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Hypergraph reconstruction from dynamics
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A plethora of methods have been developed in the past two decades to infer the underlying network

structure of an interconnected system from its collective dynamics.

However, methods capable

of inferring nonpairwise interactions are only starting to appear. Here, we develop an inference
algorithm based on sparse identification of nonlinear dynamics (SINDy) to reconstruct hypergraphs
and simplicial complexes from time-series data. Our model-free method does not require information
about node dynamics or coupling functions, making it applicable to complex systems that do not
have reliable mathematical descriptions. We first benchmark the new method on synthetic data
generated from Kuramoto and Lorenz dynamics. We then use it to infer the effective connectivity
among seven brain regions from resting-state EEG data, which reveals significant contributions from
non-pairwise interactions in shaping the macroscopic brain dynamics.

INTRODUCTION

Hypergraphs and simplicial complexes have emerged
as versatile and powerful tools for modeling and analyz-
ing complex systems, offering flexible and expressive rep-
resentations of higher-order relationships and dependen-
cies that traditional graphs cannot capture [1-4].These
higher-order structures are important for a wide range of
processes, from brain dynamics [5, 6] to communications
in social systems [7, 8] and competitions in ecological
systems [9].

The analysis of networked dynamical systems often
comes as a two-sided coin. On the one hand, it is impor-
tant to predict the possible dynamical behaviors based
on model equations. For example, given the underlying
network structure, what can we say about the dynamics?
Many recent studies have taken this approach and inves-
tigated how higher-order interactions can influence col-
lective dynamics [10-16], such as diffusion [17], consensus
[18, 19], contagion [20, 21], synchronization [22-26], and
controllability [27]. On the other hand, the inverse prob-
lem is equally important. Namely, is it possible to recover
the network structure from dynamics? This network in-
ference problem is important in many fields, including
neuroscience [28-31] (e.g., infer effective connectivity be-
tween brain regions from fMRI data) and epidemiology
[32, 33] (e.g., reconstruct social interactions from COVID
infection data). For example, in the context of neuro-
science, hypergraph inference techniques can help iden-
tify altered or dysfunctional network patterns, aiding in
the understanding of the underlying mechanisms of these
disorders and potentially suggesting novel therapeutic in-
terventions [34].

When considering only pairwise interactions, network
inference is a relatively mature field [35-44] and has been
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approached from numerous perspectives utilizing diverse
tools such as sparse regression [45], Bayesian inference
[46], reservoir computing [47], causation entropy [48],
transfer entropy [49], and Granger causality [50]. In com-
parison, the study of hypergraph inference is still in its
infancy [4]. Luckily, progress is happening rapidly. Some
recently proposed methods include probabilistic inference
based on prior network data [51-53] or binary contagion
data [54], and optimization-based methods that apply to
time-series data [55]. These methods, however, are lim-
ited by their strong assumptions of the generative pro-
cess and/or reliance on knowledge of the model dynam-
ics. When the underlying model is unknown, the liter-
ature on hypergraph inference is rather scarce. To the
best of our knowledge, the only model-free method in
this space is the Algorithm for Revealing Network Inter-
actions (ARNI) [41]. Although the original version of
ARNI mostly focused on pairwise interactions, it can be
adapted to infer higher-order interactions.

Here, we propose the Taylor-based Hypergraph Infer-
ence using SINDy (THIS) algorithm, which reconstructs
hypergraphs and simplicial complexes from time-series
data. Our method is system-agnostic and noninvasive.
In particular, it does not require knowledge of the node
dynamics or coupling functions and works with generic
basis functions (i.e., no need to curate different nonlin-
ear feature libraries for each application). Neither does
it require perturbing the system in precise ways (e.g., via
control input injection). Importantly, the method takes
advantage of the intrinsic sparsity of most real-world hy-
pergraphs through the use of the SINDy algorithm [56].
We apply THIS to both synthetic data generated from
canonical dynamical systems and resting-state EEG data
from 109 human subjects. With the synthetic data, we
show that THIS can be extremely data efficient and com-
pares favorably against ARNI in accuracy. From the
EEG data, we find that higher-order interactions play
a key role in shaping the macroscopic brain dynamics
(despite the fact that most physical connections between
brain regions are pairwise [30]).
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RESULTS
When is hypergraph reconstruction possible?

We consider n nonlinear systems coupled through a
hypergraph, as described by the following equations:

= M)
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where f; describes the intrinsic dynamics of node i.

The adjacency tensor A(P) = {ag,)gn_e} determines which
nodes are coupled through the p-th order interaction
function AP,

Before developing an inference method, it is helpful
to characterize when is inference theoretically possible.
For this purpose, we assume that it is possible to ob-
serve all nodes in the system for many different initial
conditions at high resolution without the interference of
noise. In this perfect and abundant data limit, the ques-
tion becomes: Can we determine the hypergraph struc-
ture uniquely from the vector field? When will there be
ambiguity? Below, for simplicity and without loss of gen-
erality, we consider systems with interactions up to the
third order (i.e., A®) =0 for p > 3).

Neuhéuser et al. [18] recently pointed out that, for lin-
ear consensus dynamics, pairwise and higher-order in-
teractions are theoretically indistinguishable from each
other. Here, we generalize this observation to any dy-
namical systems on hypergraphs. If the triadic in-
teraction function h®)(x;, xj,xE) can be written as
a linear combination of pairwise interaction functions
RO (24, 25, x5) = W (24, 2;)+h" (24, x%)+h" (z§, 71,), then
there is no formal difference between a 2-simplex and a
closed triangle of links. In other words, for any hyper-
graph with linearly decomposable interaction functions,
we can always find a corresponding network that gener-
ates the same dynamics. As a consequence, hypergraph
reconstruction would be impossible due to such ambigu-
ity. More generally, if we only have data from a localized
region of the state space (e.g., by observing the system
respond to small noise around a fixed point), inside which
the dynamics can be effectively linearized, then it is not
possible to reconstruct the hypergraph from dynamics
even when the interactions are nonlinear.

On the other hand, if a higher-order interaction can-
not be decomposed into a linear combination of pairwise
interactions, then it will produce a vector field that is dif-
ferent from any vector field generated with only pairwise
interactions. This difference can then, in principle, be
used to infer the existence of higher-order interactions.
Next, we propose a simple strategy to extract this in-
formation, which can then be used to reconstruct the
hypergraph.

Taylor-based Hypergraph Inference using SINDy
(THIS)

In Eq. (1), one can write the Taylor expansion of the
dynamics F; around a chosen point x, leading to
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with Az; = z; — x04, Vi € {1,...,n}. One realizes that,
for ¢ # j # k, if the coefficient 0, ;. F;(xo) is nonzero, then
there is necessarily a triadic interaction involving nodes
i, j, and k (more precisely, nodes j and k& would influ-
ence node ¢ jointly through a directed triadic interaction).
One can see this by noticing that 9; xh? (z;,2,) = 0 for
i # k, whereas 9, 1h®) (z;,2;, 1) is generally nonzero.
Our approach utilizes this observation and aims to infer
the nonzero coefficients 0; 1 F; from time series.

This Taylor-based approach is intrinsically system-
agnostic and does not rely on knowing the node dynam-
ics f; or coupling functions h(®). Moreover, the Taylor
expansion can be computed around any point xy where
the vector field is differentiable, rendering the approach
flexible in terms of where data are collected. In rare cir-
cumstances (usually with zero probability), a Taylor co-
efficient could vanish at xy even when the corresponding
interaction exists. We can easily circumvent this problem
by choosing a different base point xg.

To recover the coefficients of the Taylor expansion
based on the time series x(¢), we use SINDy [56] with
a library of monomials up to a chosen degree (see Meth-
ods section for details). The purpose of SINDy is to
find a parsimonious linear combination of the library
functions that best explains the time-series data X =
{x(t1),x(t2), - ,x(tx)}. Each nonzero coefficient ob-
tained by SINDy selects a monomial from the library,
which can in turn be used to infer the corresponding hy-
peredge. Specifically, we consider a hyperedge to exist if
the coefficient of the corresponding monomial is above a
prespecified threshold e. The threshold € has overlapping
functionalities with the sparsity parameter in SINDy.
We introduce € here because it facilitates the compu-
tation of the Receiver Operating Characteristic (ROC)
curves, which measure the quality of the inference. Note
that since we don’t know the form of the coupling func-
tions, there is no point in inferring the weights of the
hyperedges, so we focus on the binary inference problem.
Namely, is there a hyperedge or not? We illustrate our
inference procedure in Fig. 1.

Our main rationale for using SINDy is that many
real-world hypergraphs are intrinsically sparse. As each
nonzero coefficient corresponds to a hyperedge, an algo-
rithm promoting sparsity is desirable in most cases. Of
course, dense hypergraphs do exist. However, in such
cases, the actual hypergraph structure has only marginal
importance, as most phenomena on dense hypergraphs



xi(£) x;(£) xp(£)xp(£) X (2)
i Xk Xe Xy

X, 1x3|

time
Q

X[sz xichxnz N

N // \\_.
— x,,Q .xt’ N

DX)
FIG. 1. Illustration of Taylor-based Hypergraph Inference using SINDy (THIS). Here, we focus on inferring the
couplings received by node i. Inference for any other node can be done independently using the same procedure. For each

inference task, the input is the time series measured for all nodes (left), and the output is the inferred connections pointing
towards node ¢ (right). The key step of the inference is solving the matrix equation x;, = D(X)wv; (middle). On the left-hand

side, %; = [&i(t1), Zi(t2),- - -

,Z:(tx)]T is a column vector consisting of the derivative of x; at different time points. On the

right-hand side, D(X) is the data matrix obtained by applying nonlinear features (i.e., the monomials) to the time series, and
v; is a sparse vector that approximately solves the matrix equation. The nonzero elements of v; are used to infer the existence
of (hyper)edges. In this example, there is a triadic coupling from nodes ¢ and m to node i because the coefficient for z,z, is

nonzero.

are well captured by mean-field approximations. On top
of that, there are three additional advantages of using
SINDy. First, we can naturally control the trade-off be-
tween sensitivity and specificity of the reconstruction by
tuning the sparsity parameter in SINDy. Second, in-
ference can be done independently for each node, ren-
dering our method easily parallelizable, which is impor-
tant when dealing with high-dimensional time series from
large systems. Finally, the SINDy-based approach also
allows us to use mature, off-the-shelf implementations
of the algorithm that are user-friendly and highly opti-
mized [57]. For these reasons, we focus on the SINDy
implementation of our approach in this paper. However,
it is possible to combine our Taylor-based approach with
other data-driven methods, such as EDMD [58].

We remark that THIS has a few similarities with
ARNI [41]. Indeed, the basic idea of both approaches
is to represent the unknown coupling functions as lin-
ear combinations of a set of nonlinear basis functions.
Namely, monomials for THIS and a user-specified func-
tion library for ARNI. However, the ways in which THIS
and ARNT identify the coefficients of the decomposition
(i.e., the optimization strategies) are drastically differ-
ent. For ARNI, the coefficients are determined by con-
secutively projecting the time series onto the subspaces
spanned by the basis functions. THIS, on the other
hand, performs inference through a sparsity-promoting
optimization procedure. Next, we compare the perfor-
mance of the two algorithms under identical conditions
using synthetic data.

Benchmark on synthetic data

Kuramoto oscillators with nonpairwise coupling. We

first test ARNI and THIS using a generalization of the
Kuramoto model:

0; = wi + Z ag—) sin(6; — 6;)
j=1
n 3)
+ Z al(-?,)csin(ej +6,—20;), i=1,...,n,
k=1

where 0; € S* represents the phase of oscillator i and w;
is its natural frequency. We use the seven-node hyper-
graph shown in Fig. 2 for this test (see Supplementary
Fig. 5 for results on random graphs). Samples are taken
randomly and uniformly inside a hypercube of side length
0.1 centered at the origin (one can use hypercubes of side
length up to 1.0 without affecting the results, see Sup-
plementary Fig. 6). For each data point, we compute the
derivatives directly using Eq. (3).

The output of both inference methods (THIS and
ARNTI with power-series basis) is a weighted adjacency
tensor AP for each interaction order p. One then needs
to choose a threshold € such that a hyperedge is consid-
ered present if and only if the corresponding coefficient
in A®) is larger than e. For a given ¢, the true positive
rate (TPR) [resp. false positive rate (FPR)] is the per-
centage of existing [resp. nonexistent] hyperedges that
were inferred. The ROC curves plot TPR against FPR
for all possible threshold values.

In Fig. 2, we show the ROC curves for THIS and ARNI
applied to samples of varying sizes. Among the differ-
ent ROC curves, we vary the sample size from 10 to 150
(curves with brighter colors use more data points). Along
each ROC curve, we gradually decrease the inference
threshold € from oo to 0. Thus, each curve starts at the
lower left corner (0,0), where no (hyper)edge is inferred,
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FIG. 2. THIS and ARNI applied to Kuramoto dy-
namics. We infer the hypergraph shown in the top panel.
The ROC curves measure the inference quality considering
all orders of interactions (both pairwise and triadic). Each
curve corresponds to a different sample size used in inference,
ranging from 10 data points (dark purple) to 150 data points
(bright yellow). The quicker the ROC curve rises to the upper
left corner, the better the inference.

and ends at the upper right corner (1,1), where all pos-
sible (hyper)edges are inferred. Since we want high TPR
and low FPR, an ideal ROC curve should rise steeply
from the lower left corner to the upper left corner. A
diagonal curve is indicative of performance comparable
to random guesses. We see that even with just 10 data
points, THIS achieves good accuracy in reconstructing
the hypergraph. In contrast, ARNI barely outperforms
random guesses even with 150 data points.

Lorenz oscillators with nonpairwise coupling. Next, we
apply THIS to Lorenz oscillators coupled through pair-
wise and triadic interactions:

n n
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FIG. 3. THIS applied to Lorenz oscillators on ran-
dom hypergraphs. Each ROC curve corresponds to the
inference of a different five-node random hypergraph. To test
the robustness of THIS, we made the hypergraphs non-sparse
(p = 0.5 for both pairwise and triadic connections) and esti-
mated derivatives from numerical differentiation. Since each
Lorenz oscillator has three degrees of freedom, we are essen-
tially performing inference on a 15-dimensional system.

where we set ¢ = 10, p = 28, and 8 = 8/3. Here,
each node has three degrees of freedom. We perform
inference on the whole system as if it were a 3n-node
system. Then, we aggregate the cross-node interactions:
For each pair of nodes, say i and j, we use the largest
inferred coeflicient between any degree of freedom of node

1 and any degree of freedom of node 5 as az(-j-). We perform

the same procedure to determine ag’,)c

In Fig. 3, we show that our method performs well
even for chaotic dynamics and nodes with more than
one dimension. Each ROC curve corresponds to a
different five-node hypergraph generated using XGI’s
random_hypergraph function [60], with a probability of
0.5 for both 2-edges and 3-edges. For each hypergraph,
we use 10 independent time series for the inference, each
consisting of 150 time steps with a step size d; = 0.01,
and we approximate the derivatives through finite dif-
ferences. The time series are all initialized within a hy-
percube of side length 0.7, centered at a random point
chosen uniformly from [—1,1]". For most hypergraphs,
we can reach over 80% TPR with less than 20% FTR.
The performance can be further improved if we use more
data points, optimize hyperparameters such as the sam-
pling box size, or calculate the derivatives directly from
the underlying Lorenz equations.

We note that for THIS, the existence of higher-order
interactions could mask the existence of lower-order in-
teractions. This stems from an unavoidable drawback of
relying on the Taylor expansion: Higher-order interac-
tions also contribute to lower-order Taylor coefficients.
Indeed, the existence of interactions of order p implies
that the corresponding coefficients of order lower than p
can be nonzero as well. In other words, when a p-edge e



% 1.0
Q_ Subject #41
0 Run #1
»nc
+-2 0.8 Subject #39
E O Run #1
S0
w o
E "é’ 0.6 4
(o]
ST
=
T o 0.4
Yo
c < )
+ M Subject #97 5
5 > Run #2 EUbliCZI #1
=2 0.2 un
co
=]
o c
E®
= 0.0
<z : . . . .
o All 5% 35% 65% 95%
Percentile

FIG. 4. Higher-order interactions play a significant role in shaping macroscopic brain dynamics. Left panel: The
percentage of dynamics (i.e., derivatives) contributed by the inferred triadic couplings, ps:. See Eq. (4) for the mathematical
definition of ps . The left-most violin shows the distribution of p, : aggregating all 218 time series s over all time t. The five
other violins show the distribution of ps + for one time series each. The time series displayed are the ones whose median ratio is
at the 5, 35, 65, and 95 percentiles, respectively. Right panel: Illustration of the seven brain areas and the six most frequently
inferred 3-edges (they all appear in about 73% of the 218 inferred hypergraphs). Interestingly, the top six hyperedges are all
pointed towards area 1, which roughly corresponds to the prefrontal cortex (Supplementary Fig. 7). This makes sense because
the prefrontal cortex is highly interconnected with the rest of the brain, known to be involved in a wide range of higher-order
cognitive functions, and considered one of the key information processing hubs in the brain [59].

is present in the hypergraph, THIS will likely infer some
lower-order edges contained in e even if they did not ex-
ist, potentially leading to false positives. Despite this
limitation, THIS performed well in our benchmark with
random hypergraphs (Fig. 3). We will discuss practical
strategies to mitigate this issue in the Discussion section.

How important are higher-order interactions in
shaping macroscopic brain dynamics?

An important special case of the hypergraph recon-
struction problem is the following: Given time-series
data, can we tell whether networks are adequate to cap-
ture the observed dynamics, or are higher-order inter-
actions truly needed? Answering this question has im-
portant applications in neuroscience: Although different
brain regions are mostly connected through (pairwise)
anatomical axons and nerve fibers, the release of neu-
rotransmitters can potentially induce higher-order inter-
actions among neuronal populations. So how important
are non-pairwise interactions in shaping the macroscopic
brain dynamics?

Below, we apply THIS to reconstruct the effective con-
nectivity between seven brain regions using resting-state
EEG data from 109 human subjects. For each subject,
two independent recordings were collected, giving a total
of 218 time series (see Methods section for details of the
analysis protocol). In order to limit the computational
burden, we restrict our focus to second and third-order
interactions. Interestingly, we find that non-pairwise in-
teractions account for more than 60% of the EEG dynam-
ics, and this is robust across brain regions and individual
subjects.

To measure the amount of dynamics that is explained
by triadic interactions for time series s, s € {1,...,218},
at each time ¢, we compute the relative contribution of
the triadic coupling terms to the derivative. Namely, if
d(gzz) ; and &(932 ;1 are the inferred adjacency tensors for time
series s, we compute, for each time step ¢, the third-order
contribution ratio
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We then sort the time series according to their median
ratio (calculated from p, ; using all time steps). In Fig. 4,
we show the distribution of ps;. The left-most violin
plot shows the distribution of p,; aggregated over all
time series and all time steps, whereas the other violin
plots show the distribution for individual time series from
different percentiles (ranked by their median ratios). Our
inference results are robust and consistent across different
subjects: For the majority of the time series, between
60% and 70% of the dynamics are attributed to triadic
interactions. The right panel of Fig. 4 shows the six most
prominent hyperedges inferred by THIS. Interestingly, all
of them involve the prefrontal cortex, which matches the
expectation that the prefrontal cortex acts as a major
information processing center in the brain [59].

Our finding raises the question about the neurologi-
cal basis of higher-order interactions in the brain. Some
potential mechanisms for creating nonpairwise interac-
tions among neuronal populations include heterosynap-
tic plasticity, ephaptic transmission, extracellular fields,
and metabolic regulation [61, 62]. It is worth empha-
sizing that the goal of THIS is not inferring functional
connectivity or structural connectivity. Instead, we are



inferring effective connectivity, in the same spirit of the
dynamic causal modeling paradigm [28]. Even from
purely pairwise structural connectivity, nonpairwise ef-
fective connectivity can naturally emerge (e.g., through
coarse-graining).

We note that currently there is no consensus on the
relative importance of pairwise versus nonpairwise in-
teractions in shaping the macroscopic brain dynamics
[63-70]. Due to the intrinsic complexities of the brain,
different methods applied to different neurophysiological
datasets can easily lead to seemingly contradictory re-
sults. For example, a recent work [67] supports the hy-
pothesis that linear auto-regressive models provide the
best fit for macroscopic brain dynamics in resting-state
conditions both in terms of one-step predictive power
and computational complexity. This hypothesis was val-
idated on both iEEG and fMRI data. Ref. [70], on
the other hand, supports the existence of higher-order
interactions based on partial entropy decomposition to
resting-state fMRI data from human brains. Their study
also suggests higher-order interactions encode significant
bio-makers that distinguish between healthy and patho-
logical states associated with anesthesia or brain injuries,
and they mirror changes associated with aging. Further
studies are needed to clarify the role of higher-order in-
teractions in the brain. We hope our inference method
can provide a new tool and a novel perspective on this
important open question in neuroscience.

DISCUSSION

The hypergraph reconstruction problem considered
here is a special (but very interesting and important)
case of data-driven equation discovery. Instead of infer-
ring the full equations, we only aim to determine which
variables are linked (i.e., inferring the hyperedges). Be-
cause we only need to know the causal relationship among
the variables, our algorithm is much less sensitive to the
choice of the nonlinear feature library (when applying
SINDy to infer the full underlying equations, it is crucial
to have the correct terms in the library). This allows
us to work with interconnected dynamical systems in a
model-free fashion that is currently out of reach for stan-
dard equation discovery methods.

The main strength of THIS is that it can perform ro-
bust hypergraph inference with minimal prior knowledge
of the underlying system—we only assume that it can be
modeled as a set of coupled differential equations. De-
spite the system-agnostic nature of the method, we also
can incorporate additional information about the system
as it becomes available. For example, if we know that the
underlying hypergraph is a simplicial complex, then we
can utilize the downward inclusion condition to automat-
ically infer all the lower-order interactions, circumventing
one of the limitations of THIS. The same is true for hy-
pergraphs for which no lower-order interactions overlap
with higher-order interactions (i.e., anti-simplicial com-

plexes and, to first approximation, uncorrelated sparse
hypergraphs). Also, if one knows the coupling functions,
then they can be passed onto the SINDy algorithm to
improve inference.

The price to pay for THIS’s generality and flexibility is
that the sampling area for data needs to be well-balanced.
Namely, the area should be large enough to adequately
explore the system’s dynamics (i.e., go beyond the lin-
earizable region) but also not too large in order to pre-
serve the accuracy of the Taylor approximation. As long
as this balance is achieved, THIS is fully flexible in terms
of where data came from in the state space. In our experi-
ments on Kuramoto and Lorenz oscillators, we found that
this balance can be achieved for a wide range of sampling
box sizes (Supplementary Fig. 6). A practical strategy
for picking the right box size is the following: Instead of
guessing one using intuition, we can test the algorithm
over a wide range of box sizes and find the plateau for
which the predictions stay stable. Moreover, we often
have partial information about the connectivity in many
applications. For instance, in the context of predicting
missing links [71], the majority of the (hyper)edges are
known. We can utilize this information and tune the box
size to maximize the match between the inference and
the ground truth for the known (hyper)edges.

There are several promising directions to further im-
prove our method in the future. First, the size of the
monomial library increases rapidly with the dimension of
the system. Currently, THIS can handle systems with up
to about 20 nodes. Future studies have the opportunity
to refine the monomial library (e.g., through the library
bagging technique [72]) and improve the computational
complexity of the algorithm. Second, we can make THIS
more robust against noise by taking advantage of the re-
cent advances in SINDy algorithms, most notably the
Ensemble-SINDy approach [72]. Third, in many applica-
tions, one often has to work with partial measurements.
In those cases, it would be important to combine THIS
with data assimilation techniques (e.g., ensemble Kalman
filter [73]) to tackle missing variables. We hope this work
will further stimulate the development of hypergraph in-
ference methods so that we can leverage the torrents of
time-series data gathered in diverse fields (neuroscience,
genetics, sociology, etc.) to uncover previously hidden
(higher-order) interactions in complex systems.

METHODS
Implementation of SINDy

In THIS, SINDy is implemented with a library of N
monomials:

2
D ={1,21,22, ..., T, T], T1X2, T1Z3, ...,

2 .3 .2
Ty L], XIT2,y vy T1T2T3, T1T2TA, ...} -

The purpose of SINDy is to find a parsimonious
model that best explains the time-series data X =



{z(t1),z(t2), - ,x(tx)}. The basic idea is to solve the
matrix equations

x;=D(X)v;, i=1,---,n (5)
with sparse, N-dimensional column vectors v;. The
n matrix equations (one for each node) are indepen-
dent of each other and can be solved in parallel. Here,
Xi = [i‘i(tl),i‘,‘(tg), s ,ii(tK)]T is a K-dimensional col-
umn vector consisting of the derivative of z; at different
time points t, (either given as part of the data or inferred
from x;). Each column of the K x N matrix D(X) corre-
sponds to a monomial of the variables, whereas the rows
encode different time points. In solving the matrix equa-
tion, we want to balance the goodness-of-fit (i.e., mini-
mization of the mismatch between %x; and D(X)v;) with
the sparsity of v;, which is achieved by performing se-
quential thresholded least square regression on Eq. (5).
After solving the optimization problem, each nonzero ele-
ment in v; is linked to a monomial from the library, which
can in turn be used to infer the existence of hyperedges
pointing towards node 1.

Analysis of the EEG time series

We apply THIS to the resting-state time series from
the dataset reported in Refs. [74-76], consisting of 109
subjects, each with two independent recordings. Each
recording lasts one minute, with a sampling rate of 160
points per second. For each inference, we start with a 64-
dimensional signal obtained from 64 sensors distributed
across the scalp (Supplementary Fig. 7). For the sake
of tractability and noise reduction, we divided the sen-
sors into seven groups according to their proximity and
took the average within each group, reducing the 64-
dimensional signal to a 7-dimensional signal (Supplemen-
tary Fig. 7). Each dimension captures the macroscopic
dynamics of one of the seven brain regions. To facilitate
approximating the time derivatives through finite differ-

ences (i.e., @;(tr) = (x;(tp+1) — x:(tr))/At), we apply a
low-pass filter to the 7-dimensional signal, keeping only
part of the signal whose frequency is below ~ 5[Hz]. Ad-
ditionally, we normalize the time series so their standard
deviation is 1. This last step is important because hav-
ing variances much larger or smaller than 1 induces large
discrepancies in the order of magnitude for the monomi-
als of different degrees, rendering SINDy’s thresholding
ill-conditioned. Finally, as THIS is valid in a restricted
domain of the state space, we apply it only to the 1000
data points that are closest to the median. With the
above protocol, we were able to achieve an average rel-
ative fitting error below 50%. We also tested applying
our algorithm only to the 34 time series with a relative
fitting error below 20%, and the results remain qualita-
tively unchanged.
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I. NETWORK INFERENCE, ARNI VS. THIS

Here, we compare ARNI [41] and THIS using synthetic data generated by Kuramoto oscillators on random graphs.
The ROC curves are shown in Fig. 5 for THIS (top left) and ARNI with five different function bases. The different
curves are colored according to the length of the time series used (the darker the shorter). We see that with suitable
basis functions, ARNI can perform as well as THIS, but a non-ideal choice of basis functions significantly reduces

ARNT’s performance.
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FIG. 5. Comparison between ARNI and THIS on the task of inferring pairwise interactions. Each panel shows the
ROC curves for the inference of the adjacency matrix, based on a time series generated by seven Kuramoto oscillators coupled
through an Erdos-Rényi random graph (p = 0.5). The same time series are used in each panel. Each curve corresponds to a
different length of the time series (the darker the shorter), ranging from 8 to 80 data points. Each point is sampled uniformly
from a box of size 1.5 (radians) centered at the origin and the exact time derivative is computed from the ODE at each time
point. The top left panel is our method, the others are ARNI with the five main function bases proposed in Ref. [41]. Namely,
polynomial basis, polynomial basis of differences, Fourier basis, Fourier basis of differences, and power series basis (see [41] for
details). Our method achieves similar performance as the best version of ARNI, but much better than ARNI with a non-ideal
basis (there is no way to know which basis is better a priori when using ARNI). Moreover, while we focused on inferring pairwise
interactions here when using ARNI, we made the task harder for THIS by allowing it to infer third-order interactions as well.



II. TUNING THE BOX SIZE

As mentioned in the main text, THIS requires the time series to be sampled in a domain large enough to sufficiently
explore the dynamics, but not too large so as to preserve the accuracy of the Taylor approximation. In Fig. 6, we
show the AUC of the inference as a function of the size of the sampling domain. We observe that there is a wide
range of box sizes for which THIS performs well. For the sake of comparison, we tested ARNI with the same data
and found that the box size does not influence its performance.
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FIG. 6. Quality of the inference with respect to the size of the sampling area. The AUC is the area under the
ROC curve for the inference (1 means perfect inference while 0.5 means performance comparable to random guesses). For each
box size, we generate ten hypergraphs with Kuramoto-like dynamics. For each test, the inference is performed with 100 initial
conditions and perfect measurement of the time derivatives. For THIS (pink), we see a trade-off between a box that is too
small to accurately represent the dynamics and a box that is too large to admit a faithful Taylor approximation. For ARNI
(green), the box size does not influence its performance.

III. SENSOR PLACEMENT AND SIGNAL AGGREGATION

Fig. 7 shows the location of 64 sensors on the scalp, and their aggregation into seven groups, inside which the time
series were averaged before the inference.
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FIG. 7. Location of the 64 sensors for the EEG measurements. The colors indicate the seven aggregation areas used
in our analysis.
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