scaling n>~7 is believed to be sharp, up to some slowly-varying
function. We therefore conjecture that for any d > 0,

Z, P
oy " — OQ.
n<—"7

From Theorem we obtain several useful results, summarized in the
corollary below. The proof can be found in Section Let Z;; be the
number of edges between ¢ and j that have been removed and Y; the number
of removed stubs of node ¢. Then we have

n
Y, = ZZU = Xy + Z (Xij - ]]'{Xij>0}> :
j=1 J#

14



Corollary 2.2. Let D, be sampled from D with 1 < v < 2 and G, =
ECM(D,,). Then, for any integer p >0 and 6 > 0,
Sr DY, p D i<icj<n ZijDiDj  p

— 0 and — 0.
Do 2 9
not2te o270

The first result of Corollary gives the scaling of the difference of the
sum of powers of degrees, between CM and ECM. To see why, note that since
D} = (D; —Y;)? and Y; < D;, by the mean value theorem we have, for any

integer g > 1,
n n
B
i=1 i=1

Hence, for any ¢ > 1 and § > 0,

> 0= 0
=1 =1

n
-1
<q) DIV
i=1

=g yts
:()Hm(nv+ 7Jr).

2.2 Results for regularly-varying random variables

In addition to the number of edges, we shall make use of several results,
regarding the scaling of expressions with regularly-varying random vari-
ables. We summarize them here, starting with a concentration result on
the sum of i.i.d. samples, which is a direct consequence of the Kolmogorov-
Marcinkiewicz-Zygmund strong law of large numbers.

Lemma 2.3. Let (X;);>1 be independent copies from a non-negative reqularly-
varying random vartable X with exponent v > 1 and mean . Then, with
r=-1)/1+7), .

pn =2 Xil e, o

nl*ﬁ

In particular, since L, = > ;| D;, with all D; being i.i.d. with regularly-

varying distribution and mean g, it holds that n*~!|L, — un| 0.
Therefore, the above lemma allows us to replace L, with un in our expres-
sions.

The next proposition gives the scaling of sums of different powers of
independent copies of a regularly-varying random variable. Recall that (x Vv
y) denotes the maximum of = and y.

Proposition 2.4 (20, Proposition 2.4]). Let (X;);>1 be independent copies
of a non-negative reqularly-varying random variable X with exponent v > 1.
Then,

i) for any integer p > 1 and 6 > 0,
Z?:l sz & 0:

n(gv1)+5 ’

15



ii) for any integer p > 1 with v < p and § > 0,
2_g

RS

> X7 ’

iii) for any integer p>1 and 6 >0

maxi<i<n Df P
——==r 0,
2t
nvy

Finally we have following lemma, where we write f(t) ~ g(t) as t — oo
to denote that limy o f(t)/g(t) = 1 and recall that (z A y) denotes the
minimum of x and y.

Lemma 2.5 (20, Lemma 2.6]). Let X be a non-negative reqularly-varying
random variable with exponent 1 < v < 2 and slowly-varying function L.
Then,

X
E|X({1IAN—]|]|~ 7 LOT, ast — oo.
t 3y — 2 — gamma?

2.3 Heuristics of the proof for Pearson in the ECM

Let D,, be sampled from D with 1 < v < 2, consider G,, = CM(D,,) and let

us write r, = 7 — r, where r

2
L > i1 XigDiD; _ - (X D7)
n - 29 n - 2
i D} — - (X D7) S D} — - (X D})
(11)

First note that by the Stable Law CLT, see for instance [42], there exist
two slowly-varying functions £y and L{, such that

are positive functions given by

r

i1 D} a i1 D} a
%(TLI)TL?Y — 8,7/2 and ?(’nl)n:: — 87/37 as n — oQ. (12)
0 0

Applying this and using that L, ~ un,

n 2 2
o(n)n~ (Zile?) i>8v/2

£1(n),un17%r,j% 3 3 S
((ﬁo(n)n;> >im1 D; /3

(13)

with £1(n) = L{(n)/(Lo(n))?. Note that r,, scales roughly as n>"! and
thus tends to zero. This extends the results in the literature that r,, has a
non-negative limit [17].

16



Next, we need to show that this result also holds when we move to the
erased model, i.e. when all degrees D; are replaced by D;. To understand
how this works, consider the sum of the squares of the degrees in the erased
model Y 1, 1322 Recall that Y; is the number of removed stubs of node 1.

Then we have
n

ZDQ > (D ZD2+Z 2 2DyY;)

=1

LIS

Therefore we only need to show that the error vanlshes when we divide by

and hence

< 2iY¢Dz‘- (14)

. For this we can use Corollary [2 H to get, heuristically,

2 ~
n= 7 § D§—§ D?
=1 =1

These results will be used to prove that when G, = ECM(D,,),

<on> ZYZ»DZ- ~n vt 500 (15)

nl_% |r; —'?n_‘ £, 0,
so that by
82

1
El(n)/ml_??n d 7/, as n — oo.
Sy/3

The final ingredient is Proposition [3.6] where we show that for some ¢ > 0,
as n — 00,

n' +6A+ —> 0o . (16)
The result then follows, since for n large enough £1(n) < Cn’ and hence
137 1-2 o 1-1._ d 83/2
pli(n)n 77, = pli(n)n 77 — puli(n)n 7, — —=
7/3

To establish , let )?Z-j denote the number of edges between 7 and j in the

erased graph and note that since we remove self-loops X’m = 0, while in the
other cases X;; = l(x, >0}. We consider the nominator of T

1<i<j<n

and will show that, as n — oo,

1-445 S P
n 7+ E XijDiDj — 0,
1<i<j<n

by approximating E, [ ”} by 1 — e PiDi/In  see Lemma Since the

denominator in 7+ scales as n3/7 we get that nl=1/ 147+ Ly 0,

17



2.4 Intuition behind Conjecture
2
We note that, by and since (Zie[n} D?) = 0p (Ln 2ieln] D?),

 Tijen DiD; | Xy — %] (1 + 0s(1)). (17)

Ly
Ty =
>icn D}
We rewrite
D 2p2
i e DiDj| Xij — 7521}1 Yijeln TEoD Dz L
= Z-e[ E =3 } (1+0:(1)) + ’J’ZE[ }nl(); ) (1+ 0p(1)).
(18)
The second term is

O: (17297) = 0, (W7°2) = 0p(n”1/2), (19)

since v € (%, 1), and can thus be ignored. We are thus left to study the first
term.

Since E,[X;;] = D;D;/(L, — 1), this term is centered. Further, the
probability that any half-edge incident to vertex 7 is connected to vertex j
equals D;/(L, — 1). These indicators are weakly dependent, so we assume
that we can replace the conditional law of X;; given the degrees by a binomial
random variable with D; experiments and success probability D;/(L, —
1). We will also assume that these random variables are asymptotically
independent. These are the two main assumptions made in this heuristic
explanation.

Since a binomial random variable is close to a normal when the number
of experiments tends to infinity, these assumptions then suggest that

r ~ N(0,07), (20)
where, with Var, denoting the conditional variance given the degrees,

o D?D?*Var, (X,
o2 — ZZ,]G[TL] iy ( ])‘ (21)

' (Zie[n] D?>2

Further, again using that X;; is close to a binomial, Var, (X;;) = D;(D;/(Ln—
1))(1 = D;/(Ly —1)) = D;D;/Ly. This suggests that
. D3D3/L 1
2 x Ziss D1 3]/2 S = (22)

which supports the conjecture in but now with o2 = 1/p.

18



It turns out that the above analysis is not quite correct, as X;; = Xj;
when ¢ < j, which means that these terms are highly correlated. Since
terms with ¢ < j also appear several times, whereas ¢ = j does not, this
turns out to change the variance formula slightly, as we discuss in the proof
of Lemma [I.4] in Section 3.5

2.5 Proofs for clustering in CM and ECM

The general idea behind the proof for both Theorems|l1.5|and [1.6[is that, con-
ditioned on the degrees, the clustering coefficients are concentrated around
their conditional mean. We then proceed by analyzing this term using stable
laws for regularly-varying random variables to obtain the results.

2.5.1 Configuration model

To construct a triangle, six different half-edges at three distinct vertices need
to be paired into a triangle. For a vertex with degree D;, there are D;(D; —
1)/2 ways to choose two half-edges incident to it. The probability that any
two half-edges are paired in the configuration model can be approximated
by 1/L,. Thus, the probability that a given set of six half-edges forms a
triangle can be approximated by 1/L2. We then investigate Z, the set of
all sets of six half-edges that could possibly form a triangle together. The
expected number of triangles can then be approximated by |Z|/L3. By
computing the size of the set Z, we obtain that the conditional expectation
for the clustering coefficient can be written as

|Z] 1 ~ o 4 , DY
Ep [Cn] = N — D?| —35 Di+ g 2uiz1 Di
(Cn] L% Zie[n] Di(D; — 1) L% ; Z Zz 1D2

The full details can be found in Section 4.1l Here the first term describes the
expected number of times six half-edges are paired into a triangle. The last
two terms exclude triangles including either multi-edges or self-loops. Then
by the Stable-Law CLT ( [42]) we have that there exists a slowly-varying
function L9 such that

n D2 n D4 n DS S
2 i1 ; _4, Sy/a, i1 i 4, S, and szl i _d, 2/6
Lo(n)n~ Lo(n)2n~> Lo(n)bn~> > | D? Sy/2
Hence, using that L,, &~ un we obtain that
E, [Ch 1 28
% a1 <8§/2 38,4+ Sv/6> 7
EQ (n) v v/2

where S, /9, S,/4 and S,/ are given by @ To complete the proof we
establish a concentration result for C),, conditioned on the degrees. To be
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more precise, we employ a careful counting argument, following the approach
in the proof of [13, Proposition 7.13] to show (see Lemma [4.1)) that there
exists a 0 > 0 such that

é
n®Var, (C
o) 2,
ny 0
where Var, denotes the conditional variance given the degrees. Then, it
follows from Chebyshev’s inequality, conditioned on the degrees, that
|Cn B En [Cn” P

i3 — 0,
Lo(n)ny~
and we conclude that

C,, da 1
(-
2

2.5.2 Erased configuration model

The difficulty for clustering in ECM, compared to CM, is in showing that én
behaves as its conditional expectation, as well as establishing its scaling. To
compute this we first fix an ¢ > 0 and show in Lemma that the main

contribution is given by triples of nodes with degrees e/n < D < 7, i.e.

Z X Xju Xk = Z )?ij)?jk)?ik]l{aﬁgDi7Dj7Dk§@}

1<i<j<k<n 1<i<j<k<n
+ O(L(Van)?n: )& (e),

where &;(¢) is an error function, independent of n, with lim._,o €1(¢) = 0.
Then we use that approximately K, [)?U} ~ 1 — e PiDi/ln 5 show that

63 1<icjhen Ine(Di, Dj, Di) + O(L(y/i)*n2=))Ey (¢)
Z?:1 Di(Di - 1)

)

where

_ Ty _yz _ 2T
Ine(z,y,2) = (1 s Ln> (1 _e Ln) (1 _e Ln) Lo rcrgec i)

Here E,, denotes again expectation conditioned on D,, hence conditional
on the sampled degrees of the underlying CM. The precise statement can
be found in in Lemma After that, we show in Lemma that @n
concentrates around its expectation conditioned on the sampled degrees,
so that conditioned on the sampled degree sequence, we can approximate

20



én ~E, [én] . We then replace L,, by un in Lemma so that, conditioned
on the degree sequence,

6~ S isicicnen fue(Di Dy Dy) + O(L(m)*nt B ) e)
i1 Di(Di — 1)

with

Ty _ Yz _ 2T
Jne(x,y,2) = (1*6 un) (1*6 un) (1 —e w) 1{€ﬁ§x7y72§@}.

We then take the random degrees into account, by showing that

1 P 1 3y
3(o_ E fn,e<D17D27D3) — S 2 Ay(é) + 82(6)
L2t o, 6

where

1/e pl/e rl/e 1
A'Y(E) = /5 /‘E /5 W(l - e—my)(l - e—xy)(l - e_”"y) dz dy dz

and &;(e) is a deterministic error function, with lim.,o €2(e) = 0. Finally,
we again replace the D; with D; and use the Stable Law CLT to obtain a
slowly-varying function L3, such that

2

L3(n)n~ a 1
P — .
>ic1 Di(Di — 1) Sy/2

Combining all these results implies that, for any € > 0,

~

,Cg(n)c;? , i> ,U,i%y A’y2(5) + 81(6) —2{_6‘2(5)7
L(/rm)in~ 7 S e

from which the result follows by taking ¢ | 0.

3 Pearson’s correlation coefficient

In this section we first give the proof of Theorem where we follow the ap-
proach described in Section We then prove Lemma which supports
Conjecture [1.3| on the behavior of Pearson in the CM.

3.1 Limit theorem for r
We first prove a limit theorem for r,,, when G,, = CM(D,,). Recall that

. (2, p2)?
"S- (D2
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Proposition 3.1. Let D,, be sampled from D with 1 < v < 2 and E[D] = p.
Then, if G, = CM(D,,), there exists a slowly-varying function Loy such that

82
pCo(nyn' >y 45 2,
87/3

asn — oco. Here S, /5 and S, /3 are given by @

Proof. We will first show that there exists a slowly-varying function £y such

that ) )
(Z?:l D?) d 87/2
n 3 — )
pny iy D; Sy/3
as n — oo and S,/ and S, /3 defined by @

Let D(;) denote the i-th largest degree in Dy, i.e. D(1) > Dg) > ... D(y,
and let I'; be defined as in (f). Then, since > i, Dﬁ.) =y, DP for
any p > 0, it follows from [13, Theorem 2.33] that for some slowly-varying
functions Lo, L3, £4 and Lg, as n — oo,

ulo(n)n' ™3 (23)

_4 n 2 -3 n —4 p -5 n
n_ 7 n v n n. v
S 7|, S D, > D, > D}
£2(n)2 (i:1 Z) ﬁg(n) po v £4(n) — v ﬁG(n) — i

oo

o0 2 2 o) 3 ® _ 4 _6
LN (Zr ”> Sy S
=1 =1 =1 i=1

Here we include the fourth and sixth moment, since these will be needed
later for proving Theorem [I.5]

Note that Lo(n) := La(n)/L1(n)? is slowly varying and P (Z;’il I‘i—t/'y < 0> =
0 for any ¢t > 2. Hence follows from and the continuous mapping
theorem. Hence, to prove the main result, it is enough to show that

n p2)?
o X D e
pn i D;

We will prove the stronger statement,

(>, D3)?

" Z?:l D?

where £ = (y —1)/(y + 1) > 0 is the same as in Lemma [2.3]
Note that by Lemma we have that un/L, R Hence, by , we
have that for any § > 0,

et (T D) a5, D) <“”) =50,

=n
Ln Z?:l Dl3 un Z?:l D?

Eo(n)nl_%

P

nlmatE 0. (25)

2

n

Ly,
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from which we conclude that

1—%—6 (2?21 D»L‘Z)z
LYy D} — (Y0, D)’

To show , we write

s

n (26)

(Z:‘L:l D?)Q - _ (Z?:I D?)Q (Ln — pn) Z:‘L:l DS’ +pun (Z:’L:I D?)z

n 3 Tn| = n 3 n n 2
pnd i D; Lndisa D7 un (Ln S D= (Xr, D?) )

- (35, D3)° [ — Ly
T LY, D} - (Tn, D2)° pn

( (20, D?)? )
+ 5 .
LY i D} — (Z?:l Dzz)

For the first term we have, using and Lemma

2
+5 (Z?:l Df) lpn — Ly
2
Lo 3o, DY = (L, Df)” ko
n 2\ 2 .
_ k-4 ( . (Z;l Di)n . 2> (|/m 1_1:1‘) RNy
Ln 321 D7 = (321 D}) p

Now, let § =1 —1/y —k/2 > 0. Then, since 1 —1/y+k/2=2—-2/v -4,
it follows from that

plmits (i Dz'z)z _ n' e (X D?)Q
Lo 3y D} = (S, D2 Ln X D} = (S, D7)
which finishes the proof of . O

3.2 Limit theorem for 7,
We now turn to the ECM. Observe that for G,, = ECM(D,,), and Corollary
[2.2] that, for any ¢ > 0,

n 2 n N2
E DA — E * DA n
i=1"4 i=1"4 25 . DY, p
Lio ) < 12_21 Zaz 0.
n;'ﬁ‘ -+ n;"!‘ -7+

Since % > % + 2 —  for all v > 1 this result implies that for any > 0,

n D2
Zz:zl 7 P 0. (27)
n;+5

23



This line of reasoning can be extended to sums of ﬁf , for any p > 0, proving

that the degrees Bl in the ECM satisfy the same scaling results as those for
D;. In particular we have the following extension of to the erased con-
figuration model. Recall that D denotes an integer-valued random variable
with a regularly-varying distribution defined by (see (|1]))

P(D > t) = L(E)E

Lemma 3.2. Let D,, be sampled from D with 1 < v < 3 and @n = ECM(D,,).
Then, for any § > 0,

~.\ 2
_5 <Z’?=1 Dz2> P
— — — 0.
Lo S0, D} = (X0, D?)

Now recall that 7,, denotes the negative part of Pearson’s correlation
coefficient for the erased configuration model, i.e

~o\ 2
7 (S D?)

_1
n

= n np3_ 1 n 52\
2im D = i <Zi:1 Di)
1
The next proposition shows that |r, — 7, | = op (n?_1>.

Proposition 3.3. Let D,, be sampled from D with 1 < v < 2. Let G, =
ECM(D,,), denote by G, the graph before the removal of edges and recall that
r, and ?“:@_ denote the negative part of Pearson’s correlation coefficient in
Gy and G, respectively. Then,
(-1?

4~ }rri

n n—?,;{im.

Proof. The proof consist of splitting the main term into separate terms,
which can be expressed in terms of erased stubs or edges, and showing that
each of these terms converge to zero. Throughout the proof we let

_1\2
PR Gl Vil
4y

We start by splitting the main term as follows,
n 2\ 2 n N2 2
(o, p2)° - (S0, D?)

Loy, D} — (X, D2)?

|'r’n —rn’§

2
- 1

i 2 ~ ~N2|"

i=1 Loy Df = (D) I, S D3 — (Z” D2>

i=1"4

(29)
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For we use that
(o) - (3202 | = (3ot 2¢) (30t %)
=1 =1 =1 =1
n n n n
(Y20 (o2t v2) <6303 vim,
i=1 i=1 i=1  j=1

IN

to obtain

n .22_( n A.2>2

R ek BRI
2 = 2

Lo S DF = (S DY)~ LaXoi, D = (S, DY)

_ 6> YiD; (X, D)
>y D} L, D3 — (Z?:l D?)Q
(30)
Now observe that
1
2———y=—(y-1)?%/y =45 (31)

and hence

2 1
1—1+5:7—1—35:—<1+2—7+6>+<—5>+<1——5>—5,

with all the three terms inside the brackets positive. Therefore, it follows

from , together with Corollary Proposition and that
~o\ 2

(St 02 - (S0, 22) |

L 35 D} = (S D7)

2_96 1-1_9 2
- (6 >ict DiYi> no 2 n e (0, D) P
B iy t2mTHe X DF )\ Lo Y, D} - (Xt Dz?)z

1
Rlmi+0

(32)
The second term, , requires more work. Let us first write

2
n
Z ~ 1 1
< DE)
i=1

n n 2 L ~ ~.\ 2
Lo yiy D} = (D) I, Sr D3 — <Z;‘:1 Df)

N2
_ (Ei=1 Dz2> _ (L(ll) + 10 —i—IT(L?’)) ’

Loyt D¢ - (X, D?)
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with

(S 02) - (S, B2)

IW .=

" LY, DR - (T, DY)

7@) . Zn 3 iy D}

LY D - (X, DR’
Ly |y D} = Y, D?

73 .

n

LY, D (X, D2)Y

and we recall that Z,, = L, — En denotes the total number of removed edges.
Note that

~\ 2
(Z?:l DZZ) P
— — — 0.
Loy, D} = (X0, D?)

Therefore, in order to complete the proof, it suffices to show that

1

_1_s¢
n 2

30

nr 10 L0, fort=1,2,3.

n

For ¢t = 1 this follows from , since,

1 ) 21 D) (v —
1 40 _2r-10+9 (=Dl 9)<07
Y 2 8y 8y
and hence 25 .
— <1l—-—=40.
2 Y
For t = 2 we use that f)igDi to obtain,
2 1
19 < En iy D _ B, (L DY)
T LY D (S DY)t Lo\ LeXoin DY

By Proposition [3.1] it follows that

2 1

1 (Z?:l DZQ) P 1

- ﬁ H .
Ln Zi:l Dz

In addition we have that ¢ := v — 1 —3§/2 > 0 and hence, by Theorem
and the strong law of large numbers,

n 2\ 2 -1
210 < (e By om (D DD e
w) L L) iy D;
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Finally, for 17(13) we first compute

203

ZY3+3D2Y — 3D;Y;? <4ZYD
=1 =1

and hence,

2\ —1
» S Zz 1 D3 Ly, D}

By the last term converges in probability to one. Finally, by ,

35<25—45—25—( —2_2_5>+<3_5)
2 v v

and hence, by Corollary [2.2] and Proposition [2.4]

3.5
38 nvy P
nzI® < [ 4n) 2" § Y; D? —0,
( Zz 1‘D3

which finishes the proof. O

3.3 Convergence of 7"

The next step towards the proof of Theorem is to show that, for some
0 >0,

1_7+5,\+ 0,

where

PN
> i je1 XijDiDj

S D8 - & (S, D?)
denotes the positive part of Pearson’s correlation coefficient in the erased
configuration model. Here )A(ij = lix,,>0) denotes the event that i and j
are connected by at least one edge in the configuration model graph G,.
The main ingredient of this result is the following lemma, which gives an
approximation for >, o, ., Pn (Xi; = 0) D; Dj:

)

Lemma 3.4. Let D, be sampled from D with 1 < v < 2 and E[D] = p.
Consider graphs G, = CM(D,,) and define

>

1<i<j<n

D;D;
P, (X;; = 0) —exp {—]H D;D;



In our proofs M,, will be divided by

i=1 ™ \i=1

which is of the order n3/7. Hence the final expression will be of the order
1 1
n7 170 = o(n>~1), which is enough to prove the final result.
To prove Lemma we will use the following technical result:

Lemma 3.5 ( [24, Lemma 6.7]). For any non-negative x,xo > 0, y;,2 > 0
with z; < x for all i, and any m > 1, we have

m
o L To Z < ) x — Tp|
B T et s < 1- 2V - 2= 20l
x? (=) 2 15iem (x —2)%2 — H x exp{ Zyz Z} ~ (zAxzg)

Proof of Lemma[3.4]. We will first consider the term ’]P’n (X5 =0) —exp {— DEDj }‘

It follows from computations done in [14] that

D;—1
Z D; D;D;
ogpn(xij—())—tll (l_Ln—Qt—l)S(Ln—QDi)Q' (34)

For the product term in (34)) we have the following bounds

D;  Di—1 ) N Di
1_L SH 1_L < 1_&
L,—-2D;+1 L,—-2t—-1 L,

t=0

and therefore, using Lemma with m = 1, we can bound the difference
between P, (X;; = 0) and exp{—D;D;/L,}. For the lower bound we take
x=Lyn, v0=Lp+1-2D;, y=D; and z = D; to get

Ln(QDZ — 1) Dj DZDJ
B - <P, (X =0)—expd—
(Ln —2D; +1)> L, +1-2Dy - D; ~ n (Xij = 0) —exp I

(35)
while changing x( to L,, yields
D;D; D?D;
P (X, =0)— _ J L« i . 36
n( ) ) exp{ Ln }_(Ln_2Di)2 ( )
Combining and (36| gives
D;D;
> [Pu(Xij=0)—exp {—L d }' D;D;
1<i<j<n n
2D, D; D2 D3D?
< Y Glwayt 2 + Y many
< Ten (L, —2D; +1)2 < Ti<n Ly,+1— 2D1 D; < Ten (Lp, —2Dy)

=1+ 1 4 1),
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We will now show that
A AP0 B0 fort=1,2,3, (37)

which proves the result.
For the remainder of the proof we denote

D™ := max D;.

1<i<n
and observe that by our choice of 9,
2 2 — 1 —1
51::——1—5:77—5>0 and 62::1———5:L—5>0.
Y Y Y Y

For t =1, we have

o —1
M=% 2L, D} D, < 2Ly >0, D} 5 Z D? 4D
n (Ln—2D; + 12 = (L2 — 4L, Dmax) ‘

1<i<j<n n

By the strong law of large numbers and Proposition [2.4] it follows that

Mo _in D™ F

L, L, pn

4 max -1
(1— - ) RS (38)

Proposition [2.4] then implies

n max \ —1
n I < <2n‘3‘51 ZD?) (1 - 4DL"> 0.

i=1 n

and hence

(3)

The analysis for I,(f) is similar so that we are left with I,
have

. Here, we

(3) _ Z D?DJZ' Ez 1D22j 1D3
n (Lo —2Dy)° = (12 — AL, Dmax)

1<i<j<n
1 (& & gpmax\ ~1
= D? D3 <1— n ) .

The last term again converges in probability to one, by . For the re-
maining terms we use the definition of €2 and Proposition to obtain

max 1
1+6771(3) < n277+€2 <Z D2> ZD3 < 4Dy, >

TL

2 n max\ —1
_2_¢22 4D
222<n5 ) D2> E D? (1— o > o,
n . n

which finishes the proof of . O
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We proceed to prove the convergence of 7

Proposition 3.6. Let D;, be sampled from D with 1 < v < 2, E[D] =
and let G,, = ECM(D,,). Then, for any slowly-varying function L,

L' 37 o, (39)
Proof. Let
9 _ _
5= (’Y A 'Y1> ‘
4ry 4ry
We will show that )
n' ey Lo, (40)

which then implies ([39)), since by Potter’s theorem L(n)n=® — 0, for any
0> 0.
The main part of the proof of will be to show that

n' T ST X,D0; o, (41)

1<i<j<n

To see that implies , we write
Zl§i<j§n XijDiDj
~ N2
S D - - (S, D?)

< ! ) )

> D L35 Dy

<

-1

= Y X;DiD;

1<i<j<n

By Lemma [3.2]
-1

(T p2)”

P
=% —1
Lo )i D;

and hence, using and Proposition

~.\ 2
_3_5 (Zn DZ)

Lis o -4 e -
n! A RE< [ Y XD, % - =
S, D Ln )iy D;

1<i<j<n

To prove let k= (v —1)/(y+ 1) and define the events

-An = {‘Ln - ,U,TL’ < nl_ﬁ} 3 (42)
D;D; 49
Bn = Z ]P)n (Xij:(]) — exXp {— 2 J }’ D,LDJ S nil/ 1-30
1<i<j<n n
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Then, if we set A,, = A, N B, it follows from Lemma and Lemma
that P (A,) — 1 and hence, it is enough to prove that for any K > 0

. 1-2425 &
Tim P n N XyDiDy > K Ay | =0. (43)
1<i<j<n
First, since E, [)?ZJ =P, (Xij > 0) and A, is completely determined
by the degree sequence,

E, Z )?ijDiDj]lAn = Z P, (Xij >0) DiDj]lAn
1<i<j<n 1<i<j<n
= > (1-P,(Xi; =0))DiDjl,,
1<i<j<n
D;D; 4_q_
< Z (1 — exp {_IZ/]}> D;D;1,, +n~ 1-30
1<i<j<n "
D;D; 4_q_
: 5, (o) ot
1<i<j<n pn=n

From this we obtain, using Markov’s inequality, that

P nl_%+2é Z )?”DlDJ > K A,

1<i<j<n

35120 DD,y 5
s _ DDy _
<% E [(1 exp { P }) Dl®2:| +0 (n ) , (44)

where D1 and D, are two independent copies of D. It follows that DD, is
again regularly varying with exponent 1 < v < 2. Therefore, since 1 —e™* <
(1 Az) and using Lemma

3—2426

n v Dlﬂg

—E|(1- - D1D
K [( exp{ Mn—nl_”}> ! 2}

32496
n v @1@2
<——E|(1IN—"]D1D
N K K /m—nl—"”"> ! 2]

=0 (n4_%_7+26> . (45)
Now observe that by our choice of § > 0 and since 2 — v < 1, we get

~0 =2 29 —( -2
<—%

4 —(y —2)?
PSP B ¢ ) AP
gt

v v 2y

<0,
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Plugging this into , it follows from that

P 1-24495 o . _0=2? =5
n v Z XUDlD] > K, A, =0(n 2y +n .

1<i<j<n

and hence follows. O

3.4 Proving Theorem

We are now ready to prove the central limit theorem for the ECM.

Proof of Theorem [1.1 Let G, = ECM(D,,) and S,z and S, /3 be defined as
in @ and let Ly be given by Proposition Now we write
1-1 = B 1—-1 4 1—-1
plo(m)n™ 71r(Gr) = plo(n)n 77, — plo(n)n™ 77, .
By Proposition [3.6] it follows that the first part converges to zero in proba-
bility, as n — co. For the second part, let § = (y — 1)2/(47) and note that
by Potter’s theorem [4, Theorem 1.5.6] we have that Lo(n) < n? for all large

enough n. Then, if we denote by G,, the graph before the removal of edges,
it follows by Proposition [3.3] that

,u,Eo(n)nl_% lrn =7 | 0.

Finally, we remark that the graph G, is generated by the CM so that the
above and Proposition [3.1| now imply

82
pﬁo(n)nl_i?n_ 4, 2 )
Sy/3

as n — oo from which the result follows. O

3.5 Pearson in the CM: Proof of Lemma [1.4]

In this section, we prove Lemma [I.4] on the tightness of the conditional
variance of Pearson in the CM.

Proof. Since, conditionally on the degrees, the only randomness in 7, is in
(Xij)1<i<j<n, we use the covariance formula for sums of random variables
to compute that

Zi,j,k,le[n} DiDjDleCOVn(XU, Xk:l)

[Zie[n] D} - (Zie[n] D’L'2>2/Ln]2

. D;D;D;D;Covy,(X;;, X
:szjvkvle[n} 1 n(Xy )(1—1-01}»(1))7

(Zz‘e[n} D?)Z

Var, (r,) =

(46)
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2

since D e D} > (Zz‘e[n} D?) /Ly, and where we write Cov,, for the con-
ditional variance in the CM given the i.i.d. degrees. We next compute
Covy,(Xij, Xki), depending on the precise form of {i,7,k,l}. For this, we

note that
D; Dj
Xij =3 > I (47)
s=1 t=1

with I the indicator that the sth half-edge incident to i pairs to the jth
half-edge incident to j.

Case (i,j) = (k,l) with i < j. We compute that

Var,(Xi;) = > . Y Cova(ILy, Iow) (48)
(s,t) (s',t")
_ Di(D;—1)D;j(D;—1)  D;D;  DiDj
B (Ln - 1)(Ln - 3) (Ln - 1) (Ln - 1)2
(Ln - 1) (Ln - 1)2<Ln - 3) (Ln - 1>(Ln - 3) (Ln - 1)(Ln - 3)
D;D;
= Tn](l + 0(1)).
Thus,
o D?D?Var,, (X;; e D3D3
isieln D0, 2( ) (14 or() 2t 20 7 (49)
3 n 3
(Zie[n} Di) (Zie[n] Di)
=+ (1)) 22isic D05 N
<Zz‘e[n] D;f”)

Since we sum over all ¢, j € [n] and not just ¢ < j, this term appears 4 times.

Case [{i,],k,1}| = 1. In this case, we obtain

_ Diy(D; —1)  Di(D; —1)(D; —2)(D; — 3) D}
Var,,(X;;) = Lo —1) + (o — 1) (L —3) @1y (50)
2 4 3
= ZZL(I + 0p(1)) + %(1 + 0p(1)) — 62%(1 + 0p(1))
D?
= fn(l + 0:(1)),

since D; = Oy (n?) with v € (4,1). Therefore,
e DiVara(Xi)  n(1+05(1)) e DF
! N Ly, 3)\2
(Zie[n] Di) (Zie[n] Di)
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The above two computations show that these contributions sum up to

(10, (1) <IE] +;(1+0W(1))¢2 4 “’
3 3
(Zie[n] Di) (Eie[n] Di)
(51)
We are left to show that all other terms constitute error terms.
Case [{i,7,k,l}| =4. When [{i,7,k,1}| = 4, we compute that
Covn(Xij, X)) = DD, DD ( ! ! ) (52)
n igy <2 kl) — L U VE (Ln—l)(Ln—?)) (Ln—l)Q
_ 2D;D;jD\Dy,
C (Ln = 1)2(Ln - 3)
Thus, the contribution to the variance of r,, of this case equals
4
Zie n Dz2
(e %) 1+ 0() =0 (1) —oun™),  (53)
13 Sicp DF)
since v € (3,1).
Case |{i,j,k,l}| =3. When |{3, j, k,l}| = 3, we compute that
D;(D; —1)D;D, D?D;D,
n Xz Xz = ! - L
CovalXijs Xi) = (7 )T =3)  (Ln =172
D?D;D D;D;D
= 2 L J L - ] ! (54)
(Ln - 1)2(Ln - 3) (Ln - 1)(Ln - 3)
Thus, the contribution to the variance of r, of this case equals
2 3
(Zie[n} Df) (Zie[n] D?)
QWG +o0p(1)) — , 2 (1+o0:(1)) (55)
n Zuign] i Ly ( Zze[n] DZ >
=0 (N77%) + 0s (n72) = 0s(n1),
since v € (3,1).
This completes the proof. O
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4 Clustering coefficient

In this section, we prove Theorems and on the clustering coefficient in
the configuration model as well as the erased configuration model. In both
models, we first study the clustering coefficient when the degree sequence
is fixed. We show that the clustering coefficient concentrates around its
expected value when the degrees are given. Then, we analyze how the
random degrees influence the clustering coefficient.

4.1 Clustering in the configuration model

In this section, we compute the clustering coefficient for a configuration
model with a power-law degree distribution with v € (1,2). To prove Theo-
rem we first use a second moment method to show that the number of
triangles /\,, concentrates on its expected value conditioned on the degrees.
Then we take the random degrees into account and show that the rescaled
clustering coefficient converges to the stable distributions from Theorem 1.5

4.1.1 Concentration for the number of triangles

The concentration result is formally stated and proved in the next lemma.

Lemma 4.1. Let D,, be sampled from D with 1 < v < 2, and G,, = CM(Dy,).
Let /\,, denote the number of triangles in in G,. Then, for any e > 0,

lim P, (|An — Ep [An]] > €Ky [Ay]) = 0.

n—oo

Proof. Fix 0 < 6 < (% —1)/6. Define the event

n n
B, = { S D2 > Kn®70S " D < Knf/ } (56)
=1 i=1

Let A,, be the event defined in , and let A,, = B, N A,. We have
lim,, o0 Py, (A) = 1, thus, we only need to prove the result on the event A,,.
The proof is similar to the proof of [13, Proposition 7.13].

Define

T = {(s1t1, s2u1, uate,i,5,k) : 1 <i<j<k<n,1<s <s9<D;, 1<t #ty <Dy,
1 <wuy #uy < Di}.

This is the set of combinations of six distinct half-edges that could possibly
form a triangle on three distinct vertices. Thus,

Z|= Y  DiDi—1)D;(Dj — 1)Dp(Dy, — 1) (57)

1<i<j<k<n
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denotes the number of ways six half-edges could form a triangle. For m € Z,
let 1,, denote the indicator variable that the six half-edges of m form a
triangle in the way specified by m. Then,

An:Z:ﬂ-m

The probability that the half-edges in m form a triangle can be written as

:w

P, nt1—27)"
]:1
This results in
|Z]
= Pp (1 =1)=— —. (58)
mze:I [Tj-1(Ln +1—2j)
Furthermore, by [13, Theorem 2.5],
En[An(Bn = D)= Y Pu(lpm, =TI, =1).
mi1#£mo€L

When all six pairs of half-edges involved in m; and meo are distinct, the
probability that these pairs of half-edges that form m; and mo are paired
in the correct way is

P (L, = Ly, = 1) = +1-25)7",

||::]@

If m; and mgy contain one pair of half-edges that is the same (so that m;
and my form two triangles merged on one edge),

5

Ppy (Liny = Lpny = 1) = [[(Ln +1—25)7"
j=1

Let Zo denote the set of combinations of 10 half-edges that could possibly
form two triangles merged by one edge. Then, similarly to ,

ol = > Di(Di—1)(D; —2)Di(D; = 1)(D; —=2) > Dp(D —1)Dy(D; — 1)

1<i<j<n 1<k<i<n
< (ZD§)2<ZD§>2. (59)
i€[n] i€[n]

Similarly, when m; and mg overlap at two pairs of half-edges (so that m;
and mgy form two triangles merged by two edges)

4

P, (]lml = ]lmz = 1) = H(Ln +1- 2j)_1
j=1
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Let Z3 denote the set of combinations of 8 half-edges that could possibly
form two triangles merged by two edges. Then, similarly to ,

[ Zsl = ) Di(Di=1)(Di = 2)Dj(D; = 1)(D; = 2) Y Dp(Dx—1)

1<i<j<n 1<k<n
< (ZD?)QZD?. (60)
i€[n] 1€[n]

In all other cases the probability of the event 1,,, = 1,,, = 1 then equals
zero. These are cases where mj prescribes some half-edge to be merged to
half-edge j1, whereas mq prescribes it to be merged to some other half-edge
j2. Therefore,

Ep [An(D —1)] < Z1? |2, 15| ‘
T +1-2) T (e +1-2)) (Lt 1-2))
(61)

On the event B,, defined in ,
2 4
3 2
|| / 7|2 _o (Zie[n] Di) /(Zz’e[n} Di)
Ty (Ln+1—2j) TI5_y(Ln +1 - 25) (Lp+1—12)1
-0 (n . n6/7+26—8/7+46) —0 <n1—2/'y+66)
=o(1),

by the choice of §. In a similar way, we can show that the third term is
small compared to the first term of . Therefore,

Ep [An(Bn —1)] < =
[T (Ln+1-2j)

Finally, on the event B,, we have,

7i=0((X02)) = ath),

Using that L, = pun(1 4 o(1)) on the event 4,, results in
Varp (An) _ En[An(Bn —1)] L+ E, [Ay)

(14 0o(1)).

En D)2 (Bn[Ln])? (En [An])?
3 .
(Lp — 1)(Lyp — 3)(Ly, — 5) [T (L +1—2§)
1 1) -1

S Lo DL 0L, — A T

—1+40(1) — 1+ 0@ = 0(1),
for v € (1,2). Then by Chebyshev’s inequality, on the event A,

Var, (Ay)
_ < __Znin)
Pp (|1An = En [An]] > €Ey [An]) < (E,, [Dn])2e2 o(1),

which gives the result. O
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4.1.2 Proof of Theorem [1.5

Proof of Theorem [I.5, We again prove the result under the event A,, = B,,N
A, where B,, and A,, are given respectively in and .

By and

Eu[fnl = 55 3. DD —1)D;(D; = )Dx(Dy — (1 + 0s(1))
1<i<j<k<n

un3( (ZD )3_%ZDi(Di—1)ZD]2(D]—
=1 j=1
+ % ;D?(Di — 1)1+ 0x(1))

Then, the definition of the clustering coefficient in (4f) yields

E, [C» 3n3((ZD 1) —321)2

Zi:l D?(Di - )
> i1 Di(D; — 1)

323((§:D?>2 _3§:D?+2§:Dg/§:D§>(1+OP(1)),
=1 =1 =1 =1

(62)

+2

)1+ 0:(1)

Lemma then gives that conditioned on the degree sequence

un3<(ZD2) 3§:D§+2§:D?/§:D?>(l+op(l)).
i=1 i=1 i=1

By (24), there exist a slowly-varying functions £1(n), L2(n) and L3(n)
such that

—2/y 2ai=1 40 2ie1 D vy Yo D; 6/ S, DS J
( Li(n) . La(n) " L3(n) ) — (5’7/2’8“//4787/6) )

(63)

where

oo Y B oo Y B oo 0y
Syp=3 U777 Su=) 17, Sue= 1,7,
=1 =1 =1

for the same random variables I';. Furthermore, by [42, Eq (5.23)], the
slowly-varying functions in satisfy for some slowly-varying function

Lo(n),

Li(n) = /Lo(n)(Cy2)*,  La(n) = Lo(n)(Cyya)*7, Ls(n) = Lo(n)**(Cy6)*7,
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where
A 1—«

Ca = ['(2 — «a)cos(ma/2)’

with I' the Gamma-function. Therefore,

n—4/7

>y DY
Eo( (Z ZD?’ZZID2>
(67/6)7/657/6>

d A A
- <(Cv/2)7/483/2’(Cv/4)7/487/4’ (€ 12728, 9
v gl

Combining this with results in @ O

4.2  Clustering coefficient in the erased configuration model

In this section, we study the clustering coefficient in the ECM. Again, we start
with the expectation and the variance of the clustering coefficient condi-
tioned on the sampled degree sequence, i.e the sequence D,, = {D1, Da, ..., D, }
sampled from the distribution . Note that this is not the eventual degree
sequence of the graph constructed by the erased configuration model.

Structure of the proof of Theorem We prove Theorem [1.6]in four
steps:

Step 1. We show in Lemma that the expected contribution to the
number of triangles from vertices with sampled degrees larger than /n/e
and smaller than ey/n is small for fixed 0 < ¢ < 1. Therefore, in the rest
of the proof we focus on only counting triangles between vertices of degrees
ey, v/

Step 2. We calculate the expected number of triangles between vertices
of sampled degrees proportional to y/n, conditioned on the degree sequence.
In Lemma we show that this expectation can be written as the sum of
a function of the degrees.

Step 3. We show that the variance of the number of triangles between
vertices of sampled degree proportional to y/n is small in Lemma Thus,
we can replace the number of triangles conditioned on the degrees by its
expected value, which we computed in Step 2.

Step 4. We show that the expected number of triangles conditioned on
the sampled degrees converges to the value given in Theorem when
taking the random degrees into account.

We will start by proving the three lemma’s described above. Let B, (¢)
denote the interval [e,/un, \/pn/e] for some € > 0. Furthermore, let )A(ij de-
note the number of edges between vertex ¢ and j in the erased configuration
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model. Then, we can write the number of triangles as

Z ]szk]]-{Dz,DJ,DkEBn 5)} Z )?ik]]‘{Di,Dj or Dp¢Bn(e)}
1<z<]<k<n 1<z<j<k<n
=: Ap(Bn(€)) + An(Bn(e)) (64)

We want to show that the major contribution to A, comes from A, (By(¢)).
The following lemma shows that the expected contribution of A, (By(¢)) to
the number of triangles is small.

Lemma 4.2. Let D,, be sampled from D with 1 <y <2 and G, = ECM(D,,).
Let Ay (Bp(€)) denote the number of triangles in G, with at least one of the
sampled degrees not in By, (c). Then,

lim sup E [An(Bn(E))]
n—s00 ﬁ(m)zn%(%v)

for some function & (g) not depending on n such that () — 0 as € — 0.

=0(&(9)

Proof. Let A; ;. denote the event that a triangle is present on vertices 4, j
and k. By [18, Lemma 4.1],

P (Dijk) = @< 11 (1- e_D“D”/L")]l{DuDU<Ln}>
(u0)€{(6,5),(4,%), (6:k) }

o (B2 ) (22 0) ()

Therefore, for some K > 0
)]

;D D; Dy, DDy,
g L, : 1) ( L, " 1) < L, " 1) ]l{D“DJ" or Dy€Bn(e)}”
Thus,

E [An(Bn(e))]
'R KDL? A 1) <D;an A 1> (D;fif A 1) ﬂ{Dlegn(e)}} . (65)

We now show that the contribution to where Dy < e,/pun is small. We

En [An(B

e
gt

I/\ N'

1

< Kin

w\»—t
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write

D1D2 D1D3 DQDS
(220) (52 (32

EVHTL n  n

& t1t t1t tot
B Y S =t D=t =t (22 ) (B2 a0 (22 01)

n n n
t1=1 ta=1t3=1 K © ©

IN

n

f(K;in S° L(0)£(t2) £(ts) (rtats) " <“t2 A 1) (tlt?’ A 1) <t2t3 A 1)

t1=1 ta,t3=1 K pn K
(66)

where we used Assumption [I.I] and the fact that D, Dy and D3 are inde-
pendent. By |18, Lemma 4.1(ii)],

IA

/OOO /ooo /Ooo(xyz)Vl (y A1) (zz A1) (yz A1) dedydz < oo,  (67)

for all v € (1,2). Therefore, by [28, Theorem 2],

/N OO [OO 41 @ % %
/0 /0 /0 ﬁ(tl)ﬁ(tQ)E(tg)(tthtg) ( un A 1>< n VAN 1)< n VAN 1) dtg dtg dty
= (un)_%7 /0 /0 /0 L(/im) L(y/am) L(z/pm) (zyz) 7~ (xy A1) zz Al)yz A 1)de dy dz
=(1+ 0(1))E(\/;ﬁ)3/0 /0 /0 (zyz) 7 (xy A1) zz A1) yz A 1)da dy dz

We then bound the sum in as

EVHTY n n

S S0 L)L (t) £lts) (trtats) (“’52 A 1) (“fi” A 1) <t2t3 A 1)

n n n
t1=1 to=11t3=1 K K K

ey/pn+1 00 o)
52/0 “+/0 /0 L(t1)L(ta)L(t3)(t1totz) 771

« (t;ffm> (t;;fM) (iiff“) dts dts dty
— 21 + (1) ()~ £( ) /OE/OOO/OOO@yz)—V-l (zy A1) (22 A1) (y2 A1) da dy de.

Therefore,

D1D2 D1D3 D2D3
e (Gt ) (5 ) (ot 1) 1o

< Kgn%(l_wﬁ(\/ﬁ)g /Oa/om/om(myz)_7_1 (xy A1) (xz A1) (yz A1) dedydz,
(68)
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for some constant Ks. Thus, we only need to prove that the last triple
integral in tends to zero as € — 0. Using , we obtain

/E /OO /Oo(a:yz)71 (zy A1) (22 A1) (yz A1) dedydz := E(e)
0 Jo Jo

where &y(e) is such that & () — 0 as € — 0. Thus, by and (66)), the
contribution to the expectation where one of the degrees is smaller than

ey/pn is bounded by Op <£(. /un)3n3_%750(5)>. Similarly,

/OO /Oo /Oo(l“yz)—“Y_l (zy A1) (z2 A1) (y2 A1) dedydz := E(e)
1/e JO 0

where again &) () satisfies &j(¢) — 0 as ¢ — 0. Therefore, we can show in a
similar way that the contribution to the expected number of triangles where

one of the degrees is larger than \/un/e is O (L',(1 /un)3n37%786(6)>. Then,
taking & (¢) = max(&y(e), E)(€)) proves the lemma. O

The next lemma computes the expected contribution of the vertices of
sampled degree proportional to y/n to the number of triangles. Define

_DiDj _D;Dg _DiDj
Gn,e(Di, Dj, Dy) := (1 —e In ) (1 —e In ) (1 —e fn )]1{<Di,Dj,Dk)eBn<e>}7
(69)

and let >’ denote a sum over distinct indices, such that i < j < k.

Lemma 4.3. Let Dy, be sampled from D with 1 < v < 2, and @n =
ECM(D,,). Let A\, (By(€)) denote the number of triangles in G, with sampled
degrees in By(g). Then, on the event A, as defined in ,

/
Ey [An(Bu(e)] = (L +0(1)) Y gne(Dys Dy, Dy).
ij.k
Proof. We can write the expectation as
/
En [An(Bu(e)] = Y Pu(Dijik) Li(Dy,0;.00)€ B (4)} (70)
W5,k

where P, (A; 1) denotes the probability of a triangle between vertices 4, j, k
being present. This probability can be written as

P (Aijr) =1 =Py (Xi =0) =P, (Xip =0) =P, (Xjp = 0) + P, (X35 = Xy = 0)
+Pp (X5 = X, =0) + Py, (Xip = Xji = 0)

Py (Xij = Xip = Xjx = 0).
(71)
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Because D;, Dj, Dy, < \/n/e and L, = pun(1+ o(1)) under the event A, we
can use |18, Lemma 3.1], which calculates the probability that an edge is
present conditionally on the presence of other edges in configuration models
with arbitrary degree distributions. This results in

P, (Xij = Xir = X = 0)
:Pn(Xij = O)Pn(Xjk =0 ‘ Xij = O)Pn(Xik =0 | Xij :Xjk = 0)

_DiDj _Dleyc _Dka

= e Ln e Ln ¢ Lnp, (1+0(1)),

and similarly

D,D;  D;Dy

P, (Xz] :Xjk :0) =e In e In (1—]—0(1))

Combining this with yields
_DiDj _DiDj _DjDk
Po(Bigr) = 1= (7 B0 e tn e )(1+0(1)
_DiD; _D;Dg _DiD; _ D;Dy _DiDy DDk
+<e In e In +e Ine Ln +e Lne ILn )(1+o(1))

_DiDj  DjPr  DiDy

—e Inm e In e In (140s(1))

= o) (1-e ) (1o ) (1m0 ) oo

where the second equality follows because ey/n < D;, Dj, Di, < y/n/e and
L, = pn(1 4 o(1)) under A,. For D;,D;, Dy € [e\/n,1/e\/n], the main
term in can be uniformly bounded from above and from below by some
functions fi(e) and f2(e) not depending on n. Combining this with
shows that

/
Ep [An(Ba(e)] = (14 0(1) > gne(Di, Dj, Dy), (73)
i,k
on the event A,, which proves the lemma. ]

We now replace the L,, inside the definition of g, . by pn. In particular,
define

_yz

_ry Yz _zx
fne(wy,2) =1 —e m)(A—e w)(L—e w0 )iy ep, )} (74)
then we have the following result:

Lemma 4.4. Let D,, be sampled from D with 1 < v < 2 and k = (v —
1)/(14+~) > 0. Then, for alle >0 and § < k,

5 P
n > —3+0 Z gn,s(Dia Dj, Dk) - fn,s(Div Djv Dk) — 0.

1<i<j<k<n
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Proof. Let A, be as in and note that x is the same as in the statement
of the lemma. Then, since P (A4,,) — 1, it is enough to prove that the result
conditioned on A,. Next, note that 1 —e~* < 1 for all a > 0. Hence, due
to symmetry it suffices to prove

3
S -3+9 Z

1<i<j<k<n

D;D; _ DD

P
e In —e |\ 1ip pDreB, ()} — 0

For this we compute that, on the event A,

_D;D; D;D —1-k

e Ln —e¢e wn

J

|L,, — pnl n
En =WV —pp, I
MnLn - (/1'2 - n—n)

We recall that by Karamata’s Theorem [4, Theorem 1.5.11] it follows that,
as n — oo,

= DIDJO (n_l_“) .

< D;D;

1—y

L (ey/pm) e~ (un) =
v—1

E [Dl:ﬂ-{D1€Bn(€)}] <E |:D1:H'{D1>E\/ﬁ}:| ~
=0 (E (ey/un) nl_TW> ;

where a,, ~ b, as n — oo means lim,_,o a,/b, = 1.
Therefore, using Lemma [6.1

?|

_D1Dy Dy Dy

e Ln —e wn

]l{Dl,Dg,DgeBn(e)}]
<O (N E [Di1(p,ep, )] P(Ds € Ba(e))
= O (£ (ey/um)? L( =),

so that by Markov’s inequality, we obtain that for any K > 0 and € > 0,

5 5 DD, DD
Plnz Z e fn —e ]]'{DinijkeBn(e)}>K’An
1<i<j<k<n
3y _
(g)n2 3+4 _D1Dy _D1Dy
S S Efle In —e # | 14,1¢p, Dy DseBu(e)}

) (c (e/in)> L(\/m)nﬂ) — o(1).
L]

We now again study the expected number of triangles of vertices with
sampled degrees in B, (¢), and investigate the behavior of the expression of
Lemma 431
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Lemma 4.5. Let Dy, be sampled from D with 1 < v < 2, and G, =
ECM(D,,). Let A, (Bn(€)) denote the number of triangles in G,, with sampled
degrees in By(g). Then, as n — oo,
Ep [An(Bn(e))]
L(W)Sn%(Q*’Y)M*%’Y

. ) 1 1/e 1/e 1/e ,.Y3 L A o d O
= (14 os( ))6/E /E /E W (t1,t2,t3) dty dta dts + Os () ,
(75)

where h(z,y,z) = (1 —e™™)(1 —e™™*)(1 — e ¥?).

Proof. Combining Lemmas 4.3 and [4.4] yields that conditionally on the sam-
pled degrees (D;);g[n]s

En [Dn(Ba(e))] = (140:(1) 3 fue(Di Dy, Dy)+op (£(y/am)*n3)
1<i<j<k<n
(76)
where f,, (Dj, Dj, Dy) is as in . To investigate the convergence of
when taking the random degrees into account, define for b > a > 0 the
random measure

(un)? 12":]1
D;€Ela/pn,b/un]
L(y/pm) n = {Dilaymmbyuml

NiV([a,0]) =

so that N{™ counts the number of vertices with degrees in the interval
lay/fim, by/pm]. Since every D; is drawn i.i.d. from (I, the number of ver-
tices with degrees between a./un and b,/un is binomially distributed and
therefore this number concentrates around its mean value, which is large.
Combining this with Lemma yields

" n)z 1«
Ny ([a,b]) = E(étx/ll—n)nzgﬂ{Die[am,bm}}

_ (:un)% . a n n o
_aﬂmpwm[ﬂﬁmﬂﬂﬂ+ﬂm

b
=(1+ op(l))*y/ 77t = (1 +0p(1)) (@™ = b77).

Therefore,
N{") ([a, b]) -, /b 7t = (@™ =0b77) =: A[a, b]). (77)

Let N™ be the product measure N\ x N{” x N{" and F = [, 1/¢]>.
Thus, N™ counts the number of triples with all three degrees proportional

to /un.
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By (74),
> fuelDi, D;, Dy)

1<i<j<k<n
D;D; D;Dy D;j Dy
= > (—e m)(A—e wm )(I—c # )p, D, DeeBa(e)}
1<i<j<k<n

_ éz(.ﬁun)?’n%(?—v)u—%v / (1— e t12)(1 — e 18)(1 — ¢ ~213) AN (1, £y, £3).
F

The function h(x,y,z) is bounded and continuous on F = [g,1/¢].
Therefore, writing the Taylor expansion of e™" yields

k()i 4 —2k
a-em = o ().

i=1

on z,y € [g,1/¢], where the error term goes to zero as k — oo. Therefore
for any d > 0, we can choose ki, ks, k3 such that

ki ke ks (yz) 1k 1)l O (6
h(z,y, 2 ZZZ lo! - 13!( ARG

l1=11l=113=1

ki ko ks < Zltls l1+l2zl2+l3

= Z Z Z 111515

1)11+12+l3> 10 (5) )
li=1l=11l3=1
Choosing § = 37! gives

. D;,D;, D 1
219<J<k§” Jne(Di, Dj, Dy) — / h(t1,t2,t3) AN (1)
F

L(y/m)ns @70
kl k2 3 xl1+l3yl1+l2zl2+l3
/ ( TRTRT™ (_1)l1+l2+l3> +0 (83’Y+1) dN(n)(t)
le 112 1i3=1 12s:
3 gty litla la+ls
Y z I+l n
/ J e (-1 AN 1) + O, (o)
Fiz 112 1l3 1 1T
k1 ko ks ll+l2+13 1/e 1/e
S [ [ ax
11'l2'13 e e
11 1lo=113=

1/e
. / Zlatls le(")(z) + O (e).
€

Here we used that because N{"[a, b] N Aa, b],

k1 ko k3

L3030 30 AN D) = kkahae (V] e 1/2])

Lhi=1l2=11l3=1
_ 2,_:3'er10]}) ()\([6, 1/5])3) — 83'Y+1OH) ((E*'Y — g’Y)3) =0 (8) .
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Since z! is bounded and continuous on [g,1/¢], we may use |19, Lemma 5]
to conclude that

1/e p 1/e
/ 2t AN () — / 2t d\(z) := @e(t).
3 3
Thus,

Zl§i<_j<k<n fn, (Di, Dj, Dy)

L(rmydnzC= =37
ki k2 ks l1+12+l3

1+ o0s(1 Z Z Z W‘Ps(h +13)pe(l1 + 12)pe(l2 + 13) + O; (¢)

l1 1lo=113=1

/ 1 2 3 l1+l3yl1+12 Sla+ls (_1)l1+l2+l3
. !

1+ o0p(1 dA(z) dA(y) dA(2) + Op (¢)

1= 1l2 113 1
=1+ oﬂ»(l))é [ 1.2 @) A0 aAG) + 0 6).

which concludes the proof together with . O

The following lemma bounds the variance of the number of triangles
between vertices of sampled degrees proportional to /n.

Lemma 4.6. Let D, be sampled from D with 1 < v < 2, and @n =
ECM(D,,). Let Ap(Bn(€)) denote the number of triangles in G,, with sampled
degrees in By, (g). Then, as n — oo,

Vor, (4a(Bu(©) e,

En [An(Ba(e))]

Proof. Choose 0 < § < %(1 — 17). Denote

B, = {i {D ey} < n%(2_7)+5}7

i=1

let A, be as defined in , and set A,, = A, N B,. Because the sampled
degrees are i.i.d. samples from (1), P(A,) — 1. Therefore, we work on
the event A, in the rest of the proof. By Lemma E, [An(Bn(e))] =
@P(n3_%7£(\/ﬁ))3. Thus, we need to prove that

Var, (An(Bn(g))) = op (n6*37£(\/ﬁ)6) )

We can write the variance Var, (A, (Bn(€))) as

> (Pr(Ligks D) — P (L45k) Pr (Dstn) L{D,,0;.05,D0,Ds,DueBu(e)}
(i7j7k)7(s’t7u)
(78)
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where A; ;. denotes the event that there is a triangle between vertices i, j
and k. This splits into several cases, depending on |{3, j, k, s, t,u}|. Let the
part of the variance where [{i, j, k, s,t,u}| = m be denoted by V™. so that

Var, (An(Bn()) = VO + VO 4 VW L vE
Let M, (e) = Zz ]l{DiEBn(e)}' Then
v < > L{D:.D;.0;,D0.DieBa(e)} = Mn(€)™,  m = 3,4,5.
27]7k787t:I{Z7J7k7s7t}|:m

Under B,,
Ma(e) <> L pyse ) < @)+
i=1
Thus, by the choice of ¢,
VO < M,(e)’ = O <n5—5’y/2+55) — o(n®3),

as required. Similar bounds show that V® and V® are o(n%737). Thus,
the contributions V™), m = 3,4, 5, to the variance are sufficiently small.

Now we investigate the case where 6 different indices are involved and
show that V©® = 0,(n%37L(y/n)%). Equation computes the second
term inside the brackets in . To compute the first term inside the brack-
ets, we make a very similar computation that leads to . A similar
computation as in yields that on the event A,

Py (Ai,j,ka As,t,u) = (1 + OP(l))gn,s(Di, Dj» Dk)gn,s(D& Dy, DU)'
Hence,
IP)n (Ai,j,ka As,t,u)_]P)n (Ai,j,k) IEDn (As,t,u) = O]P(l)gn,s(Dia Dja Dk)gn,e(Ds> Dta Du)
When D;, Dj, Dy, € [e,1/e]lv/n, gne(Di, Dj, Di) € [fi(€), f2(¢)], uniformly
in 4, j, k. Therefore, by Lemma [4.3
Ve = Z 0(1)gn,a(Di7Dj’Dk)gn,E(Ds,DtaDu)
<i7j7k)1(57t7u)

~ o, (En [An(Bn(e))]2) = 0. (¥ L(vn)"),

and therefore also the contribution to the variance where |{4, j, k, s, t,u}| = 6
is small enough. O

Proof of Theorem|[1.6 First, we look at the denominator of the clustering

coefficient in . By and the Stable Law Central Limit Theorem [42,
Theorem 4.5.2], there exists a slowly-varying function £y such that

> (D; — 1) Dy

n oD, d
=1 = 1 1 S 79
Lo(n)n?/ ﬁo(n)nQ/v( +0:(1)) = Sy (79)
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where S, /5 is a stable distribution.

Now we consider the numerator of the clustering coefficient. We prove
the convergence of the number of triangles in several steps. First, we show
that the major contribution to the number of triangles comes from the tri-
angles between vertices with degrees proportional to /n. Fix e > 0. We
use ([64), where we want to show that the contribution of A, (B, (¢)) is neg-
ligible. Applying Lemma [£.2] with the Markov inequality yields, for every
4 >0,

n—oo

lim sup P (An(Bn(s)) > 55(\/@%%@*7)) 0 (51(55)) .

Therefore,
Dn(Ba(e)) = O: (&1(e)£(/am)*ni ) (80)

Because &1 (¢) tends to zero as e — 0, we now focus on A, (By,(g)). The num-
ber of triangles consists of two sources of randomness: the random pairing
of the edges, and the random degrees. First we show that A, (By,(¢)) con-
centrates around its mean when conditioned on the degrees. By Lemma [4.0]
and Chebyshev’s inequality,

Ap(Bn(e)) P
By [An(Ba(e)]

conditionally on the degree sequence (D;);¢[,). Combining this with Lemma
yields that conditionally on (D;);e[n]s

An(Bu(e)) = L(y/fm)*nz V27

1 1/e rl/e rl/e ’}/3
(1 +0]P’(1))6/E /; /5 Wh(tl,tQ,tg) dtl dtQ dt3+0]p (5) s

(81)
where h(z,y,z) := (1—e™™)(1—e"**)(1—e"¥?) and ¢ is the same as in (80).
Combining and gives

Ap _ An(Bnle)) + An(Ba(e))

ﬁ(\/,LW)?’n%(Q_V) g(\/m)?)n%(?—"/)
Y i<icjck<n fne(Diy Dj, D)

= (L o) SR 0:(1) + O: (€1(2))
1 1/e pl/e rl/e 3
=(1+o0s(1 6/ / / (t1tats) 7Jr1h(751,1527753)dtldlﬁwlt:z
+ O(&1(¢)) + Ok (¢)
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Taking the limit of n — oo and then ¢ — 0 combined with and the
definition of the clustering coefficient in then results in

CnLo(n) B Lo(n)n?/7 JANS
L(/fim)3n(377+67=0/(2) — e Di(D; — 1) ﬁ(m)gng(z—y)
[CSIICSIRS 3
Jo o Jo Iy wmter bty te, ts) diy dia dis

4, qugv
SW/Q

which proves Theorem O

5 Proofs of Theorem [1.2 and

We now show how the proofs of Theorems [I.1] and can be adapted to
prove similar results for the class of rank-1 inhomogeneous random graphs.
We remind the reader that in this setting the degrees D; are no longer an
i.i.d. sample from .

Let k < (y—1)/(1+7),0<d <1—1/y and define the events

A, = ‘Zwi—ﬁm}ﬁnl_“ , Bn:{‘Zwﬂl{wKntg}—un‘g n }}
i=1

i€[n] log(n)

Let A, = A, N B,,. Because P(A,)) — 0, we condition on the event A,,.
For the erased configuration model, we used that the degrees and the erased
degrees are close to prove Theorems and Similarly, for the inhomo-
geneous random graphs we now show that the weights and the degrees are
close. By Condition i)

1 wiw; wiw;\ wiwj o 1
ol ; pn h< pn ) N %:] i - willte)(s2)
i j€n

where E,, now denotes expectation conditioned on the weight sequence. Fur-
thermore, for w; = O(n'/7), on the event B,, by Condition (ii) and (i)

w;i;W; w; W4 w;i;W; w;W;
E, [D;] > Withi <M> — “(1+0<3)>

_j:wj<n 2y j:'wj<n 2y

ij,-
(o) 3, o =wll+o),
Jrwj<n 27
(83)
where the first equality follows from a first order Taylor expansion of h(x).
Combining and yields E,, [D;] = w;(1 4 o(1)).
Let X;; again denote the indicator that edge {i,7} is present. Note that

Var, (Xi;) = p(wi, w;)(1 — p(w;, w;)) < p(w;, w;). Because conditioned on
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the weights, the degree of a vertex D; = ), 4 X; is the sum of independent
indicators with success probability p(w;, w;), Var, (D;) < 32, p(wi, w;) <
2w; for n large enough. Then, Bernsteins inequality yields that for £ > 0

P (11— wi] > 1) < £/
n i — Wi = exp 2w, + t/3 .

Thus, for w; > log(n),

Therefore,
Y IDi—wil= Y IDf-wil+ Y |D}-uwf
i€[n] 1w, <log(n) i:w; >log(n)
=0 (nlogQ(n)) + OH»( Z w?) = op( Z w?),
1w, >log(n) i€[n]

and a similar result holds for the third moment of the degrees. In particular,
this implies that and also hold for the inhomogeneous random
graph under Condition

5.1 Pearson in the rank-1 inhomogeneous random graph

The analysis of the term r, in is the same as in the erased configura-
tion model, since it only depends on the degrees, and also holds for the
inhomogeneous random graph. We therefore only need to show that Propo-
sition [3.6] also holds for the rank-1 inhomogeneous random graph. This
means that we need to show that also holds for the rank-1 inhomoge-
neous random graph. For all models satisfying Condition p(w;, wj) <
(wjw;/(pn) A1). Because E,, [D;] = w;(1+0(1)), D; = O (w;), by Markov’s
inequality. Thus,

w; W4
Z DZD]X” =0 Z wleXl =0 Z WiW; ( LA 1>

— — ' un
1<i<j<n 1<i<j<n 1<i<j<n

Because the weights are sampled from , this is the exact same bound
as in , so that from there we can follow the same lines as the proof of
Proposition [3.6 Thus, Proposition [3.6]also holds for rank-1 inhomogeneous
random graphs satisfying Condition [I.1] Then we can follow the same lines
as the proof of Theorem to prove Theorem

5.2 Clustering in the rank-1 inhomogeneous random graph

For the clustering coefficient, note that conditioned on the weights, Py, (A; j 1) =
p(ws, wj)p(wj, wg)p(w;, wy).  Furthermore, Lemma only requires the

o1



bound p(w;, w;)

< (wjwj/(pn) A 1), which also holds for all rank-1 inhomogeneous random
graphs satisfying Condition so that Lemma[4.2]also holds for these rank-
1 inhomogeneous random graphs. Furthermore, conditioned on the weights,
the probabilities of distinct edges being present are independent, so that

wiw; wiw wiw
En [An(Bn(E))] = Z q ( ]> q < k) q < L k> ﬂ{(wi,wj,wk)EBn(e)}

n n n
1<i<j<k<n H H H

similarly to Lemmal[4.3] with ¢ as defined in Condition[I.I] Furthermore, the
bound on the variance of the number of triangles in the erased configuration
model in Lemma for 3,4 or 5 contributing vertices only depends on
the degrees, so that it also holds for the rank-1 inhomogeneous random
graph satisfying Condition since the weights are also sampled form .
The contribution of 6 different vertices to the variance is zero, because the
presence of distinct edges is independent. Thus, Lemma [£.6] also holds for
the rank-1 inhomogeneous random graph. Thus, we can follow the lines of
the proof of Theorem until equation . From there, note that

D i<i<j<k<n 4 (wu;vj) q (w,ﬁk) q (wﬁk) L (w105 ,101) €Ba ()}
C(/m)ni @, 30
1 n n n
- / a(t1t2)q(trts)q(tats) AN (81) AN () AN (83).
F

6

Then we use that the function q(t1t2)q(t1t3)q(tats) is a bounded, continuous
function by Condition so that by [19, Lemma 5],

/ q(tita)q(tits)q(tats) AN{™ (t1) AN (ta) AN (t3)
P

r, /F a(t1t2)q(tats)q(tats) AA(tr) dA(t) dA(Es).

Thus, we can follow the exact same lines of the proof of the clustering coef-
ficient in the erased configuration model, replacing the term (1 —e~%1%2)(1 —
e~ 113)(1 — e~1213) by q(t1t2)q(t1t3)q(tat3), which them proves Theorem
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6 Appendix

In this section we prove some technical results used in the preceding proofs.

6.1 Erased edges

We start with the proof for the scaling of the number of erased edges.

Proof of Theorem[2.1. Let K,§ > 0, k < (y —1)/(1 + ) and define the
events

1— + 2
.An:{|Ln—,un‘§n ’i}’ Bn:{lrglaéiD <nv }’ n_{ZD <nw }

and set A, = A, N B, NC,. Then by Lemma and Proposition
P (A,) — 1, and hence we only need to proof the result conditioned on the
event A,,.

First recall that

Zn = ZX“ + Z ( - H{Xij>0}> :

1<i<j<n

We first consider the conditional expectation of last term E,, []1{ X¢j>0}] =
1 —P,(X;; =0). It follows from [14}, equation 4.9] that

D;—1
D; D?D.
IP’X-:O<|| 1— J L
n(Xyy =0) < t:0< Ln—2Di—1)+(Ln—2Di)2

(1D \", DD
=\ L1 (L, —2D,)?

= T, — 2D

The additional term essentially comes from the fact that we need to consider
the cases were a stub of node 7 connects to another stub of node 1.
Next, since E [Xy] = Di(D; —1)/(Lp — 1) and E [X;] = D;D;/(Ly, — 1)

we have

D? — D, D?D;
< ¥ o(P2) xR ¥ A

1<z<]<n 1<i<j<n

where ¢(x) =z — 1+ e~ . Define

n

M"_ZL—l Z —2D

=1 1<z<]<n
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Then, on the event A,

2,96 2,96
M < ’I’L;—FE N (Mn o nl—n)n;-Fg
n

R R PR
=0 <n%_1+%> )

Note that A, is completely determined by the degree sequence. Hence, by
Markov’s inequality, we get

D;D:
< PR Y ¢<LZ j1> Lia,y| + 7772 °E[Mala,
| 1<i<j<n no
D;D; 2 4 &
<n'"2 R 2{: ® (’-7) +—C)<n7+v 3 2)
i _ _ 1_
I<icj<n M L=n'"r

as n — 0o0. Since 5
v+ - —-3<0,
Y

for all 1 < v < 2 the last term goes to zero as n — oco. For the other term
we note that Dy and D are independent regularly-varying random variables
with exponent 1 < v < 2 and therefore so is D;Ds. It then follows from [3]

that for any 6 > 0
D1 Dy

=0.
t—00 t—+o

Taking t = un — 1 — n' ™" we obtain that

DD
lim n"E {gf) (121>] =0,
n—00 un — 1 —nt—=*r

from which it follows that

lim P (En > n2*7+5,An) —0.

n—o0

We proceed with the proof of the corollary.
Proof of Corollary[2.9 For the first part we write

n

n
g DPY; < max D" Y; <2Z, max D~
— 1<j<n 7 4 - 1<j<n 7
1= 1=
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and hence, using Theorem and Proposition

S (25 (mumerl)

— 0.
Pyo ~ts — Nl PyS
n~t2H0 n? 7tz ny T2

For the second part we bound the main term by

1 n
2 KaDDis Dy 3 XaDisy s D) DY
1<i<j<n 1<i<j<n i=1
Hence, using the first part of the corollary and Proposition [2.4] it follows
that

Di<icj<n XijDiD; < <maX1<j<n Dj> <Z?:1 DiYi) 0.

219 1.9 li9 4?9
n;+2 e axd 2n,y+2 n7+2 Y+3

6.2 Technical results for clustering

The following result is needed for the proof of Lemma [£.2]

Lemma 6.1. Let X be a non-negative regularly-varying random variable
with distribution . Then, for any 0 < a < b,

b
P (X € [a,b]v/n) = £(\/ﬁ)n_7/2’y/ 7 da(1 + o(1)).

a

Proof. Because L is a slowly varying function,

L(cv/n) = L(y/pn)(1 + o(1)),

for any ¢ € (0,00). Furthermore, using the Taylor expansion of (ay/n—z)~7
at x = 0 yields

(by/n +1)7" = (/)™ + (b)) T+ O(y(y — 1)(by/m)72).

Because L is a slowly-varying function, for every constant ¢, lim,,_, L(t\/n)/L(y/n) =
1. Thus, we obtain

P (X € [a,blv/n) = Llavm)(aym) 7 — Ly + D(bya)
L) (1 + o) (ay/n) ™" — L{Em)(1 + o(1)) (by/n)
(14 o(W)£(iim) ((av/n) ™ — (by/m) )

b
=(1 o(l))ﬁ(\/M)nV/Z*y/ 7 L.
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