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We consider the problem of reconstructing sparse symmetric block
models with two blocks and connection probabilities a/n and b/n
for inter- and intra-block edge probabilities respectively. It was re-
cently shown that one can do better than a random guess if and
only if (a - b)? > 2(a + b). Using a variant of Belief Propagation, we
give a reconstruction algorithm that is optimal in the sense that if
(a-b)* > C(a+b) for some constant C' then our algorithm maxi-
mizes the fraction of the nodes labelled correctly. Ours is the only
algorithm proven to achieve the optimal fraction of nodes labelled
correctly. Along the way we prove some results of independent inter-
est regarding robust reconstruction for the Ising model on regular and
Poisson trees.

1. Introduction.

1.1. Sparse stochastic block models. Stochastic block models were intro-
duced more than 30 years ago [13] in order to study the problem of com-
munity detection in random graphs. In these models, the nodes in a graph
are divided into two or more communities, and then the edges of the graph
are drawn independently at random, with probabilities depending on which
communities the edge lies between. In its simplest incarnation — which we
will study here — the model has n vertices divided into two classes of ap-
proximately equal size, and two parameters: a/n is the probability that each
within-class edge will appear, and b/n is the probability that each between-
class edge will appear. Since their introduction, a large body of literature
has been written about stochastic block models, and a multitude of efficient
algorithms have been developed for the problem of inferring the underlying
communities from the graph structure. To name a few, we now have algo-
rithms based on maximum-likelihood methods [27], belief propagation [10],
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spectral methods [21], modularity maximization [2], and a number of com-
binatorial methods [7, 9, 11, 15].

Early work on the stochastic block model mainly focused on fairly dense
graphs: Dyer and Frieze [11]; Snijders and Nowicki [27]; and Condon and
Karp [9] all gave algorithms that will correctly recover the exact commu-
nities in a graph from the stochastic block model, but only when a and b
are polynomial in n. In a substantial improvement, McSherry [21] gave a
spectral algorithm that succeeds when a and b are logarithmic in n; this had
been anticipated previously by Boppana [5], but his proof was incomplete.
McSherry’s parameter range was later equalled by Bickel and Chen [2] using
an algorithm based on modularity maximization.

We also note that related but different problems of planted coloring were
studied in Blum and Spencer [4] in the dense case, and Alon and Kahale [1]
in the sparse case.

The O(logn) barrier is important because if the average degree of a block
model is logarithmic or larger, it is possible to exactly recover the commu-
nities with high probability as n — co. On the other hand, if the average
degree is less than logarithmic then some fairly straightforward probabilistic
arguments show that it is not possible to completely recover the communi-
ties. When the average degree is constant, as it will be in this work, then
one cannot get more than a constant fraction of the labels correct.

Despite these apparent difficulties, there are important practical reasons
for considering block models with constant average degree. Indeed, many real
networks are very sparse. For example, Leskovec et al. [18] and Strogatz [28]
collected and studied a vast collection of large network datasets, many of
which had millions of nodes, but most of which had an average degree of no
more than 20; for instance, the LinkedIn network studied by Leskovec et al.
had approximately seven million nodes, but only 30 million edges. Moreover,
the very fact that sparse block models are impossible to infer exactly may
be taken as an argument for studying them: in real networks one does not
expect to recover the communities with perfect accuracy, and so it makes
sense to study models in which this is not possible either.

Although sparse graphs are immensely important, there is not yet much
known about very sparse stochastic block models. In particular, there is
a gap between what is known for block models with a constant average
degree and those with an average degree that grows with the size of the
graph. Until recently, there was only one algorithm — due to [8], and based
on spectral methods — which was guaranteed to do anything at all in the
constant-degree regime, in the sense that it produced communities which
have a better-than-50% overlap with the true communities.
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Despite the lack of rigorous results, a beautiful conjectural picture has re-
cently emerged, supported by simulations and deep but non-rigorous phys-
ical intuition. We are referring specifically to work of Decelle et al. [10],
who conjectured the existence of a threshold, below which is it not possible
to find the communities better than by guessing randomly. In the case of
two communities of equal size, they pinpointed the location of the conjec-
tured threshold. This threshold has since been rigorously confirmed; a sharp
lower bound on its location was given by the authors [24], while sharp upper
bounds were given independently by Massoulié [20] and by the authors [25].

1.2. Our results: optimal reconstruction. Given that it is not possible to
completely recover the communities in a sparse block model, it is natural
to ask how accurately one may recover them. In [24], we gave an upper
bound on the recovery accuracy; here, we will show that that bound is tight
— at least, when the signal to noise ratio is sufficiently high — by giving an
algorithm which performs as well as the upper bound. Our main result may
be stated informally as follows:"

THEOREM 1.1.  Let pg(a,b) be the highest asymptotic accuracy that any
algorithm can achieve in reconstructing communities of the block model with
parameters a and b. We provide an algorithm that achieves accuracy of
pc(a,b) with probability tending to 1 asn — oo, provided that (a—b)?/(a+Db)
is sufficiently large.

To put Theorem 1.1 into the context of earlier work [20, 24, 25] by the
authors and Massoulié, those works showed that pg(a,b) > 1/2 if and only
if (a —b)* > 2(a +b); in the case that pg(a,b) > 1/2, they also provided
algorithms whose accuracy was bounded away from 1/2. However, those
algorithms were not guaranteed (and are not expected) to have optimal
accuracy, only non-trivial accuracy. In other words, previous results have
shown that for every value of a,b such that (a —b)? > 2(a + b) there exists
an algorithm that recovers (with high probability) a fraction ¢(a,b) > 1/2 of
the nodes correctly. Our results provide an algorithm that (when (a - b)? >
C'(a+d) for alarge constant C') recovers the optimal fraction of nodes pg(a,b)
in the sense that it is information theoretically impossible for any other
algorithms to recover a bigger fraction.

Our new algorithm, which is based on belief propagation, is essentially an
algorithm for locally improving an initial guess at the communities. In our
current analysis, the initial guess is provided by a previous algorithm of the

LAn extended abstract stating the results of the current paper [23] appeared in the
proceedings of COLT 2014 (where it won the best paper award).
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authors [25], which we use as a black box. We should mention that standard
belief propagation with random uniform initial messages and without our
modifications and also without a good initial guess, is also conjectured to
have optimal accuracy [10]. However, at the moment, we don’t know of any
approach to analyze the vanilla version of BP for this problem.

As a major part of our analysis, we prove a result about broadcast pro-
cesses on trees that may be of independent interest. Specifically, we prove
that if the signal-to-noise ratio of the broadcast process is sufficiently high,
then adding extra noise at the leaves of a large tree does not hurt our ability
to guess the label of the root given the labels of the leaves. In other words,
we show that for a certain model on trees, belief propagation initialized with
arbitrarily noisy messages converges to the optimal solution as the height of
the tree tends to infinity. We prove our result for regular trees and Galton-
Watson trees with Poisson offspring, but we conjecture that it also holds for
general trees, and even if the signal-to-noise ratio is low.

We should point out that spectral algorithms — which, due to their effi-
ciency, are very popular algorithms for this model — empirically do not per-
form as well as BP on very sparse graphs (see, e.g., [17]). This is despite the
recent appearance of two new spectral algorithms, due to [17] and [20], which
were specifically designed for clustering sparse block models. The algorithm
of [17] is particularly relevant here, because it was derived by linearizing
belief propagation; empirically, it performs well all the way to the impos-
sibility threshold, although not quite as well as BP. Intuitively, the linear
aspects of spectral algorithms (i.e., the fact that they can be implemented —
via the power method — using local linear updates) explain why they cannot
achieve optimal performance. Indeed, since the optimal local updates (those
given by BP) are non-linear, any method based on linear updates will be
suboptimal.

1.3. Dramatis personae. Before defining everything carefully, we briefly
introduce the three main objects and their relationships.

e The block model detection problem is the problem of detecting com-
munities in a sparse stochastic block model.

e In the tree reconstruction problem, there is a two-color branching pro-
cess in which every node has some children of its own color and some
children of the other color. We observe the family tree of this process
and also all of the colors in some generation; the goal is to guess the
color of the original node.

e The robust tree reconstruction problem is like the tree reconstruction
problem, except that instead of observing exactly the colors in some
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generation, our observations contain some noise.

The two tree problems are related to the block model problem because
a neighborhood in the stochastic block model model looks like a random
tree from one of the tree problems. This connection was proved in [24],
who also showed that tree reconstruction is “easier” than the block model
detection (in a sense that we will make precise later). The current work has
two main steps: we show that block model detection is “easier” than robust
tree reconstruction, and we show that — for a certain range of parameters —
robust tree reconstruction is exactly as hard as tree reconstruction.

2. Definitions and main results.

2.1. The block model. In this article, we restrict the stochastic block
model to the case of two classes with roughly equal size.

DEFINITION 2.1 (Stochastic block model). The block model on n nodes
is constructed by first labelling each node + or — with equal probability in-
dependently. Then each edge is included in the graph independently, with
probability a/n if its endpoints have the same label and b/n otherwise. Here
a and b are two positive parameters. We write G(n,a/n,b/n) for this distri-
bution of (labelled) graphs.

For us, a and b will be fixed, while n tends to infinity. More generally one
may consider the case where a and b may be allowed to grow with n. As
conjectured by [10], the relationship between (a —b)? and (a +b) turns out
to be of critical importance for the reconstructability of the block model:

THEOREM 2.2 (Threshold for non-trivial detection [20, 24, 25]).  For the
block model with parameters a and b it holds that

e If (a—b)%? <2(a+b) then the node labels cannot be inferred from the
unlabelled graph with better than 50% accuracy (which could also be
done just by random guessing).

e if (a—0)? > 2(a+b) then it is possible to infer the labels with better
than 50% accuracy.

2.2. Broadcasting on trees. Our study of optimal reconstruction accu-
racy is based on the local structure of G(n,a/n,b/n), which requires the
notion of the broadcast process on a tree.

Consider an infinite, rooted tree. We will identify such a tree T' with a
subset of N*, the set of finite strings of natural numbers, with the property
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that if v € T then any prefix of v is also in 7'. In this way, the root of the
tree is naturally identified with the empty string, which we will denote by
p. We will write uv for the concatenation of the strings v and v, and Ly (u)
for the kth-level descendents of u; that is, Ly(u) = {uv € T : |v| = k}. Also,
we will write C(u) c N for the indices of u’s children relative to itself. That
is, i € C(u) if and only if ui € Li(u).

DEFINITION 2.3 (Broadcast process on a tree). Given a parameter n #
1/2 in [0,1] and a tree T, the broadcast process on T is a two-state Markov
process {0y :u € T} defined as follows: let o, be + or — with probability %
Then, for each u such that o, is defined, independently for every v e Lq(u)
let o, = 0y, with probability 1 —n and o, = -0, otherwise.

This broadcast process has been extensively studied, where the major
question is whether the labels of vertices far from the root of the tree give
any information on the label of the root. For general trees, this question was
answered definitively by Evans et al. [12], after many other contributions
including [3, 16]. The complete statement of the theorem requires the notion
of branching number, which we would prefer not to define here (see [12]).
For our purposes it suffices to know that a d-ary tree has branching number
d and that a Poisson branching process tree with mean d > 1 has branching
number d (almost surely, and conditioned on non-extinction).

THEOREM 2.4 (Tree reconstruction threshold [12]). Let 6 =1-2n and d
be the branching number of T'. Then

Elo,|oy:ueLi(p)] -0
in probability as k — oo if and only if d§* < 1.

The theorem implies in particular that if d#? > 1 then for every k there
is an algorithm which guesses o, given o, (,), and which succeeds with
probability bounded away from 1/2. If d§? < 1 there is no such algorithm.

2.3. Robust reconstruction on trees. Janson and Mossel [14] considered
a version of the tree broadcast process that has extra noise at the leaves:

DEFINITION 2.5 (Noisy broadcast process on a tree). Given a broadcast
process o “on a tree T and a parameter § € [0,1/2), the noisy broadcast
process on T is the process {T, : uw € T} defined by independently taking
Ty = —0y with probability 6 and T, = o, otherwise.
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We observe that the noise present in ¢ and the noise present in 7 have
qualitatively different roles, since the noise present in o propagates down the
tree while the noise present in 7 does not. Janson and Mossel [14] showed that
the range of parameters for which o, may be non-trivially reconstructed from
o, is the same as the range for which o, may be non-trivially reconstructed
from 77,. In other words, additional noise at the leaves has no effect on
whether the root’s signal propagates arbitrarily far. One of our main results
is a quantitative version of this statement (Theorem 2.11): we show that for
a certain range of parameters, the presence of noise at the leaves does not
even affect the accuracy with which the root can be reconstructed.

2.4. The block model and broadcasting on trees. The connection between
the community reconstruction problem on a graph and the root reconstruc-
tion problem on a tree was first pointed out in [10] and made rigorous in [24].
The basic idea is the following:

e A neighborhood in G looks like a Galton-Watson tree with offspring
distribution Pois((a+b)/2) (which almost surely has branching number
d=(a+b)/2).

e The labels on the neighborhood look as though they came from a
broadcast process with parameter n =

_h)2
e With these parameters, 6%d = g‘(laf?)), and so the conjectured threshold
for community reconstruction is the same as the proven threshold for

tree reconstruction.

a+b’

This local approximation can be formalized as convergence locally on aver-
age, a type of local weak convergence defined in [22]. We should mention that
in the case of more than two communities (i.e. in the case that the broad-
cast process has more than two states) then the picture becomes rather more
complicated, and much less is known, see [10, 24] for some conjectures.

2.5. Reconstruction probabilities on trees and graphs. Note that Theo-
rem 2.4 only answers the question of whether one can achieve asymptotic
reconstruction accuracy better than 1/2. Here, we will be interested in more
detailed information about the actual accuracy of reconstruction, both on
trees and on graphs.

Note that in the tree reconstruction problem, the optimal estimator of o,
given o, (,) is easy to write down: it is simply the sign of X, := 2Pr(o, =
+|og, (p)) — 1. Compared to the trivial procedure of guessing o, completely
at random, this estimator has an expected gain of

1 1
EPr(o,=+]0r,(p)) ~ 3= §E[|E[0’p | o, ]l]-
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It is now natural to define:

DEFINITION 2.6 (Tree reconstruction accuracy). Let T be an infinite

Galton- Watson, tree with Pois((a +b)/2) offspring distribution, and n = -

a+b’
Consider the broadcast process on the tree with parameter n and define

I 1
(2.1) pr(a,b) = 5+ lim E\Pr(o, =+[o, () - 5|

In words, pr(a,b) is the probability of correctly inferring o, given the “labels
at infinity.”

Note that by Theorem 2.4, pr(a,b) > 1/2 if and only if (a—b)? > 2(a +b).

We remark that the limit in Definition 2.6 always exists because the right-
hand side is non-increasing in k. To see this, it helps to write pr(a,b) in a
different way: let y;; be the distribution of o, () given o, = + and let 1, be
the distribution of o, (,) given o, = —. Then

1 1 _
EPr(o,=+|0L,(p) — 3= §dTV(M§aMk),

where dpy denotes the total variation distance. Next, note that since labels
at levels k" > k are independent of o, given TLi(p)s

Pr(o,=+]01,(p)) =Pr(0p =+ 0L,(0): Ly (p)) TLia () -+ )-

Hence, if we set v} to be the distribution of {0z, (p) : k' > k} and similarly
for v, we have

1 1 _
EPr(o,=+|0L,(p)) - 5|= EdTv(I/]:,I/k).

Now the right hand side is clearly non-increasing in k, because v}, can be
obtained from v, by marginalization.

One of the main results of [24] is that the graph reconstruction problem is
at least as hard as the tree reconstruction problem in the sense that for any
community-detection algorithm, the asymptotic accuracy of that algorithm
is bounded by pr(a,b).

DEFINITION 2.7 (Graph reconstruction accuracy). Let (G,o0) be a la-
belled graph on n nodes. If f is a function that takes a graph and returns a
labelling of it, we write

1

acc(f,G,0) = 3+ | D@ =00) - 5
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for the accuracy of f in recovering the labels o. For ¢ >0, let

PGom.e(a,b) =supsup {p: Pr(acc(f,G,0) >p) > €}.
f

where the first supremum ranges over all functions f, and the probability is
taken over (G,o) ~G(n,a/n,b/n). Let

pa(a,b) = lim lim Sup pam.e(a,b),

n—oo

where the limit exists because pG n.c(a,b) is monotonic in e.

One should think of pg(a,b) as the optimal fraction of nodes that can
be reconstructed correctly by any algorithm (not necessarily efficient) that
only gets to observe an unlabelled graph. More precisely, for any algorithm
and any p > pg(a,b), the algorithm’s probability of achieving accuracy p or
higher converges to zero as n grows. Note that the symmetry between the +
and - is reflected in the definition of acc (for example, in the appearance of
the constant 1/2), and also that acc is defined to be large if f gets most labels
incorrect (because there is no way for an algorithm to break the symmetry
between + and —).

An immediate corollary of the analysis of [24] implies that graph recon-
struction is always at most as accurate as tree reconstruction:

THEOREM 2.8 (Graph detection is harder than tree reconstruction [24]).

pG(a7 b) < pT(a7 b)

We remark that Theorem 2.8 is not stated explicitly in [24]; because the
authors were only interested in the case (a — b)* < 2(a +b), the claimed
result was that (a —b)? < 2(a + b) implies pg(a,b) = % However, a cursory
examination of the proof of [24, Theorem 1] reveals that the claim was proven
in two stages: first, they prove via a coupling argument that pg(a,b) <
pr(a,b) and then they apply Theorem 2.4 to show that (a - b)? < 2(a +b)
implies pr(a,b) = %

2.6. Our results. In this paper, we consider the high signal-to-noise case,
namely the case that (a —b)? is significantly larger than 2(a + b). In this
regime, we give an algorithm (Algorithm 1) which achieves an accuracy of

pr(a,b).
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THEOREM 2.9. There exists a constant C such that if (a—b)? > C(a+b)
then

pc(a,b) = pr(a,b).

Moreover, there is a polynomial time algorithm such that for all such a,b
and every € > 0, with probability tending to one as n — oo, the algorithm
reconstructs the labels with accuracy pg(a,b) — €.

We will assume for simplicity that our algorithm is given the parameters
a and b. This is a minor assumption because a and b can be estimated from
the data to arbitrary accuracy [24, Theorem 3].

A key ingredient of Theorem 2.9’s proof is a procedure for amplifying
a clustering that is a slightly better than a random guess to obtain opti-
mal clustering. In order to discuss this procedure, we define the problem of
“robust reconstruction” on trees.

DEFINITION 2.10 (Robust tree reconstruction accuracy). Consider the
a

noisy tree broadcast process with parameters n = =7 and 6 € [0,1/2) on a
Galton-Watson tree with offspring distribution Pois((a + b)/2). We define
the robust reconstruction accuracy as:

_ TP ST 1
pr(a,b) = 3t li;lllf/%fh;?l}i‘m Pr(o,=+[71,(p)) — 5

Our main technical result is that when a — b is large enough then in fact
the extra noise does not have any effect on the reconstruction probability.

THEOREM 2.11.  There exists a constant C' such that if (a—b)? > C(a+b)
then

pr(a,b) =pr(a,b).

We conjecture that the robust reconstruction accuracy is independent of
0 for any parameters, and also for more general trees; however, our proof
does not naturally extend to cover these cases.

2.7. Algorithmic amplification and robust reconstruction. The second main
ingredient in Theorem 2.9 connects the community detection problem to the
robust tree reconstruction problem: we show that given a suitable algorithm
for providing a better-than-random initial guess at the communities, the
community detection problem is easier than the robust reconstruction prob-
lem, in the sense that one can achieve an accuracy of pr(a,b).
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THEOREM 2.12.  For all a and b, pg(a,b) > pr(a,b). Moreover, there is
a polynomial time algorithm such that for all such a,b and every e >0, with
probability tending to one as n — oo, the algorithm reconstructs the labels
with accuracy pr(a,b) — €.

Combining Theorem 2.12 with Theorems 2.8 and 2.11 proves Theorem 2.9.
We remark that Theorem 2.12 easily extends to other versions of the block
model (i.e., models with more clusters or unbalanced classes); however, The-
orem 2.11 does not. In particular, Theorem 2.9 may not hold for general
block models. In fact, one fascinating conjecture of [10] says that for general
block models, computational hardness enters the picture (whereas it does
not play any role in our current work).

2.8. Algorithm outline. Before getting into the technical details, let us
give an outline of our algorithm: for every node u, we remove a neighbor-
hood (whose radius r is slowly increasing with n) of u from the graph G. We
then run a black-box community-detection algorithm on what remains of G.
This is guaranteed to produce some communities which are correlated with
the true ones, but they may not be optimally accurate. Then we return the
neighborhood of u to G, and we consider the inferred communities on the
boundary of that neighborhood. Now, the neighborhood of u is like a tree,
and the true labels on its boundary are distributed like oy, (,,). The inferred
labels on the boundary are hence distributed like 77, (,) for some 0 <4 < %,
and so we can guess the label of u from them using robust tree reconstruc-
tion. (In the previous sentence, we are implicitly claiming that the errors
made by the black-box algorithm are independent of the neighborhood of
u. This is because the edges in the neighborhood of u are independent of
the edges in the rest of the graph, a fact that we will justify more carefully
later.) Since robust tree reconstruction succeeds with probability pr regard-
less of §, our algorithm attains this optimal accuracy even if the black-box
algorithm does not.

To see the connection between our algorithm and belief propagation, note
that finding the optimal estimator for the tree reconstruction problem re-
quires computing Pr(oy | 77,(4)). On a tree, the standard algorithm for
solving this is exactly belief propagation. In other words, our algorithm
consists of multiple local applications of belief propagation. Although we
believe that a single global run of belief propagation would attain the same
performance, these local instances are easier to analyze.

Finally, a word about notation. Throughout this article, we will use the
letters C' and ¢ to denote positive constants whose value may change from
line to line. We will also write statements like “for all k > K(60,0) ...” as



12 E. MOSSEL ET AL.

abbreviations for statements like “for every 6 and § there exists K such that
forall k> K ...”

3. Robust reconstruction on regular trees. Our main effort is de-
voted to proving Theorem 2.11. Since the proof is quite involved, we begin
with a somewhat easier case of regular trees which already contains the main
ideas of the proof. The adaptation to the case of Poisson random trees will
be carried in Section 4.

First, we need to define the reconstruction and robust reconstruction prob-
abilities for regular trees. Their definitions are analogous to Definitions 2.6
and 2.10.

DEFINITION 3.1. Let o be distributed according to the broadcast process
with parameter n on an infinite d-ary tree. Let T be distributed according to

the noisy broadcast process with parameters n and d on the same tree. We
define

1 . 1
preg(d777) = 5 + kh_g;E Pr(O-P =+ | O-Lk(p)) - 5‘

1
Preg(d,m) = 57t lglilli/l'éf h,?ii{}fE

1
PI‘(O'p =+ | TLk(p)) = 5‘ .

THEOREM 3.2.  Consider the broadcast process on the infinite d-ary tree
where if uw € Ly(v) then Pr(o, = 0,) = %(1 +0) (equivalently Eloyo,] = 0).
There exists a constant C' such that if d9*> > C' then

ﬁreg(dy 77) = preg(dr 77)7

3.1. Magnetization. Define

Xup=Pr(oy=+|or, () —Pr(ou=-|0r,w))
T = E(ka | Oy = +).

Here, we say that X,y is the magnetization of u given oy, (). Note that by
the homogeneity of the tree, the definition of zj, is independent of u. A simple
application of Bayes’ rule (see Lemma 1 of [6]) shows that (1 +E[X,.[)/2 is
the probability of estimating o, correctly given o, ().

We may also define the noisy magnetization Y:

(3.1) Yu,k :Pr(au:+ |TLk(u))_Pr(0u:_ |TLk(u))
Yk = E(Yu’k | Oy = +).
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As above, (1+E[Y,x|)/2 is the probability of estimating o, correctly given
TL.(p)- In particular, the analogue of Theorem 2.11 for d-ary trees may be
written as follows:

THEOREM 3.3. There exists a constant C such that if 0?°d > C and § < %
then
klim E|X,xl = klim E[Y) k|-

Our main method for proving Theorem 3.3 (and also Theorem 2.11) is
by studying certain recursions. Indeed, Bayes’ rule implies the following
recurrence for X (see, eg., [26]):

[icc(u) (1 + 0Xuik-1) = TTiecqu) (1 = 0 Xuik-1)
Mice(u) (1 +0Xui k1) + Ticcqu) (1= 0Xuin-1)

(3.2) Xyg =

The same reasoning that gives (3.2) also shows that (3.2) also holds when
every instance of X is replaced by Y. Since our entire analysis is based on the
recurrence (3.2), the only meaningful (for us) difference between X and Y
is that their initial conditions are different: X, o = £1 while Y;, o = +(1 - 26).
In fact, we will see later that Theorem 3.3 also holds for some more general
estimators Y satisfying (3.2).

3.2. The simple majority method. Our first step in proving Theorem 3.3
is to show that when 62d is large, then both the exact reconstruction and the
noisy reconstruction do quite well. While it is possible to do so by studying
the recursion (3.2), such an analysis is actually quite delicate. Instead, we
will show this by studying a completely different estimator: the one which
is equal to the most common label among oy, (,). This estimator is easy to
analyze, and it performs quite well; since the estimator based on the sign of
X,k is optimal, it performs even better. The study of the simple majority
estimator is quite old, having essentially appeared in the paper of Kesten
and Stigum [16]; however, we include most of the details for the sake of
completeness. .

Suppose df? > 1. Define S, x = YoveLy(u) Ov and set Sy g = Yoer, (u) To- We
will attempt to estimate o, by sgn(S,) or sgn(gmk); when 02d is large
enough, these estimators turn out to perform quite well. We will show this
by calculating the first two moments of S, ;, and Sch; we write ET and Var®
for the conditional expectation and conditional variance given o, = +. The
first moments are trivial, and we omit the proof:
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LEMMA 3.4.
E*S, ) = 0Fd"
E*S,x = (1-26)0%d".

The second moment calculation uses the recursive structure of the tree.
The argument is not new, but we include it for completeness.

LEMMA 3.5.
L (02d)F -1
Var+ Sﬁ,k = 47’](1 - T])d 02(17_1
2 1k
_ -1
Var* S, = 4d*6(1 - 8) + 4(1 - 28)*n(1 - n)dk%

PrOOF. We decompose the variance of Sy by conditioning on the first
level of the tree:

(3.3) Var® S, =EVar' (S, |o1,...,04) + Var' E(S, 1 | 01,...,04).

Now, S,k = Yuer, Suk-1, and Sy 1 are i.i.d. under Pr'. Thus, the first term
of (3.3) decomposes into a sum of variances:

EVar®(Syi|o1,...,0a) = >, EVar®(Sy,-1|0u) =dVar™ (S, ,-1).

u€L1

For the second term of (3.3), note that (by Lemma 3.4), E(Sy k-1 | 0u) is
(0d)*~! with probability 1 -7 and —(0d)*™! otherwise. Since E(Sy 41 | 0v)
are independent as u varies, we have

Var* E(S, 1 | 01, ..., 04) = 4dn(1 - n)(0d)* 2.
Plugging this back into (3.3), we get the recursion
Var® S, 1, = dVar® S, 1 +4dn(1 - n)(0d)* 2.

Since Var®™ S, = 0, we solve this recursion to obtain

k
(3.4) Vart S, =d > dn(1-n)(0d)*2d"*
/=1
k-1
= dn(1-n)d" Y (6%d)
=0
2 Nk _
= 4n(1 - n)dkM_

0%2d -1
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To compute Var®* Sp,k, we condition on S, ;: conditioned on S, , Sp,k is a
sum of d* i.i.d. terms, of which (d* + S, )/2 have mean 1- 24, (d* - S, )/2
have mean 26 — 1, and all have variance 46(1 — §). Hence, E(Sy | Si) =
(1-26)S}, and Var(Sy | Si) = 4d*6(1-6). By the decomposition of variance,

Var®(Sy) = E* (4d*6(1 - 6)) + Var* ((1 - 26)Sy)
6%d)F -1
= 4d*5(1 - 6) +4(1 - 28)%n(1 - n)dk%,

where the last equality follows from (3.4) and the fact that Var(aX) =
a? Var(X). O

Taking k — co in Lemmas 3.4 and 3.5, we see that if #2d > 1 then

Vart S,
(Eafsk)g k—o0 47](1 - T])
Var® Sy, - 02d
(E*Sk)?

By Chebyshev’s inequality,

4M1—m'

h}?igolf Pri(Sp>0)>1- o¥

In other words, the estimators sgn(.S;) and sgn(S},) succeed with probability
at least 1 - % as k — co. Now, sgn(Y), ;) is the optimal estimator of o,
given 77, , and its success probability is exactly (1 +E[Y,x|)/2. Hence this
quantity must be larger than the success probability of sgn(S;) (and simi-
larly for X and sgn(Sy)). Putting this together, we arrive at the following
estimates: if 6?d > 1 and k > K(§) then

10n(1 -n)
3.5 EX,p>1-—=

10n(1 -n)
3.6 E|Y,r >1- .
(3.6) 1Y),k 02d

Now, given that o, = +, the optimal estimator makes a mistake whenever
X,k <0; hence, Pr™ (X, , <0) < (1-E|X, x|)/2. Since X, ;, > -1, this implies

Cn(1-n)

E+Xp’k > E+|Xp’k| - 2PI‘+(Xp’k < 0) >1- 024

We will use this fact repeatedly, so let us summarize in a lemma:
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LEMMA 3.6. There is a constant C such that if 6*d > 1 and k > K(5)
then

E+Xp7k‘ Z 1 — W
E'Y,p21- W.

By Markov’s inequality, we find that X, j is large with high probability:

LEMMA 3.7.  There is a constant C' such that for all k > K(J) and all
t>0

Pr(Xu,km-toT”d | au:+)21—0t*1

Pr (Yu,k >1 _tHTnd Oy = +) >1-CtL.
As we will see, Lemma 3.6 and the recursion (3.2) are really the only
properties of Y that we will use. Hence, from now on Y, ; need not be
defined by (3.1). Rather, we will make the following assumptions on Y, ;:

ASsuMPTION 3.1.  There is a K = K(§) such that for all k > K, the
following hold:
[icc(uy (1 + 0Yui k) = Ticc(u) (1 = 0Yui k)
HzeC(u)(l + HYuz,k) + HzeC(u)(l - HYuz,k)
2. The distribution of Yy given o, = + is equal to the distribution of
=Yk given oy, = —.

Cn(1-n)
3. EJrYp’k Z 1 - W

1. Yu,k+1 =

for some constant C'.

We will prove Theorem 3.3 under Assumption 3.1. Note that part 2 above
immediately implies

E(Yyik | ow=+)=0E(Yyik | 0w =+).
Also, part 3 implies that Lemma 3.7 holds for Y.

3.3. The recursion for small 0. Our proof of Theorem 3.3 proceeds in
two cases, with two different analyses. In the first case, we suppose that 0
is small (i.e., smaller than a fixed, small constant). In this case, we proceed
by Taylor-expanding the recursion (3.2) in 6. For the rest of this section, we
will assume that X and Y satisfy parts 1 and 2 of Assumption 3.1, and that
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Tk, Yk = 5/6 for k > K(0). This restriction will allow us to reuse most of the
argument in the Galton-Watson case (where part 3 of Assumption 3.1 fails
to hold, but we nevertheless have z,yr > 5/6).

PROPOSITION 3.8. There are absolute constants C and 0* >0 such that
if d9* > C' and 0 < 0* then for all k> K(6,d,6),

1
E(X, 51— Yore1)? < EE(X E-Y,0)7

Note that Proposition 3.8 immediately implies that if d§? > C' and 6 < 6*
then E(X, - Y,x)? = 0 as k — oo, which implies Theorem 3.3 in the case
that 6 < 0~.

In proving Proposition 3.8, the first step is to replace the right hand side
of (3.2) with something easier to work with; in particular, we would like to
have something without X in the denominator. For this, we note that

a-b 1-bla 2 _1
a+b 1+bla 1+bla

Hence, if a = TT;(1+0Xyi %), b=T1;(1 - 60Xy %), and o’ and b" are the same
quantities with Y replacing X, then
a-b a -0

a+b o +b

1 - 1
1+bla 1+b/a'|

(37) |Xu,k+1 - Yu,k+1| =

Using Taylor’s theorem, the right hand side can be bounded in terms of
|(b/a)P — (b [a")P| for some 0 < p <1 of our choice:

LEMMA 3.9. For any 0<p<1 and any x,y >0,

1 1 1
‘ - < —fa? - P
l+xz 1+yl p
PRrOOF. Let f(x) = % and g(z) = 2P. By the fundamental theorem of

calculus, the proof would follow from the inequality |f’(x)| < p~tg’(z). Now,
If'(x)| = ﬁ and ¢'(z) = pzP~!. When z > 1, we have |f'(z)| <272 < 2P,
while if z < 1 then |f'(x)| <1< 2P L. O

As an immediate consequence of Lemma 3.9 (for p = 1/4) and (3.7),

hE —0X i\ e — 0V, \ M
1+ HXWJQ 1+ HYuz,k .

7 7

(38) |Xu,k+1 - Yu,k+1| <8
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Next, we present a general bound on the second moment of differences
of products. Of course, we have in mind the example A; = (%)1/ 4 and

similarly for B; and Y;.

LEMMA 3.10.  Let (A1, B1),...,(Agq, Bg) be i.i.d. copies of (A, B). Then
d d 2
E (1‘[ A -T1 Bi) <dm@ I (EA? -EB?)? + 2dm® 'E(A - B)?,
i=1 i=1

where m = max{EA? EB?}.
PROOF. Let € = E(4; - B;)?, so that EA;B; = 1(EA? + EB? — €). Then
d d 2 d d d
E(HA,- —HBZ-) =E[]A?+E[] B? -2E]] A:B:
i=1 i=1 i=1 i=1 i=1
4 EA? +EB? -
- (BAY)+ (BB -2 [~
=1
EA%+EB? - ¢\
(3.9) - (EA%)? + (EB?)% -2 (%) .

By a second-order Taylor expansion, any twice differentiable f satisfies
f(@) + f(y) < 2f((z +y)/2) + 1(z - y)* max. f”(z), where the maximum
ranges over z between x and y. Applying this for f(z) = 2% yields
2 2\d
(EA?)? + (EB?)? < d*m® 2 (EA% - EB?)? + 2 (EA+EB) .
Hence,
EA?+EB?\"  (EA?+EB?-c)’
2 2
<dPmTHEA? -EB?)? + 2dm® e,

(3.9) < d®>m®2(EA? - EB?)% + 2 (

where the second inequality follows from a first-order Taylor expansion of
the function f(z) = 2¢ around z = (EA% + EB?)/2. O

As we said ble‘{’ore7 we will apply Lemma 3.10 with A; = (;g;“: )1/4 and
B; = (;z){“:) . To make the lemma useful, we will need to bound IEA?,
EB?, and their difference. First, we will bound EA? and EB?Z. In other words,

we will bound
1- eXm k
En | -k
1+ HXm"k

and the same expression with Y instead of X.
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LEMMA 3.11.  There is a constant 0* >0 such that if xy,yr > 5/6 then

PRrROOF. First, note that for sufficiently small x,
5 18 1
(1+:13)(1—:13+g:132)2 = (1+:13)(1—23:+§3:2+O(x3)) = 1—3}+ZZE2+O(JE3) >1-x,
which may be rearranged to read

1-
$S1—a:+§a:2.
8

l+x

Now, if 6* is sufficiently small then we may apply this with z = 60X,
obtaining

E(A? |0y = +) < 1~ E(0Xuis | 0w = +) + gE(02X3i,k 0w = +).

Recalling the assumption that z; > 5/6, we have

5 9o 9 302 62
1_E(9Xui,k|au:+)+§E(9 Xui,k: |O'u=+)§1—9 $k+7xk=1—zxk.
The same argument applies to B;, but using Y; instead of Xj;. O

3.4. The EA?~EB? term. In this section, we will bound the |[EA? -EB?|
term in Lemma 3.10, bearing in mind that the bound has to be at most of
order 6% in order for d?(EA? ~ EB?)? to be a function of df?. Note that the
distribution of A; conditioned on o, = + is equal to the distribution of 1/4;
conditioned on o, = —. Hence,

E(A] |ou=+) = (1-nE(A} | oy = +) + 1E(A] | 0w = -)
(3.10) =E((1-mA7 +nA7% [owi=+).

Now,

_ 1-0Xy, )" 146X\
1 - ) A2 4 A7? = (1 - ) [ ok 10X
( 77) i T4y ( 77)(1+9Xm’k) i 1—9Xui,k

_ (1= -0Xyir)+n(1+0Xyuik)
\/(1 + HXuz,k)(l - HXuz,k)
1-0%Xy; 1
\J1- 92X3w.7,C

(recalling in the last line that 6 = 1 - 2n).

(3.11) =
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LEMMA 3.12.  There is a 8* >0 such that if 6 < 0* then

i 1—92217 2
dx /1-60222|

for all x € [-1,1].
ProOF. By a direct computation,

d 1-0%  x(1-60%*) (1 -6%) - 0*V1 - 0%
de/1- 0222 1- 6222 ’

Since |z| < 1, we have

d _1-0% | _6*(1- 0%)72(1+6%) + 6% 2= 02)"12(1+6%) +1
de/1-9202| 1-62 - 1-62 '
The result follows because 1 — 6% and 1+ 6% can be made arbitrarily close to
1 by taking 6* small enough. O

Now we apply (3.11) with Lemma 3.12 to obtain the promised bound on
EA? -EB2.

LEMMA 3.13.  There is a 0* >0 such that for all 6 < 0%,

E(A} - B} |0 = +) < 392\/E((Xm,k = Yuik)? | ou=+).

ProoOF. By (3.10) and (3.11) (and analogously with A replaced by B),
we have

1-02X,, 1-6%Y,,
(A7 - B} |oy=+) =E - L i =+ .

JI-02X2, J1-02Y2
For a general function f we have E|f(X)-f(Y)| < E|X-Y|max, %|. Apply-

ing this fact with the function f(x) = \/ﬁ% and the bound of Lemma 3.12,

E(A? - B |0y = +) < 30°E(| Xuik — Yuikl | 0ui = +)
< 30*\/E((Xuie ~ Yuip)? | 0ui = +).

Finally, note that

E((Xuz,k - Yui,k)z | Oui = +) = E((Xuz,k - Yui’k)z | Oy = +). Il
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3.5. Combining the estimates to complete the proof. Next, we combine
Lemma 3.10 with the estimates provided in Lemmas 3.11 and 3.13.

LEMMA 3.14. There is some constant 8 > 0 such that the following
holds. Suppose that X and Y satisfy parts 1 and 2 of Assumption 3.1 and
that xy,yx > 5/6 for k > K(8). If u has d > 4 children and 0 < 0* then for
k> K(0),

E ((Xu7k+1 ~Yur)? | ow= +)
E ((Xurk = Yur,6)? | our = +)

0%d

<C(d*0" + db?)e 5 |

for a universal constant C.

PRroOOF. Taking the square of (3.8) and taking the expectation on both
sides, we have

d

d 2
E((Xyps1 = Yuri)? | 0w =+) < 64E((H A; - HBZ-) ‘ Ou = +) :

i=1 i=1

Conditioned on o, the pairs (4;, B;) are i.i.d. and so Lemma 3.10 implies
that

(312) E ((Xu,kJrl - Yu,k+1)2 | Oy = +)
< 64d*m?2(a - b)% + 128dm*  E((A4; - B;)? | 0w = +),
where
a=E(A? |0y, =+)
b=E(B? |0, =+)
m = max{a,b}.

1-6x

. )14 has derivative

Now, if 8* is suffiently small then the function z — (
at most 6 for x € [-1,1]. Hence,

E((Ai - Bi)? | 0w =+) <O°B((Xu1k — Yur1)? | 0w = +)
(3.13) = PE((Xurk = Yurk)” | ou1)

provided that 67 is sufficiently small. Define

2=E((Xuip = Yurr)? | 0u1) = E((Xu1k = Yur ) | 0wt = +).
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By Lemma 3.11 and the assumption that xy,yx > 5/6, if 0 is sufficiently
small then m < 1-6%/5 < exp(~6?/5). Moreover, Lemma 3.13 implies that
(a - b)? <96*z. Plugging these and (3.13) back into (3.12), we have

02 (d-2) _0%(d-1)

(
E((Xu7k+1-yu7k+1)2|au=+)364(9d294e* 5 +2d0%e 5 )z,

which proves the claim. O

PROOF OF PROPOSITION 3.8. If §d is sufficiently large then Lemma 3.6
implies that k., yr > 5/6 for k > K(0); hence, the conditions of Lemma 3.14
are satisfied. Finally, if d6? is large enough then the right hand side in
Lemma 3.14 is at most % U

3.6. The recursion for large #. To handle the case in which 6 is not small,
we require a different argument. In this case, we study the derivatives of the
recurrence, obtaining the following result:

PROPOSITION 3.15.  For any 0 < 0* < 1, there is some d* = d*(6*) such
that for all @ > 6%, d>d*, and k > K(0,d,9),

1
E/[Xp ko1 = Yoot < SEVIXo = Yol

Combined with Proposition 3.8, this proves Theorem 3.3. Indeed, to com-
plete the choices of parameters we first take 8* to be the universal constant
in Proposition 3.8. Then let d* = d*(0*) be given by Proposition 3.15 (note
that d* is also a universal constant). Finally, choose C' to be the maximum
of d* and the C from Proposition 3.8. Now, if #2d > C then either 6 < #*
in which case Proposition 3.8 applies, or § > 8" in which case 6 < 1 implies
that d > C > d* and so Proposition 3.15 applies. In either case, we deduce
Theorem 3.3.

Let ¢ : R? - R denote the function

Hg:l(l +0x;) - Hg:l(l - 0x;)
T, (1+62;) + T4, (1 - 0zy)

(3.14) g(x) =

Then the recurrence (3.2) may be written as X, p1 = 9(Xui ks> Xudk)-
We will also abbreviate (X1 k, ..., Xudx) by XLl(u)Jf, so that we may write

Xugr1 = 9( X1 (u)k)-
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Define g;(x) = [T, (1 + 0z;) and go(x) = [TL, (1 - fz;) so that g can be

: _91-92 Q; o9 _ g1 992 _ _p_9g2
written as g = = . Since Bo; = 91%)%_ and o 9170@7 we have

99 _ 9 g1-9
Ox; 0w g1+ go

i) o

B 923%12. - 918%3
(g1 +92)?

9192

(3.15) - 40 -

(g1 +92)*(1 - 0%z7)
If |z;] <1 then g; and go are both positive, so (gfigz)g < ;?2 = g_f;
we also have the symmetric bound —££-; < g—;. Define

of course,

(91+92)® ~ ¢
4 1-0z;
h+ — 4 g2 — ]
(%) (1-0%2)g1  (1+6z:)% 351+ 0,
- g1 4 1+0x;
h‘i X =4 =
() (1—929522)92 (1-6x;)? i 1= 0,

hi(z) = min{h; (x), hy (x)}.
By (3.15) and since 0] < 1,

dg

A
(3.16) D

< hZ(JE)

The point is that if o, = + then for most v € L;(u), X, will be close to
1 and so h; (X, (u),r) Will be small. On the other hand, if o, = — then for
most v € Ly (u), Xy will be close to —1 and so h; (Xp, (4),x) will be small.
Note that h} is convex on [~1,1]¢ because it is the tensor product of non-
negative, convex functions. Hence for any =,y € [-1, 1]d and any 0 < A< 1,

Jg
8:Ei

(Az+ (1= Ny)| <hi Az + (1= N)y) <max{h] (2),h; (y)}.
Then the mean value theorem implies that

l9(2) = g(y)] < 3 |wi = yil max{h (x), hi (y)}-

Applied for z = Xz, ) & = (Xut k- Xudp) and y = Y7, ()5 = Yut ks -+ Yudk)s
this yields

(317) |Xu,k+1 - Yu,k+1| < 2 |Xuz,k - Yuz,kl max{h;—(XLl(u),k)v h:—(YLl(u),k)}
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Note that the two terms on the right hand side of (3.17) are dependent on one
another. Hence, it will be convenient to bound h; (X L1 (u),k) by something
that doesn’t depend on X,;. To that end, note that for |z;| < 1, we have
1+6x;>1-6=2n, and so

1—93}]'
1+ 0z,

1-0x; 1
(1+ 6x2)2H1+93:j n?

J#

(3.18) hi(z) = H = m;(x).

j#i

Since m;(z) doesn’t depend on ;, it follows that m;(Xp, () ) is indepen-
dent of Xy, given o, (and similarly with Y instead of X'). Hence, (3.17)

implies that
(3.19) E(\/|Xu,k+1—Yu,k+1| Ty = +)
< ZE(\/ |Xuz,k - Yui,kl‘gu = +) E (\/max{mi(XLl(u)k),mi(YLl(u)7k)}|au = +) .

To prove Proposition 3.15, it therefore suffices to show that E(\/m;( Xy, (u)x) |
oy = +) and E(\/mi(Yr, (u)x) | ou = +) are both small. Since m; (X, (u)x)
is a product of independent (when conditioned on o,,) terms, it is enough to
show that each of these terms has small expectation. The following lemma
will help bounding these terms.

LEMMA 3.16. For any 0 < 0* < 1, there is some d* = d*(0*) and some
A=X(0") <1 such that for all 0 >60*, d>d* and k > K(0,d,0),

1- HXM k
1+ QXM k

‘ = +) < min{\, 4n'/4}.

The proof of Lemma 3.16 is straightforward but tedious, and we postpone
it until the appendix. Instead, we will now prove Proposition 3.15.

PROOF OF PROPOSITION 3.15. By Lemma 3.16, and the definition (3.18)
of m;, it follows that
(3.20)

E(\/mi(Xui) | ow=+) <" min{ X, n*4}47 < min{, /4345 < AP,

In particular, if d*(6*) is sufficiently large then dA%™® < 1/4 for all d > d*.
The same argument applies with Y replacing X, and hence

1

(3.21) (\/max{mz(XLl(u) k)i (Y, ), ’f)‘(’“ - +) 2d°
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By (3.19), we have

1
B (y/Puet = Yartl | o0 = +) < B (s = Yol | 00 = +)
and so we have proved Proposition 3.15. ]

4. Reconstruction accuracy on Galton-Watson trees. In this sec-
tion, we will adapt the proof of the d-ary case (Theorem 3.3) to the Galton-
Watson case (Theorem 2.11). Let T' ¢ N* be a Galton-Watson tree with
offspring distribution Pois(d). Recall that such a tree may be constructed
by taking, for each u € N*, an independent Pois(d) random variable D,,.
Then define T ¢ N* recursively by starting with @ € T' and then taking
wieT forieNifueT and i< D,.

As in Section 3, we let {0y, : u € T'} be distributed as the two-state broad-
cast process on T with parameter 7, and let {7, : u € T'} be the noisy version,
with parameter §. We recall the magnetization

Xug =Pr(ow=+|or, () —Pr(ou=-|0r,w))
Tk = E(ka | Oy = +).

Note that unlike in Section 3, X, ; now depends on both the randomness
of the tree and the randomness of 0. Hence, xj now averages over both the
randomness of the tree and the randomness of o.

We recall that X satisfies the recursion (3.2). As in Section 3, we will
let {Y, r} be any collection of random variables which satisfies the same
recursion (for large enough k), and for which Y, ;, is a good estimator of o,

given oy, (y)-

ASSUMPTION 4.1.  There is a K = K(§) and a constant C' such that for
all k > K, the following hold:

HZEC(U)(l + HYuz,k) - H’LEC(U)(]‘ - HYuz,k)

Miccu) (1 +0Yui k) + Iicc(uy (1 = 0Yuik)

2. The distribution of Yy, given o, = + is equal to the distribution of
=Yy given oy = —.

3. With probability at least 1 — e over T,

1. Yu,k+1 =

Cn
E(Yng | Oy = +,T) >1- @
Note that Assumption 4.1 is the same as Assumption 3.1 except for part
3. Indeed, the change in part 3 between Assumption 3.1 and Assumption 4.1
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points to the main change, and biggest challenge, in extending our previous
argument to Galton-Watson trees: unlike for a regular tree, there is always
some chance that a Galton-Watson tree will go extinct, or that it will be
thinner and more spindly than expected. In this case, we will not be able to
reconstruct the broadcast process as well as we might want, even as 1 — 0.

In any case, in order to prove Theorem 2.11 it suffices to prove that Y
satisfies part 3 of Assumption 4.1 as well as the following theorem:

THEOREM 4.1. Under Assumption 4.1, there is a universal constant C
such that if 0*d > C then limy_,c E|X, 5| = limy oo E[Y, 4.

Recall that pr(a,b) is equal to limy e (1 + E|X,x|)/2 in the case d =
(a+b)/2 and n = b/(a+b), and that pr(a,b) is equal to limy_ o (1+E[Y), x|)/2 in
the same case. In particular, Theorem 4.1 immediately implies Theorem 2.11.

4.1. Large expected magnetization. The first step towards extending The-
orem 3.3 to the Galton-Watson case is to show that the magnetization of
each node tends to be large.

PROPOSITION 4.2. There is a uniwversal constant ¢ > 0 such that for all
k>K(0,d,9),
16n

—ed
Pr(E(Xp,k|0’p=+,T)21—@)21—e “.

and similarly for Y, . Hence, xp,yr > 1 - :}—”d — 27,

Note that the proposition implies that Y satisfies part 3 of Assump-
tion 4.1.

In the regular case, the proof of Lemma 3.6 was based on the fact that
a simple majority vote at the leaves estimates the root well. Here, we will
follow Evans et al. [12] by using a weighted majority vote. For this, we will
need to use the terminology of electrical networks, in particular the notion
of effective conductance and effective resistance. An introduction to these
concepts may be found in [19]; the essential properties that we will need
are that conductances add over parallel paths, while resistances add over
consecutive paths.

Put a resistance of (1 —02)972% on each edge e in T whose child is in
generation k (where p is generation zero). We write %qg(k) for the effective
conductance between p and level k and Zog(k) for 1/%6.g(k). Also, attach
an additional “noisy” node to each node at level k, with resistance 46(1 —
§)(1-28)72072%; then let €/5(k) be the effective conductance between the
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root and these nodes and let Z.;(k) = 1/€ (k). Note that Geq(k) and
%.;(k) are random quantities which depend on the Galton-Watson tree. The
importance of 6. and €; for estimating o, was shown by [12] (Lemma 5.1):

THEOREM 4.3.  There exist weights w(u) such that if Ry = ¥yer,, (o) w(v)ow
and Sy, = (1-20)7" YveLy(p) W(V)Ty then

E(Ry | Up) =0p

E(Sk | Up) =0p
Var(Ry, | o)) = Zep(k)
Var(Sy | o,) = %;ﬁ(k)

We mention that w(v) in Theorem 4.3 is proportional to the unit current
flow from p to v; for our work, however, we only need to know that it exists
and that it can be easily computed.

Consider the estimators sgn(Rj) and sgn(Sy) for o,. By Chebyshev’s
inequality,

1
(geff(k)

and similarly Pr(Ry <0 |0, = +) < 1/€ (k). In particular, if we can show
that €.z(k) and €/;(k) are large, we will have shown that sgn(Sj;) and
sgn(Ry) are good estimators of o,. Since sgn(Xy ,) and sgn(Y} ,) are the
optimal estimators of o, given, respectively, oz, (,) and 77, (), this will prove
that x, and y; are large. Note that this is exactly the same method that we
used to show that xj and y, are large in the d-regular case; the difference
here is that we need to consider a weighted linear estimator instead of an
unweighted one.

Pr(Sp <0] Op = +) < Var(Sk) = Zeg(k) =

LEMMA 4.4. There is a universal constant ¢ > 0 such that for oll k >
K(0.d,9),

024\ .,
P > — ¢
r((geﬁ(k‘) 2 1677) 2 e
02d —cd
PI‘( e,ﬁ(k)zﬁ)ze .

PROOF. The proof is by a recursive argument. Note that €g(0) = 0o and
%€/+(0) = (46(1-0))7" (1 -26)"2 > 0. We will write the rest of the proof only
for €., but the same argument holds with € replacing %.g everywhere.
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Let ay_y = min{(4n)~', M} where M is the largest median of €.q(k—1) (in
the case of €.¢(0), M is any positive value). Now fix k and let Z, Z,... be
independent copies of Gg(k —1). Then Pr(Z; > ay_1) > 1/2 for all 4.

Now, the first k£ levels of a Galton-Watson tree consist of a root with
Pois(d) independent subtrees of k — 1 levels each. For each child ¢, the con-
ductance between i and Lj_;(7) is distributed like %Z; (the factor 6? arises
because at each level of the tree the conductances are multiplied by an extra
factor of 62). Since the edge between p and i has conductance 6%(1 - 6%)7!,
the conductance between p and Lj_1(7) is distributed like

1 0%z
0221 +02(1-602) (1-02)Z;+1

Summing over the children of p, we see that Gg(k) has the same distribution
as

Pois(d) 9222 ) Pois(d) Z;

- 0> _—
; (1_92)Zz+1 - i-1 4?’]ZZ+1
Recall that Pr(Z; > ay_1) > 1/2 and ay_; < (4n)~L. Hence, ay_q/(4nay_1 +
1) > ag-1/2, and so

2Pois(d) Qg1
Cer(k) 20 Z Wzoar y =

92
z2 Z 1{Zi2ak—1}ak71
2 i=1

92

> C;’“ Pois(d/2).
Now, there is a universal constant ¢ > 0 such that Pr(Pois(d/2) < d/4) < e~
hence

(4.1) Pr(%og(k) < 0%doy,_1/4) < e

In particular, if d is sufficiently large then e™°? < 1/2 and hence every median
of €oz(k) is larger than 62day_1 /4. In particular, ag > min{(4n)™t, 0%doy,_1/4}.
Hence, if 6?d > 4 and k is sufficiently large then oy, > (4n)~!. Applying this
to (4.1) completes the proof for €.g(k), and an identical argument applies
to € (k). O

Now Proposition 4.2 follows directly from Theorem 4.3 and Lemma 4.4.
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4.2. The small-6 case. The proof of Proposition 3.8 extends fairly easily
to the Galton-Watson case. The weakening of Lemma 3.6 to Proposition 4.2
makes hardly any difference because the proof of Proposition 3.8 only needed
Tk 2 1/ 2.

PROPOSITION 4.5.  Consider the broadcast process on a Poisson Galton-
Watson tree. Then there are absolute constants C and 0* > 0 such that if
dé? > C and 0 <0 then for all k > K(0,d,9),

1
E(X, 51— Yors1)? < EE(X E-Y,0)7

PROOF. Let D be the number of children of u, so that D ~ Pois(d). If
62d is sufficiently large then Proposition 4.2 implies that ,yx > 5/6 and so
applying Lemma 3.14 conditioned on D yields

2p

2
E((Xue1 - Yuge1)® | Doy = +) <C(D*0* + DO?)e 5 2 <Cle™ 0 2

where z = E((Xy15 - Yul,k)2 | ou1 = +). Now we integrate out D. Since

D ~ Pois(d), its moment generating function is Ee'P = edle-1)

t = -02/10, we have e’ <1 +/2 for all § € [0,1]; hence,

Setting

024
EetP < eldl? — =50

That is,

024

2
E((Xuker - Yuge1)? | 0w =+) < C2Ee™ 0 < Cze™ .

In particular, the right hand side is smaller than z/2 if #%d is sufficiently
large. O

4.3. The large-0 case. We now give an analogue of Proposition 3.15 in
the Galton-Watson case.

PROPOSITION 4.6.  For any 0 < 0* < 1, there is some d* = d*(0*) such

that for the broadcast process on the Poisson mean d tree it holds that for
all®>0*,d>d*, and k > K(0,d,0),

1
B/ X p ki1 — Yoot < SEVIX s = Yol

This completes the proof of Theorem 4.1 (by the same argument that
followed Proposition 3.15).
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4.3.1. The case where one child has large error. Our eventual goal is to
prove Proposition 3.15 by a similar analysis of the partial derivatives of g
that led to the proof of Proposition 3.15. In this section, however, we will
deal with one case where the derivatives of g cannot be controlled well.
First, we introduce a parameter € = ¢(d) > 0 that will be specified later.
Next, fix a vertex v and let 2 be the event that all children ¢ of u satisfy
| Xuik — Yuikl < e. On Q, we will analyze derivatives of g; off Q we have the
following lemma (recalling that D is the number of children of u):

LEMMA 4.7.  For any 0 < 6* < 1, there exist ¢,C > 0 such that if n < c,
0 e[07,1), and 0%d > C then for any € >0 and k > K(0,d,6)

C —-cD
E(\/lXu,k+1 - Yu,k‘+1|1QC | D) < ﬁDe E\/ |Xu2,k - Yui,k|1{|Xu¢,kfyui,k|>€}'

Proo¥r. First, we condition on D; we may then write 1ge < 221 L{1X i = Yai nl>€)-
Hence,

D
E(\/|Xu,k+1 - Yu,k+1|1ﬂc | D) <E (Z \/|Xu7k+1 - Yuvk“|1{|Xui,k*Yui,k\>E} ‘ D)
i=1

= DE(\/|Xuket = Yuketl Lo, v soe) | D),

where the equality follows because all the terms in the sum have the same
distribution. Now we will condition on X,;; and Y, and we will show
that on the event {|Xy; 1Yy k| > €} we have

(4.2) DE(\/|Xuke1 = Yurer| | D Xui, Yuig) < CDe P

After bounding 1 < ¢ /2 | Xuik — Yui k| on the event {|X,; Yy x| > €} and
then integrating out X,; ; and Y; ;, the proof will be complete.

Now we prove (4.2). Condition on o,, and suppose without loss of gen-
erality that o, = +. If #2d is sufficiently large then Proposition 4.2 implies
that (conditioned on o, = +) every child j # ¢ of u independently satisfies

Pr(Xyjr>21-n|o,=+)>7/8.

If we condition also on D, Hoeffding’s inequality implies that there is a
constant ¢ > 0 such that with probability at least e’CDz, at least 3/4 of
u’s children j satisfy X, > 1 —7n. The remaining children (which possibly
include 7) satisfy X,;; > -1, and so on this event

3D/4
D 1-0Xy,k <(1—9(1—77)) / (1+9)D/4<(3n)3D/477D/4-

A= -
j1:111+9Xuj7k‘ 1+0(1-7) 1-6




OPTIMAL RECOVERY OF BLOCK MODELS 31

Now, X k+1 = ﬁ >1-2A, and so we conclude that

Pr(Xy g1 21-2-3P149P2 | X i Yaig,ou=+,D) 21 -e7P

The previous argument applies equally well with X replaced by Y'; hence
the union bound implies

Pr(| Xyt — Yuketl 243529 P2 | Xy, Vg, 0w = +,D) 21— 277

On the other hand, we always have the bound [ Xy, y+1 — Yy k+1] < 2, and so

D2
E(\/ 1 Xukir = Yoot | Xuikr Yuigeo 00 = +, D) <2-3P5pPH 4 91/3¢7D",

Now, if n < ¢ for c¢ sufficiently small, the right hand side is bounded by
Ce P This proves (4.2) in the case that o, = +. To complete the proof, we
apply the symmetric argument conditioned on o, = —. O

4.3.2. An analogue of Lemma 8.16. The proof of Proposition 4.6 pro-
ceeds by analysing the derivatives of the recurrence (3.14). Recalling that
these derivatives involve a large product, an important ingredient in the
analysis is a bound on the expectation of each term. The following lemma
is analogous to Lemma 3.16 in the regular case; an important difference is
that Lemma 4.8 does not improve as n — 0. In fact, as we remarked after
Assumption 4.1, we cannot expect such behavior because of the possibility
of extinction.

LEMMA 4.8. For any 0 < 0" < 1, there are some A = X\(0*) < 1 and
d* =d*(0*) such that for all > 6%, d>d* and k> K(0,d,9),

1- HXuz k
E | ou=+]<
1+ QXM k
The same holds with Y replacing X .

We postpone the details of Taylor expansion and approximation to the ap-
pendix, but we will include here one of the main ingredients of Lemma 4.8’s
proof. The point is that in the Galton-Watson case (unlike the d-ary case)
if d is fixed and 7 — 0 then we cannot expect X, to be large (i.e. close to
1) with probability converging to 1. It turns out to be enough, however, to
show that X, is non-negative with probability converging to 1.
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LEMMA 4.9. There is a constant C such that if °d > C' then for any
k>K(0,d,9),

(4.3) Pr(X,5<0|o,=+)<n,
and similarly for'Y .

PrROOF. We will give the argument for X only (the argument for Y is
identical). First, note that if n > 1/12 then (4.3) follows directly from Propo-
sition 4.2 if d* is sufficiently large. Hence, we may assume that n < 1/12. Let
pr = Pri(X,; <0). Then by Proposition 4.2, if C' is sufficiently large then
pr < 1/12 for k > K(9).

Let Z_ be the number of children ¢ of the root with X;; <0 and Z, be
the number with X;; >1-7. Consider the quantity

L
i=1 1+ HXm-,k’

and note that X, ; < 0 if and only if Z > 1. Now, Z is increasing in each
Xuik, and Z only increases if we drop some terms ¢ with X,; ; > 0. Hence,

Zy 7 _
1—9(1—77) (1+9) 7. -7
4.4 Z < <(3n)“tn .
(4.4) (1+9(1—n)) 1=g) <GMTm
Now, by the definition of py,
(45) Pri(Xi1,<0)<Pr(X;,<0|o1=+)+Pr(o1=-|0,=+)=pp+1n.

Conditioned on o, and D, Z, — Z_ is a sum of ii.d. variables with values
1,-1, and 0. Moreover, Proposition 4.2 with d sufficiently large implies that
the probability of X, > 1 -7 is at least 5/6, while (4.5) implies that the
probability of X <0 is at most py +7 < 1/6. Hence, Hoeffding’s inequality
implies that
2
Pr'(Z, -7 <DJ3+1|D)<Ce ",
for universal constants ¢, C' > 0. Note also that if Z_ =0 then Z > 1 and that
in order to have Z_ > 0, there must be some 4 with X ; < 0. Note also that
if Z, —Z_> D/3 then Z < 3PnP/3 < (3/4)P/3 < 1. Thus, applying a union
bound, Hoeffding’s inequality, and (4.5),
(4.6)
Pr'(Z>1|D)<Pr'(Z,-Z_<DJ3,Z_>0|D)
<DPr*(Z,-Z-<DJ3,X1;<0|D)
=DPr"(Z,-Z_<D/3|D,X;,<0)Pr"(X;,<0]|D)

< CDe’CDZ(n + D).
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Now, if d is large enough (which can be enforced by taking C' large) then
EDe<P* < %, which implies that

+
Dot = Pr (X < 0) = Pr(Z > 1) < 1= < max{n/2,pu/2).

Recursing with k, we see that limy_. Pr* (X, < 0) < /2, which implies
that Pr* (X, <0) <7 for sufficiently large k. O

4.3.3. Analysis of the derivatives of g. Our goal in this section is the
following lemma, for which we recall that € is the event that all children ¢
of u satisfy | Xy, — Yui k| <e. Let ; be the event that [ Xy, 1 — Ykl <e.

LEMMA 4.10. For any 0 < 0* < 1, there are constants ¢,C > 0 such that
for all0<e<1/4, all d>d*(6*), and for any k > K(6,d,J),

E(lﬂ\/lXu,k+1 ~Yuri]| D) < CD(e e P + /O Ela/|Xuik — Yaikl-

We begin with an slightly improved version of (3.17): since |X,, p41 -
Yo k+1] <2, we can trivially improve (3.17) to

(47) |Xu,k+1 - Yu,k+1|
D

< ) min{2, [ Xy g = Yo k| max{hi (X, cu)x), Pi (Y, (u)6) } -
=1

Note that 1g < 1, for any 4 (recall that Q; = {| Xy — Yuik| < €}), and so

|Xu,k+1 - Yu,kJrlllﬂ

D
< ; Lo, min{2, [ Xu; k= Ykl max{hi(Xr, w)x), hi (Y, u)0) } -

Now, the terms on the right hand side have identical distributions; hence,
taking conditional expectations gives

EG/|X kit ~ Yarslla| D)
< DE(1g, min{2, \/IXm,k = Yainlmax{hi(X1, ), hi Vi, yx)}} | D)

Defining

Ix = min{l, \/le,k - Yuz,k|hz(XL1(u),k)}
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and similarly for Zy, we see that to prove Lemma 4.10 it suffices to show
that
E(lQZZX | D) < 0(6_16_6[) + \/E)Ele |Xuz,k - Yui,kly

and similarly for Zy. We will show this by conditioning on X,; ;. and Yy; x;
that is, we will show the stronger statement that on the event €;,

(48) E(ZX | D7 Xui,lw Yuz,k) < C(E_le_CD + \/E) |Xu2,k - Yuz,kl

(and similarly for Zy).

We split the analysis of Zx and Zy into two cases. The first case is the
easy case: if 7 is bounded away from zero or |X,; | and |Yy; | are bounded
away from 1 then the denominator in h; is bounded above:

LEMMA 4.11.  For any 0 < 0* < 1, there are constants ¢,C > 0 such that
foralle>0, alld>d*(0"), and for any k > K(0,d,0), if max{| Xy k|, |Yui |} <

1-¢€ then
C)\D 1
E(Zx | D, Xuik, Yui ————— /| Xuik — Yui,
(Zx ‘ ok #) < max{./7, €} il

and similarly for Zy .

PRrROOF. By the definition of h;, and because | X,; 1| <1 -¢,

4 1- QXuk 1+9Xu'k
(Kuik) < max {7, €2} min {H 1+60X, 11 1- eXuj,k}

J*F gk j#i

Conditioning on o, = + and considering the first term in the minimum,
Lemma 4.8 implies that

E(\/|Xui,k = Youi ki (X1, ) ) | Dy Xui e Yui i Ou = +)

2)\D 1
max{\/_ e}V ik = Yl

By symmetry, the same bound holds if we condition on o, = —. Recalling
that Zx < \/|ka ~ Yui ki (XL, (u),k), this completes the proof for Zx. The
exact same argument applies to Zy also. O

If Xy and Yy, are allowed to be arbitrarily close to 1 and 7 is allowed
to be arbitrarily close to zero, then the argument is somewhat more tricky.
The basic idea is that if X, is close to 1 then o, is very likely to be +,
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in which case the denominator in A is at least 1 and so h] is small. Bad
things happen if o, = — because then we need to consider h;, which has a
small denominator. However, this event is very unlikely condltloned on Xy i
being close to 1, and so its contribution can be controlled.

LEMMA 4.12.  For any 0 < 0* <1, there are constants ¢,C > 0 such that
forall0<e<1/4, alld>d*(07), and for any k > K(0,d,0), if | Xyi k= Yui k| <
e and max{|Xy; k|, |Yui x|} > 1 - € then

E(Zx | Dy Xuig Yuige) € COP™ + VOV [ Xuige = Yaiel,
and similarly for Zy .

Before proving Lemma 4.12, note that together with Lemma 4.11 it proves (4.8)
and hence Lemma 4.10.

PRrROOF. Fix 6* € (0,1) and take \ < 1 satisfying Lemma 4.8. Since € < 1/4,
it follows that X,; ; and Y,,;  have the same sign. Without loss of generality,
they are both positive; hence, if A = (1 - min{Xy; x,Yyix})/2 and B = (1 -
max{ Xy k, Yuik})/2 then 0 < B < A <e. Note that [ Xy — Yuixl = 2|A - B|.

Now,
1+ Xm' k

PI‘(O'M' =+ | Xui,k7Yui,k) = T’ >1-A,
and so
Pr(oy =+ | Xuik, Yuir) 21 -A-n.
Since X, is positive,

4 H 1-0X,; ko H 1-0Xy;k
(1 + QXuLk)z 1+ HXu] k o1+ GXuM

J#i J#

hi (Xp, (k) =

and similarly for Y. By Lemma 4.8, if d* is sufficiently large then

(4'9) E (\/lXuz,k - Yui,klh;—(XLl(u),k) ‘ DaXui,kyYui,ka Oy = +)

1-60X,,k
<A4E (\} | Xui ke = Yui H " HXW ‘ D, Xk, Yuik,0u = +)
Vi ug,k

<A X ik = Yairl,
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since the X,,; ;. are independent conditioned on o,. On the other hand, since
Zx >0 we have

E(Zx | D, Xui ks Yuik) SE(Zx | D, Xui g, Yuik, 0w = +)
+Pr(oy == | Xuik, Yuir)E(Z | D, Xuik, Yuikr 0w = —)
<E(Zx | D, Xk, Yuik,Ou = +)
(4.10) +(A+n)E(Zx | D, Xuik, Yuik: Ou = —)-

By (4.9), the first term of (4.10) is bounded by 4XP~\/[X ik — Yuirl-
Next, we consider the second term of (4.10); we will consider the coeffi-
cients A and 7 separately. Now, Zx < \/|ka ~ Yuiklh; (Xp, (u),x) and

4 I 1+6X,; P 1 I 1+0Xy;
(10X )2 S A 10X, max{n B2 13 10X,

Vi J#i

hi (X1, (u)k)) =

Then Lemma 4.8 implies that for d* sufficiently large,

1+0X,: %
E h; (X u DyXuz 7Yui s O0u=7") 3% s D7 u ="
Vi o)1 D Ko Vs =) ¢ o TTE ( 0 | 07 )

J#
)\D—l

(4.11) < (B

In particular, we have

T]E(Z | D,Xm"k, Yui,lmau = —) < T]\/|Xm'7k - Yuz,klE(\/h;(XLﬂu),k) | DaXui,hYui,ka Uz’)
(4.12) < NN Xwige = Yainl,

which handles the term in (4.10) involving 7.
Next, we consider the term involving A. If A < 2B then we may use (4.11)
for the bound

)\D*l )\D*l

2
(413) E(\ / hz_(XLl(u),k) | DaXui,k,Yui,k,O-u = —) < B < )

Alternatively, if A > 2B then |Xy;, — Yyix| = 2|A - B| > A; since Z < 1, we
have

AE(Z | Xuig Yaissou = =) € A S\ A Xuik = Yaikl < /el Xui — Yaisl.

Combining this with (4.13), we have

AE(Z | Xui gos Yuier 0w = =) < max{2XP 1 /e /| Xui g — Yai il
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in either case. Combining this with (4.12) and going back to (4.10), we have

E(Z | D, Xuik: Yuik) < (CAP7+ VO [ Xuik ~ Yaikl,
which completes the proof. O

4.3.4. Putting it together. Finally, we put together the various cases and
prove Proposition 4.6. First, fix §* and put € = d~*. The easy case is when
1 > ¢, where ¢ is the constant from Lemma 4.7. In this case, Lemma 4.11
with € = 0 implies that

E(Zx | D, Xui g, Yuik) < Ce PN/ | Xuik — Yairl

and similarly for Zy. Taking the expectation over X,;; and applying (4.7)
implies that

(4.14) E(\/[Xuks1 = Yurail | D) € CDePE/| X i, ~ Yainl

Now consider the case where 1) < c¢. By Lemma 4.7 (recalling that e = d™),
we have

E(\/[Xuki1 ~ Yupsillos | D) < Ca*De *PElgey /[ Xuip - Yuil-

By Lemma 4.10, we have

E(\/|Xuke1 = Yugoalla| D) < C(d' DeP + d2D)ELo\/[Xui g ~ Yui il

Putting these together, we have

(4.15)  E(\/[Xuke1 - Yasar| | D) < C(d* De™P + d2D)EN/| X ~ Yuii-

Noting that the right hand side of (4.15) is larger than the right hand side
of (4.14), we see that (4.15) holds without extra conditions on 7. Finally,
we integrate out D in (4.15). Since D ~ Pois(d), we have ED = d and
EDe P < ¢4 for some constant ¢’ depending on c. In particular, if d is
sufficiently large (depending on C' and ¢, which depend in turn on 6*) then

CE(d*De P +d72D) < %

which proves Proposition 4.6.
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5. From trees to graphs. In this section, we will give our reconstruc-
tion algorithm and prove that it performs optimally. It will be convenient
for us to work with block models on fixed vertex sets instead of random
ones; therefore, let G(V*, V™, p,q) denote the random graph on the vertices
V*uV~ where pairs of vertices within V* or V™ are connected with probabil-
ity p and pairs of vertices spanning V* and V™ are included with probability
g. Note that if V™ and V" are chosen to be a uniformly random partition of
[n] then G(V*, V7, 2, %) is simply G(n, %, %)

Let BBPartition denote the algorithm of [25], which satisfies the following
guarantee, where V' denotes {v e V(G) 10, = i}:

THEOREM 5.1.  Suppose that G ~ Q(V*,Vﬂ%,%), where V¥ + V7| =
n+o(n), [V = |[V7| = O(/n) and (a -b)> > 2(a +b). There exists some
0<d< % such that as n — oo, BBPartition a.a.s. produces a partition
WHuW™ =V(G) such that [W*| = [W~[+o(n) = § +o(n) and [W*AV'| < én
for some i€ {+,—}.

Moreover, BBPartition runs in time O(n'*o(1)).

REMARK 5.2.  We should point out that [25] only claims Theorem 5.1
when V' and V™ are uniformly random partitions of [n]; however, one easily
deduce the result for almost-balanced partitions from the result for uniformly

182
random partitions: choose € >0 so that g‘gaf?)) > ﬁ Given a graph G from

g v, o, %), let H be the graph obtained by deleting all but [(1 - e)n]
vertices at random from G. If (W™ W ™) is the partition of H according to its
vertex labels then one can check that the sizes of W* and W~ are contiguous
with the sizes of a uniformly random partition of [(1 — €)n]. Hence, the
distribution of H is contiguous with G([(1 - e€)n], %, L). The results of [25]
then imply that the labels of H can be recovered adequately (i.e., as claimed
in Theorem 5.1); by randomly labelling the vertices of G that were deleted,

we recover Theorem 5.1 as stated.

Note that by symmetry, Theorem 5.1 also implies that [W~AV/| < én for
j #i€{+,-}. In other words, BBPartition recovers the correct partition up
to a relabelling of the classes and an error bounded away from % Note that
|[WHAV'| = [W~-AVI|. Let §(G) be the (random) fraction of vertices that
are mis-labelled.

For v € G and R €N, define B(v,R) ={ue G :d(u,v) < R} and S(v,R) =
{u € G :d(u,v) = R}. If B(v,R) is a tree (which it is a.a.s.), and 7 is a
labelling 7 on its leaves, we consider the following estimator of v’s label:
first, take K large enough so that Proposition 4.2 holds for k = K. For
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ueS(v,R-K), define Y, i (7) as the sign of S;(7), where S}, is given as
in the proof of Proposition 4.2. That is, Y, x(7) is the sign of a weighted
sum of the labelling 7 on S(v,R). For k > K and u € B(v,R - k), define
Yok (7) recursively by Y, = g(Y7, (u),k-1), Where g is given by (3.14). Then
Y satisfies Assumption 4.1.

We remark that the reason for taking this two-stage definition of Y is
because we don’t necessarily know how much noise there is on the leaves
(i.e., 0), and so we cannot define Y by (3.1). Defining ¥ as we have done
avoids the need to know ¢, while still satisfying the required assumptions.

Before presenting the algorithm, we will mention one issue that we glossed
over in our earlier sketch: since we will run the black-box algorithm several
times, and since the labels + and — are symmetric, we need some way to
break the symmetry between the various runs of the algorithm. We do this
by holding out a single vertex of high degree (that we call u,) and breaking
symmetry according to the sign of most of its neighbors.

Algorithm 1 Optimal graph reconstruction algorithm

1: R« [m logn|

2: Take U c V to be a random subset of size |\/n]

3: Let us € U be a random vertex in U with at least \/logn neighbors in V \ U
4: Wi W7 <@

5: for ve VU do

6: Wy, W, < BBPartition(G \ B(v,R-1)\U)

T if a > b then

8: relabel W7, W, so that u. has more neighbors in W, than W,
9: else
10: relabel W, W, so that u. has more neighbors in W, than W,
11: end if

12:  Define £ e {+,-}° ™ by &, =i if ue W}
13: Add v to ngn(Y“‘R(E))
14: end for
15: for v e U do
16: Assign v to W, or Wy uniformly at random
17: end for

REMARK 5.3.  Our analysis of Algorithm 1 will assume that we can com-
pute with arbitrary precision numbers in constant time. However, Proposi-
tions 4.5 and 4.6 can also be used to analyze an implementation of Algo-
rithm 1 with finite-precision arithmetic. Indeed, the only part of Algorithm 1
where continuous quantities appear is in the computation of Y, g, and the
main question in the computation of Y, r is whether the numerical errors
accumulate as we repeatedly apply the recursion g(x) defined in (3.14).
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Consider the following finite-precision implementation of the recursion:
first, compute Ymk to the desired precision for all children i of u. Then com-
pute g(Yu,Ll(k)) to arbitrary precision, and finally define Yuk to be g(Yu,Ll(k))
truncated to the desired precision. Let us see what Proposition 4.5 has to say
about this procedure (Proposition 4.6 has similar consequences for the other
range of parameters): if X denotes the true magnetizations and the rounding
error is bounded by € then

E(Xujr1 — Yure1)? CE(Xupst = 9(V7, ) k) +€)°
<0(€) +E(Xu k1 — 9V, ()’
1 ~
<O(e) + 51{-3()@,;c —Yur)?,

which implies that the asymptotic accuracy of our finite-precision scheme is
within O(\/€) of optimal.

As presented, our algorithm is not particular efficient (although it does run
in polynomial time) because we need to re-run BBPartition for almost every
vertex in V. However, one can modify Algorithm 1 to run in O(n'*°(1)) time
by processing o(n) vertices in each iteration (a similar idea is used in [25]).
Since vanilla belief propagation is much more efficient than Algorithm 1 and
reconstructs (in practice) just as well, we have chosen not to present the
faster version of Algorithm 1.

THEOREM 5.4.  Algorithm 1 produces a partition W,  uW_ = V(G) such
that a.a.s. WAV < (1+0(1))n(1-pr(a,b)) for someie {+,-}.

Theorem 2.8 implies that for any algorithm, |WAV?| > (1 - o(1))n(1 -
pr(a,b)) a.a.s. Hence, it is enough to show that E|W AV < (1+0(1))n(1-
pr(a,b)). Since Algorithm 1 treats every node equally, it is enough to show
that there is some i such that for every v e V?,

(5.1) Pr(ve W) - pr(a,b).

Moreover, since Pr(v € U) - 0, it is enough to show (5.1) for every v € VI\U.

The proof of (5.1) will take the remainder of this section. First, we will
deal with a technicality: in line 6, we are applying BBPartition to the
subgraph of G induced by V \~ B(v,R - 1) \ U; call this graph G,. We
need to justify the fact that G, satisfies the requirements of Theorem 5.1.
Now, if W* = V* N B(v,R-1)\U and W~ =V~ x B(v,R-1) \ U then
Gy~ G(W*, W™, 2, b) Since

W+ W =n-|B(v,R-1)|-|Vn]
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and
W =W <[V = V7] +|B(v, R = 1)| + [Vn] <O(V/n) +|B(v, R - 1)],

we see that the hypothesis of Theorem 5.1 is satisfied as long as |B(v, R—1)| =
O(y/n). This is indeed the case; Lemma 4.4 of [24] shows that |B(v, R)| =
O(n'/®) for the value of R that we have chosen:

LEMMA 5.5. |B(v,R)|=0(n'®) a.a.s.
We conclude, therefore, that Theorem 5.1 applies in line 6 of Algorithm 1:

LEMMA 5.6.  There is some 0 < 4§ < % such that for any v e VN U, there
a.a.s. exists some i € {+,—} such that |W,AV"| < dn, with W,5 defined as in
line 6.

5.1. Aligning the calls to BBPartition. Next, let us discuss in more de-
tail the purpose of u, and line 8. Recall that Algorithm 1 relies on multiple
applications of BBPartition, each of which is only guaranteed to give a
good labelling up to swapping + and —. In order to get a consistent labelling
at the end, we need to “align” these multiple applications of BBPartition.

We will break the symmetry between + and — by assuming, from now on,
that u, is labelled +. Next, let us note some properties of wu,:

LEMMA 5.7. In line 3, there a.a.s. exists at least one u € U with more
than /logn neighbors in V \ U; hence, uy is well-defined. Moreover, there
is some 1 >0 such that a.a.s. at least a (1 +n)/2-fraction of u.’s neighbors
in VN U either are labelled + (if a > b) or — (if a < b). Finally, for any
veVNU, u, a.a.s. has no neighbors in B(v,R-1).

PROOF. For the first claim, note that every u € U independently has more
than Binom([n(1-¢/2)], %‘w}) neighbors in V' \ U, and the maximum of
V1 such variables is of order ©(logn/loglogn) > /logn.

For the second claim, let d be the number of neighbors that u, has in
V N U and note that d = O(logn) a.a.s., because the maximum degree of
any vertex in G is O(logn). Conditioned on d, the number of u,’s +-labelled
neighbors in V' \ U is dominated by Binom(d, - - “ﬁ—'f‘d); this is because the
neighborhood of u, may be generated by sequentially choosing d neighbors
without replacement from V' \ U, where a +-labelled neighbor is chosen with
probability —S7 times the fraction of +-labelled vertices remaining. Since

[V* =n/2+0(n'?) and d = o(n), we see that u, a.a.s. has at least d(

a_ _
a+b
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o(1)) +-labelled neighbors. If a > b then this verifies the second claim; if
a < b then we repeat the argument with + replaced by —.

For the final claim, note that if u, has a neighbor in B(v, R — 1) then
u, € B(v,R). But (by Lemma 5.5) |B(v,R)| = O(n'/®) a.a.s., and so with
probability tending to 1, B(v, R) does not intersect U at all; in particular,
it does not contains wu. O

From now on, suppose without loss of generality that o,+ = +. Thanks
to the previous paragraph and Theorem 5.1, we see that the relabelling in
lines 8 and 10 correctly aligns W, with V*:

LEMMA 5.8. There is some 0 < § < % such that for any v € V N\ U,

[WSAVT| < on a.a.s., with W, defined as in line 8 or line 10.

PrOOF. Assume for now that a > b. Just for the duration of this proof,
let W, and W, denote the partition as defined in line 6 of Algorithm 1,
while W, and W, denote the partition defined by line 8 or line 10.

Recall from Lemma 5.7 that u, has at least \/logn neighbors in V ~
B(v,R - 1)\ U, of which at least a (1 + n)/2-fraction are labelled +; let
d > v/logn be the number of neighbors that u, has in V \ B(v,R-1)\ U,
and let p > (1+n)/2 be the fraction that are actually labelled +. Note that
the labelling W, W, produced in line 6 is independent of the set of w,’s
neighbors in V N\ B(v, R—1)\U, because W, and W, depend only on edges
within V' X\ B(v, R—1) \ U and these are independent of the edges adjoining
ux. That is, conditioned on d, p, W,/ and W, , the neighbors of u, can be
generated by taking u,’s +-labelled neighbors to be a uniformly random set
of pd +-labelled vertices and then taking w,’s —-labelled neighbors to be
a uniformly random set of (1 —p)d —-labelled vertices. Hence, if N;; (for
i, € {+,—1}) is the number of u,’s neighbors in V'n W then conditioned on
d, p, and W[, N,, is distributed as HyperGeom (dp, |W,;nV™*|,|[V*|) and N_,
is distributed as HyperGeom(d(1 - p),|[W, nV~[,|V7|). Since d = o(|V*]) =
o(|[V7]) and d - o a.a.s., we have

W aV*| 2p|Wit n V7|
Po 7 T_o(1_p())Z2e 1
0V oy 240 V]

N_, > (1-0(1))d(1 —p)lWTV| n

Niw 2 (1-0(1))dp

Adding these together, we have

(5.2) N+++N,+:(1—o(l))%(a+5+(2p—1)(a—ﬁ))
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where v = |[W,; nV*| and g =W, nV~|.
Now, Lemma 5.6 admits two cases: if i = + then

Sn > [WEAVH = W AV |+ W, aVH| =W nV |+ g +o(n) - Wi nV7,

and we conclude that a—f > (% —d-0(1)))n. A similar argument when i = —
in Lemma 5.6 shows that in that case a—f < —(% —d-o0(1))n. In either case,
a+pf=(1+0(1))n/2.

If i = + in Lemma 5.6 then since p - 1/2 > /2, (5.2) implies

1
Ne + N =(1- 0(1))61(1 . ﬂ)
2 2
a.a.s. Since Ny, + N_, + N,_ + N__ = d, we have in particular N,, + N_, >
N,_+N__ a.a.s., and so u, has most of its neighbors in W,*. Hence, W;* = W}
and so Lemma 5.6 with 7 = + implies the the conclusion of Lemma 5.8 holds.
On the other hand, if i = — in Lemma 5.6 then a— 3 < —(% -9)n; by (5.2),
Ny +N__>N,, +N_,. Then u, has most of its neighbors in W, and so
W = W;. By Lemma 5.6 with i = —, the conclusion of Lemma 5.8 holds.
Finally, we mention the case a < b: essentially the same argument holds
except that instead of p > (1+7)/2 we have p < (1-7)/2. Then i = + implies
that w, has most of its neighbors in W, , while ¢ = — implies that u, has

v

most of its neighbors in W, . O

5.2. Calculating v’s label. To complete the proof of (5.1) (and hence
Theorem 5.4), we need to discuss the coupling between graphs and trees.
We will invoke a lemma from [24] which says that a neighborhood in G can be
coupled with a multi-type branching process of the sort that we considered
in Section 4. Indeed, let T" be the Galton-Watson tree of Section 4 (with
d = (a+0b)/2) and let o’ be a labelling on it, given by running the two-state
broadcast process with parameter 1 = b/(a + b). We write Tx for T n N%;
that is, the part of T" which has depth at most R.

LEMMA 5.9.  For any fized v € G, there is a coupling between (G,o) and
(T',0") such that (B(v,R),0p(,r)) = (Tr,07,) a.a.s.

Armed with Lemma 5.9, we will consider a slightly different method of
generating (G, which is nevertheless equivalent to the original model in the
sense that the new method and the old method may be coupled a.a.s. In
the new construction, we begin by assigning labels to V(G) uniformly at
random. Beginning with a fixed vertex v, we construct B(v, R—1) by drawing
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a Galton-Watson tree of depth R — 1 rooted at v, with labels distributed
according to the broadcast process. On the vertices that remain (i.e., those
that were not used in B(v,R - 1)), we construct a graph G’ according to
the stochastic block model with parameters a/n and b/n. Finally, we join
B(v, R—1) to the rest of the graph: for every vertex u € S(v, R—1), we draw
Pois(a/(a + b)) vertices at random from G’ with label o, and Pois(b/(a +
b)) vertices from G’ with label —o,; we connect all these vertices to w. It
follows from Lemma 5.9 that this construction is equivalent to the original
construction. It also follows from Lemma 5.5 that |G’ > n — O(n'/®) a.a.s.

The advantage of the construction above is that it becomes obvious that
the edges of G’ = G\ B(v, R—1)\U are independent of both B(v, R—1) and
the edges joining B(v, R—1) to G'. Since W,F and W, are both functions of
G’ only, it follows that B(v, R—1) and its edges to G’ are also independent of
W, and W, . Using this observation, we can improve Lemma 5.9 to include
the noisy labels. In particular, we claim that the labelling £ produced in
line 12 of Algorithm 1 has the same distribution as the noisy labelling 7 of
the noisy broadcast process.

In view of Lemma 5.9, it suffices to condition on o, B(v,R—-1) and G’,
and to show that the conditional distribution of & is essentially the same
as the conditional distribution of 7 given T' and ¢’ in the noisy broadcast
process. Since the edges joining B(v,R - 1) to G’ are independent of W,
and W, for any u € S(v, R - 1) with o, = + we have

#w~u:welG oy

+, 6=+~ Binom(|VJr nW,l, 2)
n
#Hlw~uweG  opy=+,Ep =}~ Binom(|VJr nW,, 2)
n
b
Hw~uweG oy =& =~} ~Bin0m(|V7 nW, 1|, —
n
#w~uweG o4 =& =+} ~Binom(|V7 OWJ|,E)
n
Moreover, the random variables above are independent as w ranges over
S(v, R -1). Now, if we define § = 2[V*AW/| then Binom(|V* n W;|,a/n)
and Pois(a(1-0)/2) are at total variation distance at most O(n~"/?); here, we
are using the fact that |V*nW;| = (1-0)n/2+0(n'/?), which follows because

V* V™ are an equipartition of V(G) and W, W, are an equipartition of
V(G"), which contains all but at most O(y/n) vertices of G. Similarly, we
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have
Hlw~uiwe G oy =+,E0 = +) & Pois(a(l - 0)/2)
#Fw~uiweG oy =+,E =} g Pois(ad/2)
Hlw~uiwe G oy = — Ew =) & Pois(b(1 - 8)/2)
#lw~uiweG oy =—,& =+} g Pois(b0/2)

where “%” means that the distributions are at total variation distance at
most O(n’l/ 2). Note that the distributions on the right hand side are exactly
the distributions of the noisy labels 7 under the noisy broadcast process. By
a similar argument for o, = —, and a union bound over the O(nl/ 8) choices
for u, we see that the joint distribution of B(v,R) and {&, : u € S(v,R)}
a.a.s. the same as the joint distribution of T and {7, : u € TR }. Hence, by
Theorem 4.1,

lim Pr(Yy,(8) = 0v) = pr(a,b).

By line 13 of Algorithm 1, this completes the proof of (5.1).

Acknowledgement. The authors thank Jiaming Xu for his careful read-
ing of the manuscript and his helpful comments and corrections.

APPENDIX A: BOUNDS ON E,/+4%

Because of the form of the recursion (3.14), at various points in our anal-

ysis we require bounds on quantities of the form E %;Z§, under various

assumptions on X. These estimates are elementary but tedious to check,
and so we have collected them here.

Proor or LEMMA 3.16. By Lemma 3.7, we have
Pr(Xui,k 21 -nat | Oy = +) 2 Pr(Xui,k 2 1-nat | Oui = +) -nx1 —t! -1,

where o = C/(6d) can be taken arbitrarily small if we require 6%d to be
large.

Fix some € = €(6*) > 0 to be determined later. Take ¢ = ¢ '~/ so that
an'/t

€

/4

Pr(X>1- )>1—en?

— /’7'
Now, suppose that « is small enough so that ce™! < e. Then

(A1) Pr(X >1-en'/*)21-en’* —n.
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Now consider the function

1-0x

J(@)= 1+0z

Note that f(x) is decreasing in x, and hence
Ef(X) < f(s)Pr(X >s)+ f(-1)Pr(X <s).

for any random variable X supported on [-1,1] and for any s € [-1,1].
Applying this for s = 1 - en'/*, we have (by (A.1))

(A2)  EF(X) < (-1 - el =)+ (1) (en" +n).

We will now check that if n < 1;—9* < 1/2 then each term on the right hand
side of (A.2) can be made strictly smaller than 1/2, and also smaller than
2n/*, by taking € = €(6*) small enough. This will complete the proof of the
Lemma.

We consider the term involving f(-1) first:

(A.3) FED (e +n) = en/1=n+/n(1-7n).

On the interval n € [0,1_2—9*], Vn(1-n) is bounded away from 1/2, and

n'*\/T=7 is bounded above. Hence, (A.3) is bounded away from 1/2 as
long as €(6*) is small enough. On the other hand, (A.3) is also bounded by
2771/4 as long as e < 1.

Next, we consider the f(1-en'/*) term of (A.2). Note that 6(1 - en'/*) >
1-2n-en'/* and so

2n + enl/4 n
1- 1/4 < _ < C 1/4
J(=en) \J 2 — (20 + ent/*) 1—77+ “a

where the second inequality follows from applying a first-order Taylor expan-
sion to the function \/x/(1 - z) near x = 7. Here, C' is a universal constant
because the assumptions 7 < 1/2 and e < 1 ensure that the derivative of
/(1 - ) is universally bounded on the interval of interest. Thus,

FA-en™@-en =) < fFA-enM)(1-n)
(A.4) <\/n(1=n)+Cen'*(1-1n).

As before, on the interval 7 € [0, %], n(1-n) is bounded away from 1/2,

and n'*(1 - 7) is bounded above. Hence, (A.4) is bounded away from 1/2
as long as €(6*) is small enough. On the other hand, (A.4) is also smaller
than 27]1/ 4 as long as € is small enough compared to C. U
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PROOF OF LEMMA 4.8. Fix some € = ¢(#*) > 0 to be determined. If §2d
is sufficiently large compared to €, Proposition 4.2 implies that

Pr(Xyr>l-€|loy=+)>1-€e-Pr(oyi=—|oy=+)21-€-1n.
Now, if f is any decreasing function then

(A.5) Ef(X)<f(1-¢)Pr(X >1-¢)
£ FO)Pr(0< X <1-¢)
+ f(=1)Pr(X <0).

We will apply this with f(x) = \/ igi; note that f(0) = 1 and f(-1) =

1-6
V(L =mn)/n, where n = 5=

Now, we consider two regimes. If /7> 6*/10, we bound

(A.6) E(f(Xuik) | ow=+) <Pr(Xyp>1-€|lo,=+)f(1-¢€)
+Pr(Xyip<l-€|oy,=+)f(-1)
< (1—6—7])f(1—6)+6+7:

<= f (-6 e /nlT=) + 5

Now, f(1-¢€)= ﬁ +O(e), and so

E(f(Xuik) | ouw=+) <2¢/n(1-n) +O(e),

where the constants in O(e) depend on 6*. Since 2v/n(1-n) is bounded
away from 1 while 7 is bounded away from 1/2, it follows that for small
enough € (depending on 6*), E(f(Xyix) | 0w = +) is bounded away from 1.

On the other hand, if \/7 < 0*/10 then we use (A.5) and the fact (from
Lemma 4.9) that Pr(Xy; <0| oy, =+) <27 to bound

Ef(X)<(1-e)f(1-€)+ef(0)+2nf(-1)
<f(l-e€)+e+2/n.
Now, if € < 2 then f(1-¢) <+/1-6%/2<1-60*/4, so

Ef(X)sl—@*/4+e+2\/ﬁsl—g—0+e,

which is bounded away from 1 if € is small enough. O
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