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NPOBJEMBI HEPEJAYN NHOOPMAIINN
“Tom XXIII 1987 B, 3

VK 621.391.15

YHUBEPCAJIBHOE IIOCJEJOBATEJbHOE ROAUPOBAHUE
OTJEJBHBIX COOBIEHIN

fImapvros 10. M.

BBefieHo moHATHe U3GHITOYHOCTH KOAUPOBAHUA OTHEABHBIX COOGIIEHHIL.
Ipepnoxen Meropy KOAUPOBAaHHS, 00ECHEUMBAIIIUA DPABHOMEDHOE OIpDAaHM-
9eHWe 9TOH u30BITOYHOCTH [JIA BCeX COOOIIEHMA HA BHIXOJe HCTOYHHKA
¢ HeWsBECTHOH crTaTucTHKOM. [ 5TOro jKe KPUTEPHUA MCCIETOBAHBI
BOBMOKHOCTH IOCJIE/[0BATEIBHOI0 KOAUPOBAHUA COOOLIEHUH, B TOM 9THCIE
¥ Ha BHIXOfle MCTOYHHKOB C HEW3BECTHOH crarmcrukoit, Ilosyuensl Bepxmme
ONEeHKM WH30BITOTHOCTH MJSI HCTOYHUKOB 0€3 IaMATH, MapKOBCKHUX Ielei
M Pa3THYHBIX MHOKECTB MAPKOBCKHUX HCTOYHUKOB.

§ 1. Beegenne

ITyets A n B — puckpernsie andaButs m3 m=2 Oyks u d=2 CHMBOIOB CO-
orsercteenno; A" k=1, 2,...— MHOMKecTBO Bcex m" mocJIeq0BATeJILHOCTEMH
‘of=a,...a, u3 k 6yrB andasura A; p(a'|®)— BepoATHOCTH mOABIEHUA o HA
BBIXOJl¢ HCTOYHHKA O @y, — OJHO3HAYHO JEKO[UPYEMbIi d-UUHBIH KO, KAKIOMY
Onory a"€A™ craBamuii B cooTBercrBHe €a0Bo ¢ (") us L(o"|@.) cuMBOIOB
axdasara B. «Cpenasisy M30bITOYHOCTD KOMUPOBAHUA MCTOYHUKA © OJOKOBBIM
KOJIOM @, OIIPEJIeIACTCHA BeANYNHOL

(1) rn((Pny @)znﬁl{Em[L(anlq)n)]—Hm(An)}

nian
o' (P, @) =1u(@n, @) [T Ho(A™) —Ho | 21 (@n, 0),

e Eo[L(a"|@.) ] — cpennee 3navenue L(o"|¢,) na pacupejerennn {p(a"| ),
€A}, Hy(A")— d-uunas suTponus sToro pacipejeienusd, a H,=lim [n='X
XH,(4") ], n—>oo. H, u coorBeTcTBeHHO 1" (@n, ®) ONPEIEIEHBI VI BCEX CTa-
[HOHAPHBIX I HEKOTOPHIX HECTAIINOHADHBIX HCTOUHUKOB, & 'y (Qn, ©) — [UIA 1IPO-
H3BOJNBHBIX aHCAMOJIell COOBIIeHNMI.

B 3ajavax yHuBepCalbHOI0 KOJHPOBAHMS MCTOYHUKOB C HEM3BECTHON cTa-
THCTUKOI OOBIYHO PACCMATPUBAETCH MHOMKECTBO {2 MCTOYHUKOB, NIA KayKI0oro
aJIeMeHTa » KOTOPOTO u3BeCTHHI pacupefenenus {p(a*|w), a*€A® k=1, 2,...},
2 9PPeKTUBHOCTH KOIa XAPAKTEPUBYETCS BEIMUMHON 'y (n, Q)=sup{r." (@,
0), 0€Q} u ee ormmunem or r,’ (Q)=inf {r."(¢,, Q), ¢.€D,}, rre @, — muo-
JRECTBO BCEX OJHOBHATHO JEKOAHPYEMBIX KOJOB ¢ m" wim Gosiee cioBamu. AHa-
Jormyo BBOAATCA 1 (@n, Q) u r.(Q). IlocmenoBareasHOCTs KOZOB {§n, N=
=1, 2,...} HassBaeTcs yHHBepcaIbHO i Q, ecad r, (@, Q) crpeMurcsa
HYJI0 ¢ POCTOM 1, W ACHMITOTHIECKH OITHMANBHOM, €CIN IIPH 3TOM OTHOIIe-
gie 1. (@, Q) /r."(Q) crpemutes x 1.

B macrosmeii padote mCHONb3yeTcss KPUTepHil MARCUMAJIBHOR (a He cpefi-
Hefi) mabsirounoctu [1—3]. IlpuMenurenbHo K 3TOMY KPUTEPHIO HCCIETYIOTCA
BO3MOJKHOCTH ITOCIEI0BATENHHOTO KOfupoBanus (cM., Hampumep, [4—6]) B yc-
JIOBUAX KAK U3BECTION, TAK M HEU3BECTHON CTATHCTHRI.

Hmxe log z=log, z, exp z=d~, [x] — MuBUMaIbHOE I(E]I0E YHCIO, HE MEHB-
mee z, a'f’ — mocaegoBarensuas (Ges mpomycka) sanuch o'€A4’ m BIEAY



§ 2. N365ITOYHOCTh KOXHPOBAHUA OTJEIbBHBIX COOOINEHMIT !

Benmunny —log p(a"|®) ecTecTBeHRO TPAKTOBATH KaK KouamuecTBO MHPOP-
Malum, cofeps;Kalieiicad B 6JOKe " Ha BBIXOjle MCTOYHHKA @ (CM., HANpEMeD,
[7]). Torma

(2) p(a"|@n, @) =n""'[L(a"|¢@,)+log p(a"|w) ]

— UB6LITOYHOCTL KOOUPOBAHUR 6A0KA o HA 8bLL00e UCTOUHUKA © KOOOM Qn.
B caygae, Korfla ® — IIPOM3BOJBHBIN dIeMEHT MHO}KecTBa 2, BBEJEM

(3) p(a"| g, Q) =sup {p(a’|gs, ©), 0EQ}=
=n""{L(a"|@.)+log p(a"|Q)},

re

(4) p(ar|Q)=sup {p(a"|o), 0€Q}.

Bynem oumenuBaTh KOAHpOBAHHE MAKCHMYMOM «MHIUBHIYaJIbHOI» H30BITOIHO-
cTH

(5) Pn (@, Q) =max {p(a”|@., Q), x"€A"}
H ero orJngyuem OT
(6) o (Q)=inf {p.(@., Q), ¢.€D,}

(71 MCTOUHMKOB ¢ M3BECTHON CTATHCTHKON Q=0, pn (Q., Q) — Marcumym (2),
a 0. (Q) menpmie 1/r). Cornacno onpenenennto r, (., Q), (1), (2) n (5), mas
JII00BIX KOMla @, W MHORecTBa Q

rn((Pm Q)=SUP {Ew[p(anlq)na )], (069} <pﬂ(q)ns Q)

Hu COOTBETCTBEHHO

(7) r(Q)<p.(Q).
Teopewma 1. [as 106020 mHoNcECTEA UCTOUHUKOE Q
(8) pn(Q)=n""log S.(Q),
2de
©) $.@= Y pE"|),
OcneAn

u cyuecrsyer 00nosnauno dekodupyemvili Kod @' (Q) ¢ Jaunamu ko0osvix
ca08

(10) Lio" |, (Q)]=Tlog S.(Q)—log p(a"|Q) 1,

das KoTOpo2o

(11) P (@a", Q) <n~'[log S,.(Q)+1]1<p,.(Q)+1/n.
HoxasareancrBo. Cormacuo (4) u (8),

(12) g.(a"|Q)=p(a"|Q)/S.(Q)

— pacnpefienenne BeposaTHocTeil na A". II0CKOIBKY MHOKECTBO JJIUH KOJOBBIX
CJIOB J1000T0 OJ{HO3HAYHO [eKOJAMPYEMOTO KOAa ¢, YAOBIETBOPSET HEPABEHCT-
By Hpadra, maitmercs no KpaiiHeii Mepe ofuH OJOK «”, i KOTOPOTO
exp {—L(a"|¢n) }<¢.(a"|Q), n u3 sroro mepasencrsa, (3), (5) m (12) cpasy
ciaenyer (8). C mpyroil cTOpOHbBI, MHOKECTBO JIHH KoxoBHX ci0B (10) yoB-
nerpopsietr nepapenctsy Kpadra m ma (10), (3) m (5) cpasy momywaem (11).
Teopema morasana.

Rox @, (), ynosaerBopsronyuit (10), HazoBeM KOJ0M MAKCHUMAJIbHBIX Be-
poaruocteit uian MB-romom (B [1—3] mcmonpsoBasicss TepMUH «KOMBI MAaKCH-

! OcHoBHOe copiepskanue Toro naparpada usiaoeno B padorax [1—3].



MaJbHOTO TpaBfonofodus»). Oun ompeneien A JWOOKX R H TPOU3BOJLHBIX
MHOKECTB HCTOYHIKOB — CTAIIOHAPHLIX U HECTANMOHAPHBIX, TTapaMEeTPUYECKIX
¥ HemapaMeTPUIECKUX, 3aaBAeMBIX CITUCKOM, H T. . Ecan Q cogepxur epun-
CTBEHHBIN deMeHT, 10 S, (22)=1 u MB-rox cosirajjaer ¢ X0poiro M3BECTHBIM
rozoM Illennona — @ano.

Iyers Q — mapamerpiryeckoe MHOKeCTBO, 3ajaBaeMoe ofJactbio © 3uave-
HILII HEM3BECTHOrO BEKTOPHOTO Mapamerpa 6, a 6 (o) — omenka MaKCHMAaJIbHOTO
Hp&BJlOHOJJ,OﬁI/I;I pasg O (¢ yuerom obmactm ©). Torma p(a"|w) =p(a"|0)
pla |Q)=pl[a "|6(oc )]. Cymma p(a”|6(a™)) mo BeeMm o ¢ 3amaHEBIM B(a")-—

=0, paBua p, (0,|0©) — MaKCIMAIBHOIl BEPOATHOCTH HONYIEHTA OMEHKH . Ilo-
3TOMY

(13)  S.(Q)=5.(0)= .5, (8:]6) < (n,0)

(cyMMupoBanme BHIIOIHAETCA 1O BeeM A°(n, ©) pasnuIHbIM OLEHKAM, CyIie-
CTBYIOIUM TIPH 3a/laHHbIX & U O) u

pn(8:]0)  p(an|6,)
Sn(ﬁ) Pn(bolen

rae 0,=0(a"), mMepBEIi COMHOKHTEIb — BEPOATHOCTH BHAa (12) Ana omenkm
B, (ca. (13)), a BTOpOit — BePOATHOCTH TOABIEHHs 0" IPH YCIOBHH, UTO 3afa-
Ha ouenka 0, Taxum oOpasom, rogoBoe cioBo MB-Koma MokHO OPe/iCTaBUTH
B BHUJle II0CJIE/(0BATENBHOCTI KojloBoro ciaoBa MB-ropa pas ounenkm 6(a”) m
KOJIOBOTO cJIoBa [ onucanus o mpu 3aganaoM 0. [locaennee ocobenno ymoo-
HO, ecam i O CyLiecTByeT [{OCTATOYHAS CTATHCTUKA H COOTBETCTBEHHO BTO-
poil COMHOKHUTENh He 3aBHCHT 0T ©. 3aMeTHM, YTO JOCTATOYHBIE CTATHCTHKH
HEOJHOKPATHO KCHOJb30BAJIUCH IIPA IMOCTPOCHUH YHWBEPCAIbHBIX (IO KpHTe-
pumo 1" (Qa, 2)) KOMOB.

ITpusememM mpuMepsl BHIYHCIEHHUS U MOJIYIeHUS OHeHOR S,(2) cBepxy. O1-
MeTHM, YTO OIIEHKA TOH CYMMBI ¢ TOYHOCTHIO 10 IIOCTOSTHHOTO MHOKHTeNsA ¢>1
yBeJIMYUBaET OLEHKY P, () Menee uem na (1+log ¢)/n.

IIpumep 1. MuoskecTBy BCex M-HYHBIX MCTOUYHMKOB 0e3 MaMATH COOT-
BerctByer (m—1)-mepnbiii cumiuieke 0,™ pacupepenennit 0=(0y,..., 0,) HA
A, A KOTOPOTO

(2" |Q) =

(14) 5,0 = Y CHSP,  n=m, -

k=1

rae
n—k+1

o s B e (o) s < ()
(15) S = C. " 1 - Say’ < T2 \2
I'(z) — ramma-Qynxmus, a S;V=1 gua scex j=1. [loscanm, uro S,® — cymma
p(a"|©,™) mms Bcex GioKOB o, cofepsKaINuXx k ompefeleHHBIX OYKB aldasu-
ra A. Ilockounsky % pasamunbix OVKB MOKHO BHIGpats C,." cmocobamu, oTCOIa
cpasy ciaenyer (14). CpaBHETeIBHO IPOCTO BBIBOTHUTCA W PeKYyPPEHTHOE BHIpa-
smenne B (15). ITocie storo mepaBexcTBo B (15) fokasbiBaeTcA HHAYKIEE
1o k.

Orpanmuenue obmactu smadenuii 0 mioGoit (m—1)-MepHoil, He 3aBHCcAIIeil
oT n, obracteio O=O,™ ymenbmaer S, He Gomee yem B ¢(O)=const pas u He
H3MEeHSeT aCHMITOTHYECKOe TOBEJEeHNE O, HO TPH MAJbIX 72 BO3MOKHBI 3HA-

gATeNbHbIE pasnmuusa (HATIpUMep, ecau O olpejensercsa HepaBeHCTBOM 0,= ...
. =0m, TO

5,(0)=1-'+2-"+ ... +m~'<In m+C+1/(2m),



roe. C=0,577 ... — nocroannasa diuiepa, B T0 BpeMa kak S,(0,")=m). Ecau
e O — odpeuHenue obsmacreil paamepHocTH z<<m,—1, rme m,<<m (manpumep,
J000ft HCTOYHUK HCHoNb3yer He Goiee mo OYKB 13 A), TO IJIABHBIA WieH W3-
OBITOYHOCTH HpOIOpIuHoHaNTen mo—1, a ve m—1.

IMIpumep 2. Ecin Op — MHORECTBO HCTOYHHKOB 0e3 MaMATH C Iyacco-
#OBCKUM paciupesenenuem p(a|0)=0"exp {—0 log e}/a! Bepoaruocreit nosse-

Husa OyKB a cuernoro andasura A={0, 1,2, ...} u 0<<0<0,, 10
o e i e "% (nh,)* 2n0
R N Y )
i=0 : T=ig+1 :

T7ie i, — exas gactsh nby, 0,82<c(nb,)<1.

Has onenru p,(Q) u S, (Q) MOKHO HCIOIB30BATH HE TOJIBKO MPAMBIE BBI-
gucsenns, Ho I HepaBencTBa. Hampumep, S,(Q) <S,(Q), ecin Q'<Q. Tax sxe
IIPOCTHI U JIPYTIIE OTeHKIL, _

CregcrBue 1. Fcau Q— ob6wvedunenite nodmmoncecre Qi i=1, M, 1o

(16) 0=<<p,(Q)—max {p.(Q), 1<is<M}<n '(1+log M).

CrpaseTBOCTH HTOTO YTBEPSRIEHIIA CIeIyeT N3 HePABEHCTBA

M
p(a"]|Q)= max p(a™|Q:) < § P (o™ Q)< M max p(a"|Q;)
1isM it 1<isM
¥ TAKOTO ;Ke HepaBeHCTBA MiIA cyMM S,(Q) u S,.(Q;). B uactuoctn, ecim Kaxk-
Joe £; cOjIeP/RIT eHHCTBEHHBI 91eMeHT ®j, TO

L{a| ¢, (Q) ]<min {—log p(a™|w,), 1<i<M}+log S.(Q)+1,

e S.(Q)<M u p.(¢.’, Q)<n~'(1+log M) (monobuas Koucrpyruus mias M
HCTOYHNKOB yIoMuHajach B [8]).

ITyers nast mioGoit maper pacnpenerenuii Q,={q(a")} n W,={w(a")}
Ha A"

(17) R(o"|Qx, Wa)=q(a") [w(am),

a ecnn w(a™)=¢g(a")=0, o R(a"|Q,., W,) npuanmaerca pasasim 1. Munrm-
MYM 3TOro OTHOIIeHHA 1O BceM a"€A™ me mpesbpimaer 1, a MakcuMyM — He
menbire 1. [Toatomy u3 (12) crexyer, 9To 1ss mponssoabuoro W,

(18) min [p(a"|Q)/w(a") 1<8S,(Q)<max [p(a"|Q)/w(am) ],

rjge MUHUMYM ¥ MaKCUMyM ompejenserca Ha Beex a"€4". 910 HepaBeHCTBO
Oymer UCIoJab30BAH0 HUHKC.

MB-konsi, ¢ To4HOCTHIO MO0 1/ MEUHHUMH3HpYIONIMEe MAKCUMAIbLHYI0 H30HI-
TOYHOCTDh KOJUHPOBAHUA OTAEIBHBIX COOOM{eHNIl, HEPEeJKO ACHMIITOTHYECKH OX-
TAMAJBHBL W 1O KPHTEPHAM CpejHell H30BITOYHOCTH T'n(QPn, Q) # 7 (@n, Q).
JIs psina BasRHbBIX caydyaes IoCJejiHee yTBepente fokasano B [9—11], a qus
OTHOTO RJIacca KOMIAKTHBIX TlapaMeTpuvyecKux Muoskects —B [12] (mpepmio-
skennble B [12] womel mpaktudecku coBmajgawT ¢ MB-rkomamu masa cooTBerct-
BYIOIIUX MIo;iecTB). B To jKe BpemsA [iA ompeaeieHHsA [UIMH KONOBBIX CJIOB
MB-koma 10¢TaTOYHO BBIYHCIMTL WM OIEHHTHh cBepxy smHavenusa p(a"|Q) m
S, (), 9T, KAk TPABWIO, 3HAYHTENBHO IIPOIe HAXOMKIeHUS KO, MUHUMMI3N-
pytouiero r, (¢, Q) mwn r," (@, Q).

§ 3. llocaenosarensHoe KOTUPOBAHME

ITpoGiema KOAMPOBAHHSA COCTOUT B BhIGOPe Kak MuosectBa L,={L(a"|@.),
a"€A"}, tak u cmocoba mocrtpoenus ciaoB ¢(a”) mmuael L(o™|@.), obramgarwo-
mux cBoiictBoM pasgesumocTu. OUH U3 MOAX0T0B K peIlleHuo MocjieHei 3a-
flaud — IpHMeleHue KoioB Junaileca myiu ['maGepra — Mypa B coderanmu ¢
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(IPUHIATIOM NPUOIMKeHABIX apudMeTHUeCKUX BBIUHCJACHU (CM., HATIPAMEp,
14—6]). JIo6as peanusanms TaKoro Koja OIpeeIsaeTcs HOCIe[0BATEIbHOCTHIO

«pacupeferenniny W,={w(a*), a*€4* k=0, 1, 2,...}, cormacoBaHHEIX B TOM
CMBICIIe, UTO

(19) 2 w(cte)<w(a*), VoreA*

agA

(rakmm oGpasom, cymma w(a*) mo Becem a*€A* mosmer ObiTh Menbme 1). Komm-
pOBaHWE W JIEKO[UPOBAHNE BBIMOJHIIOTCA MOCIE0BATEIbHO, 10 Mepe MOCTYII-
Jenns OYKB COOGUICHHA U CHMBOJIOB KOOBOTO CJOBa coOTBeTCTBeHHO. «Texy-
utasy mamHA Koosoro caosa L(a”|@) (4mcmo cumMBONOB, BRIBE/IeHHBIX M3 KOJe-

pa mociie mepBeIX & ATAMOB KOAHPOBAHHA) B IEPBOM NMPUOJIUKEHHH YIOBIETBO-
pAeT HepaBeHCTBY

(20) L(a*|@)+log w(a?) <AL, AL,=const,

o He sasucurt ot n. [losromy B (20) u ganee Konupt duaiteca u ['mabepra — Mypa
o0o3navaioTca uepes ¢ 6e3 MHEKCA JIHHBL OJOKA.

IIycrs m3 rakux-améo cooGpaskenuil BBIOPAHO MHORECTBO JJIUH KOIOBBIX
caos L,'={L,' ("), a"€A"}, ynosiersopsomee nepasenctsy Kpadra co 3ma-
KOM paBeHcTBa (IIOCie[Hee YCJIOBHE BBEEHO TOJBKO s mpoctorsi). llomo-
#uB w(o™) paBHBIMI

(21) g.(a")=exp {—L'(a")},

moxyumyM, coraacHo (20) u (21), 4To JIMHBI KOMOBBIX €08 KoAa Jiaileca mim
TunGepra — Mypa ynosaerBopsior nepasenctsy L(o"|@)—L (a") <AL, A pusa
obecmeuenus cormacopannoctu (19) npu Bcex k<<n jpocrarouno B3ate w(ot)=
=g.(a"), Tre

@) an(@= Y, a8

— MapTUHAJIbHOE pachpefeleHHe HAa TePBBIX k OyKBax OTHOCHTeNbHO (),
={q.(a"), a"€A"} (cymmumpoBanue BbimogHsAercA 10 B *€A"*). Tarum 00-
PasoM, ojiHa W3 OCHOBHBIX 3a7a4 peajmsaluil OJOKOBBIX KOIOB Jiaiieca wid
T'nadepra — Mypa — opranusanus BBHIYHCICHUS WIH XDAHEHHS pacipeesie il
{g.(a?), a*€A*}, k=1, n, mam ycaosusix BepostHocTeill O, (a|a*)=g.(ata)/
lg.(a?).

TlociemoBaTenpublil XapakTep IPeodpPa30BAHUI TO3BOJAET HUCIOJH30BATH
roppl dmaiteca min I'miabepra — Mypa [as KogupoBaHNUs T0Ty0eCKOHETHBIX TO-
cJejoBaTesLHOCTEIl: TOrNA, KAK HpPaBUIO0, BAasKHO, YTOOB IPH KajkIOM 72 TEKy-
mas [inHa KOjoBOoTo cyoBa L(a™|(p) KAk MOMHO MEHBIIE OTJIHIANACH OT
mmuner L' (o") BeIOpamnoro (A paccmartpuBaemoil samadn) wopa. Wmorma me-
00X0[UMO KOJIPOBATH IIOCHEI0OBATEIbHOCTH (TOYHEE — MOJIIOCIeI0BATEIbHO-
ctu) sapamee memssecTHOH mamnel (cm. § 5). B obomx cayuasx sajmaua pea-
Jmsanun Komos Juaiteca mam ['mabepra — Mypa cBopurcs K BoiGopy pacmpe-
nenenuss W={W,, n=1,2,...}, cormacosannoro B cmsicie (19) ma BCcex
COOOIIeHUAX KOHEUHON JIMHBL I npn M000M 7, KaK MOYXHO MEHbIlle OTINYAI0-
merocsa ot Q., rae Q={Q,, n=1,2,...} xapaxrepusyer BbIOpaHHBIII MeTOJ,
Konmposarus (em. (21))

Ecan Q cormacosanno, o W=(Q. Ho Q pmanexo He Bcerma objamaer 9THM
CBOMICTBOM: ero, HAIIpUMep, He TapaHTHPYeT «pPeryIsapHOCTHY Koja, KaK 3TO
yrBepixaaercs B [12] (wop massam perymspubim, ecim L' (o'a) =L (a?) mas
a00bix o*€A4% a€A u k=0, 1, 2,...). A B8 mporuBuom cayyae pasiudue W m
Q memsbesxmno. U3 (17), (20) u (21) caemyer, uro mpu a06oM n

(23) L(o™|@)—L (™) <log R(a"|Qn, W,)+AL.
Ilostomy Gymem ouenuBath pasziamame W m () MaKCHMYMOM JOIOJHHUTENHHO
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BHOCHMOIT m36bITOgHOCTH (CM. § 2)
(24) Ap.=n""'log {max R(a"|Q., W,), a"€A"}.

Onpepenenne HCKOMOro pacmpefieieHus W dKBHBAJIEHTHO BHIOOPY YCIOB-
HEIX BeposrHocreil O (a|a’). Jlodoit ¢pynriun g(a'e)=0, ompeneneHnoii mnpn
HEKOTOpOM o m Becex a€A4, MOJKHO TIOCTABUTH B COOTBETCTBHE YCJIOBHBIE BEPO-
ATHOCTH

@) sl —g@a X s@n]

peA

a ecanm g(o*p)=0 nasa Bcex BE€A, momoskum O (a|a*)=1/m. Haupumep, upen-
crasisier unTepec BeIGOp g(ata)=qi(a*a), i>k (cM. (22)), upm KoTopoM

@) wla)—gaa) | Yaw]

peA

Iloncranoska i=k+1 munumusupyer Ap.y; npu jodoMm w(e') (mpuHnuo Jo-
KaubHO# ontuMmusarun). MoskHO TarsKe B3ATh Ipefed (26) mpu i—oo, ecim,
KOHEYHO, OH cylnecTByeT. Haromern, eciu

(27) g(a'a)=sup9;(a|a?),
TO i>h
R(OL"IQ,” Wn) <II[Z‘SU.I) ﬁi(ﬁloc") ] .
r—0  peA

B pange cayuaeB oTH 1OAXOAHI 0GECHEYNBAIOT XOPOINHE pPE3YIbTATHI
(cM. § 4), BO mpm uexoropbix Q sasegomo mioxu (cm. § 5). ITostomy me-
monb3yeM Apyroit mpuanun BeiGopa O (a|at).

Teopema 2. Ecau Q={0Q,,n=1,2,...} — nociedogareabhocts npous-
soavnbiz  pacnpedeaerutt Q,={g.(a"), a€A"}, a A(n) — nosoxureavras
PYnEYUs HATYpabHo20 apeymenta, das Kortopol pad A(1)+A(2)+...cxo-
durca k A<<1, T0 ycaoeéuvle 8epoATHOCTU, 3adasaenble 6b160POM

28) gl =Y.r()aiaT), areAT, T—1,2,...,

=T

onpedeasaior coeaacosannoe pacnpedesenue eeposTHocTeii W, npu atobom n
ydosaersopsiouee HepaBEeHCT8Y

(29) nAp,<log {max [¢.(a")/g(a"), a"=A"]}<—log A(n)
(rax xar A(i)>0 m 0<gq,(a”)<1, i=T, 10 u3 cxomumoctu psaga A(1)+
+A(2)+... caegyer cxomumocts paAga B (28), m dymrmus g(a”) ompene-
Jema).

Jorazareascrso. [Tockonbky cymma ¢q:(a*3) nmo BEA pasma g.(a*)
(em. (22)), us (28) cueayer, uto

Y s = Y a) =@ -a® al@), k>0,

pea i=R+1
a npu k=0 monyuaem A. Ecum ¢.(o")>0, To nmpu mwobom k=1, n—1 ara
cymma Gosbine HyIs u corsacHo (25)
n—1 n—1

) nYy — Ry __ g(an) g(a’k)
(30} w (™) kyﬁ(ak+lla’) A o " (o) — (k) g, ()

=g(am).



B nporusroM cayuae R (a"|Qn, Wa)<1 (cMm. (17) m (25)). Ua (24) m aTux
OLlEHOK cpa3y ciaemyer mepBoe HepaseHcTBo B (29). DBropoe HepaBeHcTBO
TprENAJLHO ciaegyer u3 mepsoro n (28). Teopema mokasama.

Bameuwanue 1. Herpypmmo yGemursbes, 910 pacumpejielieHHEe BEPOATHOCTEIl

n—1
w(a™) = [Zmi‘"}\,(i)qi(ai) -l-g(oa")] A1, €A™, n=1,2,...
i=1

Tak/Ke coriacoBaHo u yaosiersopser (29). Ho mpm cormacoBasHBIX (Qn,
n=1,2,..., ono He copmagaer ¢ Q B oramune or (30). A 3amMeHa CyMMEI
paga (28) xakoi-nmu0o ONEHKOil MOMKeT HapyIIITh COrJIaCOBAHHOCTH B3TOrO
pacupepenenns, ao He (30).

Cuenys [13], sBemem

T(x)—1

B de@=| ]:[ ,In’x]_‘

i
(32) M (x)=No(x)ClT ()],

rie In’z=zx, In*x, >0, — T-KparHeli HaTypambublid Jgorapudm z; T(z)—
mesoyncaennoe pemenne HepaseHerBa 0<<In®x<<1, x=1; { (1) — momommuTeNn-
HasA HeBo3pacraomiasg (QYHKIWA HATYPAJILHOTO apryMeHTa, [IA KOTOpoi

1,58 (1) +1,0825 (2) +¢ (3) +5 (4) + ... <1.

Torma A" (n) ynoBiIeTBOPsIET YCIOBUAM TeOPeMSI 2 I

(n)

(33) nAp, < —log A'(n)=log eZln‘n—logZ’;[r(n)].

=1

Janpueiiniee yrouHenue omeHOK Ap, CBSI3aHO B NEPBYIO OYepefib C KOH-
Kperusanueil mocieI0BaTeNbHOCTH (), MO3BONAIIEH YIYYIIINTL ONEHKA CHU3Y
mias (™), i>n, u coorBercTBerno g(a"). OfuH 13 IPEMEPOB TAKOTO YTOYHE-
HOf OpHUBeJeH B § 4.

Or opmoit mociemoBarenbHOCTH () HECOTNIACOBAHHBIX B 00meM . ciayuae
pacupenenenuit {Qn, n=1,2,...} JerKo mepeiiTH K KOHEUYHOMY WM CYCTHOMY
muokectBy {Q(j),j€J} rarux mocmemosarembrocreit Q (j)={Q.", n=1,2,...

., tie 0.9={¢."? (a"),a"=A"}. Ecan xamnoit Q(j) mocraBieHno B co-
oTBeTCTBUE  coriacoBammoe  pacmpepenerne W (j)={w;(a"),a"€A", n=
=1,2,...}, BHoOcAIIee ONONHUTENLEYI0 u30BITOYHOCTL He Oomee Ap.(j),

n=1,2,... TO oueBHAHO, UTO [IA JIOGOTO pacupejieeHHsT BEPOATHOCTE
{¢()} maJ ’
B wle)= X E() (e sup () wy(an)}

jer s

— COTTaCOBAHHOE pACIPeJielenne, I KOTOPOro
(35) log R(a"|Q.", W,)<nAp.(j)—log ()

opu Beex jEJ, a"€4A"™ u n=1,2,... B rauecrse W (j) Mmosmo0, mampumep,
ncmons30Barh pacupenenenns supa (30).

§ 4. YuuBepcaipHOe mocaenoBaTenbHoe KOTUPOBAHHE

PaccmorpuM mociemoBaTesibHOE KOMHMPOBAHNE WUCTOYHMKOB C HEM3BECTHOIM
cratnctukoil. Kaxk u B § 2, mcmoas3yeM KpuTepuil MaKCUMyMa HHAWBUILYAlb-
Ho#t m3b6eiTounoctn (D) [IA 3aJaHHOTO MHOKeCTBA HCTOYHMKOB Q. B asrom

g



cIydJae HAWIYYIIOMH sABIAOTCA pacupepenenua Q,=Q,(Q), ompeneisembie
(12), u MOKHO HECKOJIbKO KOHKDPETU3WPOBATH PE3yabTaThl § 3.
Ilpesxne Bcero, B coorBerctsuu ¢ (21), (12) u (4)

@6) gl |=[S(@)]1 ) p(@B Q) =[S:() ] (a"]2)

(cymmmpoBanue Boimoaaserca mo B "=A"). Kpome toro, S;(Q)— HeyOn-
Baomas QYHKOUA i s Jgoboro {2 W Bcerjga MOKHO BBECTH HEYOBIBAIOILYIO
¢ynknmo BemecTBeHHOro aprymenrta S(z|Q), mpm mHaTypalbHBIX =i, paB-
Hyw S;(Q2). Torga nus noboro BemectBennoro X=>n u A(i)=A"(i).

oo X
A (l) Ao (x)dx
n > n Z > n

(37) g(a")=p(a"|Q) 5 p(a IQ)?';[r(X)]n S@)
(MHTETpAN MOMHO OLEHNHBATL CHU3Y, 3aMeHsAs, Hampumep, S(z|Q) ma
S(X|RQ)). Makcumusupys npasyio 4acThb 3TOT0 BelpaskeHHs 1o X, BO MHOTHX
cIydasx y[faeTcs YCIIHTHL OHeHRY (33).

Canepgcreue 2. Ecau 0as HekoTOpO20 HaTypaabhozo0 b, eewecTeennozo
NOAOHCUTEALHO20 C, 8CET N=N,, 20e T(n,)=b, u 6cex N>n

Sx(Q) In*-'N \°
(38) S,,EQ) <(ln“"n )
TO 04 c02AAC08aHH020 pacnpedenenus, onpedeasemozo (28),
(39) nAp.<—log Ao (In® nt1)—log t[t(n)+1]+log (1+¢c), n=n,,
u ecau 00HOBPEMEHHO

In**'n

TR
TO- 9TO pacnpedeneHue ACUMNTOTUYECKU ORTUMAALHO, T. €.
(41) Apa (Q)=0[p.(Q)], n—>co.

Hoxasareancrso. Cymecrsyer ¢pyurnus S(z|Q), ynosrersopsaomas
(38) mpm 3ameme N wa z. Mcooassys aro Hepasencrso B (37), omenmm
CHHU3Y HOJIy4YeHHBIIl WHTerpai:

x vz

[ Ao(2)dx Ao (2)dz
Zc

Yo
dz
>n(np) | 5,

Yy

“2) ) (7).

Y

rie y;=In""'n, y.=In"~!' X. Crauana mposefera moclIefOBATEILHAA 3aMeHA
nepeMeHBBIX Z;=In z;—, j=1, b—1 (z;=2, 2,-1=2), upm KoTOpOIL A, (Z;)dz;=
=Mo(Zj-1) dz;~y, 8 HEPABEHCTBO IOJYUYEHO C MOMOIILI0 COOTHOMIEHUA ZzAo(z)=
=Xo(In 2) =N (In y2), 2<ys,.

Boibupas X us ycaosus

In® X=In" n+1

TaxK, uro T(X)=1(n)+1, n yunteiBas, 4to
c<(1+c) (1—e=°), >0,

uz (12), (37) un (42) momywaem, uro mpu A (i)=A"(i)
g(a™)>q.(a"|Q)h (In® nH1) [t (n) +1] (1+c) 7

ITogcranosxa s7o0it onenru B (29) maer (39). Ilpu n—o mpasasa wacte (39)
paena O(In"'n) u n3 (40) cpasy momyuaem (41). CumemcrBue nokasaHo.

10



Mcnonb3oBannoe Opu A0KA3aTeAbCTBe 3HaYeHHe X He OMTHMAILHO, HO HE-
TPYJAHO IIOKas3aTh, 4T0 Hpi Jjaio0oM BeIbope X MOMKHO YMEHBIIHTH oueHKy
ceepxy aas nAp, meunee uem Ha log (1+c).

Sameuanue 2. Ycnosue (38) orpammumpaer Kar Beiudmmy Sx(€2), Tax u
ckopocTh ee pocra ¢ ysexmuenumem N. Ecuu e orpammunsare ammub Sy (L),
TO onenKa Oyjer xy;ke. Hampumep, eciau U3BECTHO TOMBKO, UTO

(43) eI’ N<In Sy (Q) <e, In N, 0<c¢, <, <oo,

10 K npasoit yactu (39) mymKHO m00aBuThL cuaaraemoe (c¢;—c,) In°N, m pusa
BoimoaHeHus (41) HEOOXOAMMO I [OCTATOYHO CYIIEeCTBOBaHHE IIpejielia ¢ OT-
pomenua [InSy(RQ)]/In° N npu N—co. A a1 BbHIIOJHEHUS (59) Hy}lmo
eme, 4TOObI 3TO OTHOLIEHUE CTPEMHIIOCH K CBOEMY IHpeJely CBepxy.

Iaxe mpw moaHOCTHIO n3BecTHOi S (2!Q) morpemmuocTh OHEHOK BUAA (a/)
MOReT OBITH BeJIMKa W3-3a HCIONb30BaHUA Hepasencrsa (356). Heo maxome-
e Gosee TOYHBIX OLEeHOK ¢:(a”|Q), i>n, 3aTpyJHUTENbHO Ja:keé B IIpocTeli-
mux ciayvyasx. B To jKe BpeMs KOHKPeTHBLl BBIOOD YCJIOBHBIX BEPOATHOCTEW
M HeIoCpeJICTBeHHOe CpaBHeHHe moxaydaeMoii w(a") ¢ g.(o"|Q) Hepengco
MO3BOJAIOT 3HAYATENBHO YIYYHMINTH OLEHKY AQ,. ’

BepueMca ® wmuosecTBy ©,” BCexX M-IMYHLIX HCTOYHHKOB 063 ]IaMHTI/l
(em. § 2), mas KoToporo

@t plrlem=n— L] s

agA

rae to=l.(a") — uncio Bxoskjenuit 6yxsel a=A B o”. Us (12), (26) u' (44)
ooJydJaeM, 4TO ' :

5)  Oplala) =gt 1 Yol }

pea
rae S
v (z2)=(z+1)**'z27"=e[2+0,5— (24z+12) '+ 0 (37°) ], z>o0
n
t. (o) +1/2 ,
(46) b*(alot, m)=1im 8 (af o) = %)“mT |

Herpynao moxasars Mamoe oramume (45) m (46), worna Bce fo(a*) Goabime
myas. Kpome Toro, HACKOIBKO MOKHO CyauTh, U;(ala*)— Momoronusle Qyuk-
umn i, i>k. [locmenHee KOCBEHHO CBUAETENHCTBYET O MAajoOll HECOTIACOBAH-
HocT pacnpepenenmii Q,(©,”) upu pasHbIX N U TO3BOJAET ICIOIH3ORATH
ao6ste O (a!le?) nan (27). Jlaa mpocToTsl BRIKIAMOK HcHoab3yem (46); B stoM
cayuae

r 2
(47) w (0" [Oym) = m/zr((mi ;/9) H T (t+1/2)

(em. ramswe [6, 8, 14]). Moskuo mowasars, urto ¢Ini—InT (¢+'/,) — BRITYK-
aaa suu3 Qymrnua npu t=0(01n0=0). [Tosromy marcumym R (a"|Qn., W,)=
=R(a"10,") (cm. (17)) mocruraercst, Korjga o — R-KpaTHOe IIOBTOPeHHE
O7HO{l OyKBHI, MUHIMYM — KOT/{a BCe f, paBHBI n/m 1 B ofmeM ciIyuae

123 m—1
I‘(m/Z)( + 3

(48) R(a"]|0,™) =cn(a™) )(m—1>/2= Cn(a™Roy(n,m)..

3necy pyurmms R,(n, m) ompeneneHa BTOPBIM 3HAKOM DaBeHCTBA,

(49) 2-m-itge (gn) <A, m>1, n>1,

nm 3HaKkum paseHcTBa B (49) mmeror Mecro Tombko mpn m=1 (omeHka BWIa
(48) 6rpuna momyuena B [8]). Us (3), (5), (18), (24), (48) n (49) caetyer,

yTo mpu go6om n=>1 mociejoBaTelbHOE KOANPOBAHHE (p C IOMOHIBIO YCIOB-
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HbIX BeposiTHOcTeil (46) obecmeumBaeT

m—1 ( m—i)
+—)+
2n log{” 3

(50) 0n (@, B") <

171
+—[——logn — log I‘(E—) + ALO]
nt2 2
(AL, BBeieno B § 3), U A DTOTO KOAUPOBAHUSA

(51) Apn <

m—1
2n

(mocnennsaa omenka HamuOro tousee (39) mpm b=1). Cormacuo (49), mak-
cuMaabHasA M3OBITOYHOCTH TAKOrO IOCIEOBATENHHOI0 KOANPOBAHHUA pA3INd-
HBIX a"€A™ oTiauvaeTcd MeHee YeM Ha OpaBylo dactb (51).

3aMeTnM, UTO OpPH MCHOJL30BAHHM YCIOBHBIX BepoATHOCTEH (45) Ap,
npubansnTensHo B 1,5 pasa MeHbme upaBoit wactu (91), mpmyem MaxkcCHMyM
HHAABUAYAIBHON H30BITOYHOCTH, ompejensiomuii Ap,, AocTraeTcd Ha MOO-
CJIeJ0BATEIBHOCTAX CETMEHTOB JIMHBL M, KQK[IBIH M3 KOTOPBIX CONEPHUT
Bce OykBol anasura A. A mpu n-KpaTHOM IOBTOPEHHM OJHONH OYKBBI H30BI-
TOYHOCTh HPUOIN3NUTENBHO B €/2 pa3 Menbumie mpasoil wactu (50).

log 2

§ 5. MaproBcKue HCTOYHHKH

MapxoBckuii HCTOUHHK o nMmeer muomecrso U={u,, v=1, p} cocrosanuii,
B COCTOSIHHH U, ¢ BepoSATHOCTBIO O (a|u,, ®) BocmpomssopmtT OykBy a amda-
suta 4,4 m3 m, Gyks, 1<<m,<m, u mepexomur B cocrosiuue f(u,, a)sU.
QDyuxunn f(u, a), ompefmenenHoit ma v=m,+...+tm, napax (u,a), p<v<s
<mpu, COOTBETCTBYeT HAUpAaBJIEHHHI rpad &F ¢ | BepmIMHAMU ¥ v QyramHu,
a TOCIe0BATeNBHOCTH o, BOCOPOM3BOAMMOIl I3 HAYAJBLHOTO COCTOSHUA L, —
oyt P(of,u) B sToM rpade W W HOANOCIEIOBATENHHOCTEH HE3ABHCUMBIX
cUMBOJIOB o, (u), v=1, W, MOPOIKIAEMBIX B KasRAOM cocTosAHmME. IloaToMy
BEPOATHOCTH MOSBJIEHHA o Ha BBIXOJle¢ WHCTOYHAKA @ IONHOCTHIO OIpeje-
aserca [ pacmpepeneHusMu BeposrtHocreil {0(a|u., 0), a=A4,}, v=1,u, u
pacmpejeileHneM BepoATHOCTeil HayaiabHOro cocrosuusa {0,(u), usU}.

PacemorpuM yHHBepcalpHOE IIOCHEOBATEIBHOE KOMMPOBAHNE MHOMKECT-
Ba F BCex MapKOBCKUX HCTOYHHKOB ¢ 3aganubiM rpadom & . Ilpm srom mc-
N0JIb3yeM HEKOTOphIe JONMOJHUTEJIbHBIE XapaKTepucTuru rpada F.

Jyrn (mepexojpr), m0 KOTOPHIM HH ofuH HyTh P (", u) He NPOXOJAT
Gomee 1 pasa, Ha3oBeM OJHOKPATHBIMH, a OCTAJIbHBIE — MHOTOKPATHBIMH.
Andasut v-TO COCTOAHUA pasjeium Ha TrojMuoMectBa A, uw A, us m, u
Am,=m,—m, OyKB, OIpeNeJAIONX MHOIOKPATHHIE W OJHOKDATHHIE IEPEX0-
JBl U3 U, COOTBETCTBEHHO, a BCE COCTOSHMA HCTOYHUKA — HA TPH Kjacca
(tuma) U,, U, u U, B saBucumoctu ot 3Hadenus Am,: 1) Am,=0; 2) 0<
<Am,<m,; 3) Am.=m,.

Hycers pi(a”, u) m po(o”, ) — 9MCaA0 BepIIMH IEPBOrO ¥ BTOPOrO THIIA,
yepes KOTOphie mpoxogur myth &P (a”, u);

G2 olanu)= Y, (A1),

T/le CyMMHPOBaHWE BBIOOJHSETCS TO BCEM 3THM BepummHam; % (o”, u) — obimee
YHCI0 O{HOKPATHHIX MEPeXOJ0B W3 BePUIMH BTOpOro ThHia Ha nyrtH P (a®, u)
{cormacmo ompejeNeHnio, M3 JOOOTO COCTOAHUS BO3MOMKEH TOJBKO OJUH Off-
HokpaTHBIL mepexox u x(a™, u)<<p,(a”,u)); A (a",u) —upoussenenue Am,
10 BCEM BEpIIMHAM IIYTH, W3 KOTOPHIX BHINOIHAINCH OJHOKDATHBIE MEPeXOjibl
(ecnmu Takux Bepmmm mer, cuuraem J (o”,u) pasusiM 1). las n=mv obo-
3HAYLM

(53) o(F)=maxo(a", u),
12



rme MakcumMyM Oeperca mo BceM P (o, u); % (F) —maxcumym x(a",u) 1o
BceM P (", u), Ha ROTOPHIX pocruraercs ¢(F ). AnajmoruuubiM 06pasoM Imo-
ciefoBarensHo ompejenum W (F) u A (F).

BgegeM yHRIUIO HATYPAJBHOTO apryMeHTa

(54) Y(n)=r"(n) [A (n) +A* (nt1)+...]'<[e(ntm/2)] 7,

T7le HePaBEHCTBO HKBHBAJIEHTHO OYEHDL CIa0OMY OrDAHHYCHUIO CKOPOCTH yOBI-
Banna (Qynkomun {(t) B (32) (upm tv—>o BHOOJHE HOCTATOYHO BHINOJHEHHUA
yeaosua  [(t)=exp (—c¢t) mpm aobom c¢<oo). llycts, Xpome TOrO,
j(a*, u) — napgexc (momep) Komeunoro cocrosmua muytu P (af,u). Torga
CHOPaBeINBO CIEAYIONee yTBepIKIeHNUe.

Teopewma 3. Ecau sadan 2pagp F maprosckoeo ucrounuka, u w(o"|u)—
€024aC08AHKOe pachpedeaenue GepOATHOCTEl O0AA HAYAAbHOZO COCTOAHUSA

usU, onpedeasiemoe Yca06HbIMIL 6EPOATHOCTAMY .
. O* [a | o (w), my], u;eU,, u;€U;

65 ald W= —p(+ D]0* (a|o) @) ml, €Uy a€A;,
P (4 1)/Am; uieU, acAy,

2de j=j(a*, u), Li=Ii(a*, u) — dauna nocaedosareavrnocru o*(u), To nocae-
dosareavroe KoOuposanue ¢ HA OCHOBe CO2AACOB8AHHO20 pacnpedesenus ge-

poarnocrell
(56) w(e")=p ' [w(a"|u)+t...tw(a"|u.)]
obecneuugaer das muoxcecréa F ucTounukos u écexr n, HAYUHAA € HEKOTO-
poeo

o.(@, F) _ o(F) m—1 m—1 ] w(F) [ 1 ]
(37 < + + 1 +
(57) log e 2n In 0(9’)n 3 n . 2\ (In 1)

e (F) 1 1 {0(9') [ Vn ]
+ 1 +— In +
Ut 7 Um—t CLi(m/2)

L
+In[ps (F) ]+ a °}
loge

(Qyarmun 9 (), A°(+) n §(-) onpenenensr B (46) u (32)).

HoxasareabcrBo. [lga awboro mavambHOro cocrosuusg uslU ycmos-
‘Hble BEpOATHOCTH (D)) B3aBUCAT TONBKO OT TOAMNOCIENOBATENBHOCTH OYKB,
Ve BOCHPOUBBEJEHHBIX B cocrosHWN u; W w(a™|u) — UpousBejeHme [ Co-
MHOKUTENeH. AHAJIOTHYHOE PA3IOKeHHe Ha COMHOMUTEIH HMEET MEeCTO A
p(a™|F, u) — MakcumaibHOIl BepoATHOCTH " Tipu samaHHbix F m u. Ilostomy
ornowenne p(o*|F,u) ® w(a"|u) —npomsBefeHne TAKAX OTHOMIEHMIl A
OT/EJbHBIX COCTOAHIIT.

Cormacuo (D5), miA COCTOAHMA TEPBOTO THIIA HTO OTHOIIEHNWE DPABHO
R (o', ©,™) (cm. (48)), rae l,=I,(a™,u), mas COCTOSHUS TPETLETO THIA —
1/Am, (B Takoe CoCTOAHMEe MOMHO HOTACTh TONBbKO 1 pas) m HakoHel, jid

'COCTOAHUA BTOPOTO TUIIA
1

ree-10m) VT [T t-pin} %

]
1— (1) ]° [ (1) I—A+im./2 ]‘-°
(1) tt t+1/2

e l=l,(a", u); 6=0, eciu u3 COCTOAHUA U, HE BHIMOJHMICT OTHOKPATHHII
nepexon, 8=1 B mporusHOM ciyuae; t=f.(o"), rae a=a,<A4, (ma 6=0).
Tlpu momyueHnn 3TOro BHIPAMKEHMA YUUTHIBAIOCH, YTO N3 JMIOGOTO COCTOSHUSA
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BO3MOJKEH TOJBKO OJWH OFHOKPATHHIN NEpPeXOf M TOJIHKO IPH BOCIPOU3Beje—
HUN mociefHeir OYKBHI @,"(u) (mOcCIe TAKOTO Hepexoja BO3BPAIEHHE B U
HEBO3MOJKHO) .

W3 mepasencrsa B (D4) ciejnyer, 4To MAKCHMYM IOCJHETHEr0 BBIPAKEHNS
pocruraerca npu 0=1 m coraacHO ompejeneHuio (d4) MoskeT OBITH IpeNCTaB-
JIeH B BHJIE

_ . (I—=1)'"*Am, _ . Am,
1—1t Ty <
R(a'='|0¢™) ———l’}\.‘(l) < R, (!, mv)Z——lh‘(l) ,

(cayuait /=1 me mpejcraBisier mHTepeca). YuuteiBas, uro IA"(l)=nh"(n)=
=¢[t(n) ] (Inn), mia npousseeHNs BCeX [ OTHOWIEHHIT MOXydYaeM
p(a"|F,u)
w(o™|n)
rje OpousBejeHne 0epeTcss HO BCEM COCTOAHWUAM NEPBOLO U BTOPOLO THUIOB,

yepe3 KOTOpBIE HpoXomur nyrh P(a”,u), »=x(a,u) I H=pu,(a" u)..
Ucnonnsysa onpemenenue R,(n,m) B (48), HerpymHo morasatbh, 4TO

(58) < [HR, (L, m.) 1 [2h (In n) ][E (1 (n)) ] 72 (0™, 1),

—1
(59) TR, (1., 7, <HBO[ %—n, 771] <
<[ V?L ]U/(m—!) ( m—A1 +m-—1 )o/z
<| — —_nt —
I'(m/2) o 3 ’

rge 0=o(a", u), a BTOpOoe HEPABEHCTBO CJIEAYeT M3 BBINYKIOCTH BHU3 (DyHK-
nuu (z—1) In (z—1)—-21n T (2/2) npu z=>1.
Ouesnano, uro p(a"|F)=max {p(a"|F, u), u€U} u cormacuo (56)

plar|F) _ . p@|Fu)

(60) w(a™) wer W(a™|u)

ComuoskuTenn B mpasoil vactn (58) pacmoiioKeHbl B MOPAJKe yOLIBAHUSA CKO-
poctu ux pocra 1o n. ITosromy us (58)—(60), (3) u (5) cmexyer cnpasepi-
Bocrb (57), maunnas ¢ meroroporo n. Teopema jokasana.

Sameuanue 3. B (55) momuo wucmoabzoBath miobyo dymrnomio P(l),
0<<y () <1, no merpynuo ybeaurnces, uTo BEIGOp (54) MUHAMHZUDYET BePXHIOK
OIEeHKY M30BITOUYHOCTH TpPX OONBIINX A.

3amevanue 4. Ecnu rpad F copmepRUT OJHOKPATHBIE [YTH, TO NPA MalbIX 1
MaxcumyM oTtHomernua (58) mosker mocrurathesa Ha nyTH ¢ 0(a”, u) <o(F)
(", u)>%(F) — uMenno MoITOMY HepaBeHCTBO (57) HauMHAEeT BHITON-
HATHCA TOJBKO A , Oonbmux HekoToporo. Ecim jxe OJHOKpATHBIX Ayr HET,
ONIeHKa cIpaseauBa A n=1.

Yro6sr onpepenutsh 3apucsmue or ¥ wospdunments 8 (57), caemyer pas-
noEuTh F Ha CHILHO CBA3HBIE Tpadbl M COCTOAHUA TPETLETO THIIA, COeTUHEeH--
HBle OHOKpAaTHHIME jyramu (rpad Has3bBaeTCH CIIBHO CBA3HBIM, €CJIH W3 JIIO-
00oro ero COCTOAHIA MOJKHO II0IACTh B JI000e COCTOAHHE 33 KOHEYHOe YICIO
miaros). Ho mMoskno mojcrasuts B (57) m n06bIe BepXHHE OIEHKI dTHX Kod(-
¢unnentoB. Hampumep, xosdpdunment o¢(F ), urpaommii nanboiee Bamuoe
3HavYeHne, YIOBJIETBOPSAET HEPABEHCTBY

(61) 0 (F)<(v—Av)—(u—Ap)<v—y,

rfe Av —YHCI0 OFHOKPATHBIX AYr B &, a AW — UNCIO COCTOAHUN TPETHEro:
tnna. [leificTBUTENbHO, 1A BCeX COCTOSHMUIT II€PBOTO M BTOPOTO THIIOB ii,—1=0’
7 s orenkn (%) cBepXy MOCTATOYHO CYMMHPOBATL B (52) 10 BCEM TaKmM
cocrosiruaM. Orcioja mojydaeM TMepBOe HEPABEHCTBO. A MOCKOIBRY Av=Auw,
OYEBHUTHO U BTOPOE HEPABEHCTBO.
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Ionycrasa sameny 0(F) Ha v—U, MOMKHO CYUIeCTBEHHO YIPOCTUTHL OIEH-
Ky (57).

Canepcraue 3. Ecau npu nocaedosareavrom KoOUPOBAHUL 60 6CET CO-
CTOAHUAL MAPKOBCKO20 UCTOUNRUKA UCROAL3YIOTCH YCAOEHblE 6EPOATHOCTU
O [a]|af(w), m;], To npu arbom n=1

(62) on (@, F) V=it ln(m_1 n+ m_1)+
loge 2n v—u 3

+'i—{v—ul [I‘( /2)]+1 “+1A§e}

JeiicTBUTeNbHO, MPH YHU(DAIPOBAHHOM BHIO0PE HEPEXOIHBIX BEPOATHOCTEIH
B mpaByl uacth (58) BXOJAMT TONBKO IEPBBIl COMHORHUTENb, IIPOM3BENEHUE
Geperca no scem u.CU, a m, samenensl Ha m,. OtMernM, uro omenka (62)
CIIpaBeInBa AIA n06oro rpada ¢ 3aJJaHHBIMI V I L.

Ecan & — COBOKYIIHOCTH JI000T0 4MCJIa M30JHPOBAHHBIX CHILHO CBA3HLIX
nozirpad)oB, TO BMECTO V—|, MOMKHO MOJICTABATH MAaKCHMAJbHYIO PAa3HOCTH YHC-
Jla OyT W BepIOMH B OTAeIbHOM moarpade. A eciu &F — CHIBHO CBA3HBII rpad,
To (62) cosmamaer ¢ (57). Tak, MHOKECTBY mM-WYHBIX MAPKOBCKUX Ieneit
cBA3HOCTH § (KOrga COCTOAHHE MCTOYHUKA OIPENIeNACTCA § MOCIeJHUMHI OyK-
BaMI Ha ero BEIXOJE) COOTBETCTBYET CHJILHO CBA3HBIN rpad ¢ mt! pgyramu u
m* sepmunamu. Iloxcrasus stu 3uavenus B (62), moxyuum, uro mpu AL,<1
(4To B IpUHIHIE BO3MOKHO) BTa OIEHKA CIIbHEe Tonyuennoin B [15] s
cpedneii n3GBLITOUHOCTH Iy (Qa, F).

Ilpu 3aganBpOoM HavaJbHOM cocTOAHMM U W i=k+1 mepexojmHble BEPOATHO-
et (26) onpepensaiorea (45) ¢ samenoit o* ma o (1), A na A;, re j=j(a*, u),
1 Xopoulo ammporcumupyiorea O [ala(u), m;] nua cocrosuunit aoGoro Tuma.
U3 cpasnenusa (57) u (62) cmemyer, 4To /JiA COCTOAHMII BTOPOrO THIA TAKOI
BBHIOOp HeomTmMmaymeHn. A mpejen Bhipakenus (26) mpm i—oco BooOue HEBO3-
MOMKHO HMCIOJb30BATh — HETPY/HO MOKAa3aTh, UTO A OJHOKPATHEIX IEPexogoB
oH pasen Hyxio. Ilociennee osmauaer, uto (27) mano orauuaercs or ¥, (ala®)
M B TaKoil jKe CcTemeHu HeomTUMaibHA. TakuMm oOpasoM, cpefu o0mMUX MOA-
X0/I0B K BHIOOPY YCIOBHBIX BeposATHOCTell, obcyskaaBmuxcsa B § 3, B paccMmar-
puBaeMoM ciaydae HauGomee 3pPerTUBeH IMPEJIOKEHHBII B TeopeMe 2, M MOK-
HO IPeNnoNoKNuThL, yTo (DD) ABJIAeTCA HEKOTOPOIl anmporcuManuein (28).

IInsa cunbHo cBsisHbix rpadoB F riaBHblL uieH HUGKHe onenku r,(F)
cosnajgaer ¢ mepsbim wienom B (62) (cm. [11]) m cormacmo (7) mpepiosxen-
HOE I10CIe/l0BATeJIbHOE KOAMPOBAHME AaCHMITOTHYECKN ONTHMAaJbHO. bolee
TOr0, €CTh BCE OCHOBAHUA MoJarath, 4To B 9ToM ciayuae Ap,=O0(1/n) (mna
MapKOBCKUX Ieleii CBA3ZHOCTH § 9T0 ciaenyer uz (62) m mmxueii omenxu r, (),
noxyuennoii 8 [15]). B to e Bpems n3 npameix Berumcnenmit S, (F) cue-
ayer, uTo
(63) np.(F)<0.50 (F)log ntx(F )log log ntlog C(F),

rie C(F) ue sasucur ot n, u npn % (F)>0 I paccMOTPEHHOTO MeTONA
(64) nAp. (F)=x(F)In’ n.

dra OUEHKa IpeACTaBIAETCS AaCHMMITOTHYECKH TOYHOIT ([JIA JoKasaTeabCTBa
HYKHO HAWTH HIZKHIOW OUEHKY 0,(F)). Kpome Toro, yumrTsIBas [0CTaTOUHO
00muit Bug mepexodHbIX BeposarHocreit (55) maa u;€U, m omTHMH3amMIO 1O
P(l), ecTecTBEHHO MPEINOIOKNUTD, YTO IIPU JIOGOM JPYroM II0CIe0BATETbHOM
KOAMPOBAHUM MOKHO YMEHBUINTE NpaByio yacth (57) me Gomee uem Ha O (1/1).

Onenkn (57) u (62) cupaBeIuBbl JUIA I[POUEOJBHBIX pacIHpe/eseHii
HAYaTbHOTO COCTOAHMA M, TaKUM 00pasoM, I HecTanuoHapHbIX p(a"|®)
(npu HAIMYUM OTHOKPATHBIX IIEPEXOJ[0B HEBHLIPOK/ICHHBIE CTAI[OHAPHLIE pac-
npejeeHus BooOue He cyllecTByloT). VMeHHO IJas TOTO 4T00BI 06GECIeulnTh
‘PABHOMEPHOCTH NOJYYEHHBIX OINEHOK I0 BCEM paclpejelJeHHAM HaYaILHOTO
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COCTOAHHSA M M306e/KaTh HEOOXOMMOCTH IIOMCKA HAYAJIBHOTO COCTOSHUS, Hanbo-
Jee «ygo0HOrO» [Uisi OomMCaHUA o, M OBIIO BBEJEHO COTrJIACOBAHHOE PaCIIpefie-
Jgenue (56). IToT e mMOIXO0]] MOKHO IPUMEHNTD eINe pas.

CnemgcrBue 4. Ecau G —obvedunenue M mHONMECTEA MAPKOBCKUX

ucrounukos Fyy i=1, M, ¢ pasauunvimu epagamie, 70 npu evioope
(65) w(a)=M"{w(a"|F)+...tw(a"|Fux)],

2de daa arb020 F; pacnpedeaenue w(a"|F;) onpedeasercs & cooreercr-

euu ¢ (56),
(66) 0n (@, G)<max{p.(@, F), 1<i<M}+n~"'(log M+1).

HoxazareabctBo oToro yrTBepsjenns, anasormdnoro (16), ouesmpmo. le-
moab3oBanue (65) m03BOJISET OCYLIECTBAATH yHUBEPCAIbHOE IT0CJIeJ0BATEb-
HOE KOJIMPOBaHME IS MHOKECTBA BCEX MAaPKOBCKHUX MCTOUYHHKOB C OTPaHMYeH-
neiMa U (M V), MHOKECTBA MAPKOBCKIIX Hemeil cBAanmocTi $<S§, 1 T. A. Onen-
ka (66) copasegmmBa m B Tex cayuaax, korga M=M(n) u G=G, 3aBucAT
ot n. Iloatomy MomHO pacmupsars MHOEecTBO G=G, ¢ POCTOM N, KOHTPOJH-
Pyd BeJUYUHY NOMOTHUTENbHOIl mabbrrounoctn n~'log M(n) (manpumep, oma
JIOJRHA CTPEMUTLCA K HYJIO C POCTOM 1, WU He MPEeBbLIIIaTh HePBOTO Clarae-
Moro B (66), wian GLITL ACHMIOTOTHYECKH MAJIOl 0 CPABHEHNIO ¢ OTHM cjiarae-
MBIM ¥ T. 71.). Tax, jus Muaomectea (G MapROBCKEX Teneil ¢ s<s,(n) jonosuu-
TeabHaa u3beTouHOCTL He npesbimaer (log n)/n, ecan s,(n)=n, ¥ acuUMITOTH-
YeCKH Majia [0 CPaBHEHWIO C TIaBHBIM UWIEHOM, ecln S,(n) pacrer MejieHHee
n000i1 cTEeNneHn .

Jlrobomy momHOMY JepeBy «KOHTEKCTOB», BBejeHHBbIX B [16], coorBerct-
BYeT CHJIBHO CBS3HBIN rpad MapKoBcKoro mcrounmika. llosTomy cxasamnmoe
BBIIIIE B IOJHOIl Mepe PacupoCcTpaHAETCA HA MHOMKECTBO MCTOYHUKOB C 3a/laH-
HBIM KOHTEKCTOM W HA OTPAaHHYEHHOE MHOKECTBO KOHTeKcToB. Hampumep, 00-
mee uicsao M pasiuuHBIX KOHTEKCTHBIX JIePeBbeB ¢ JIMHOI BeTBell ne Gomee [
VIOBIETBOPsET HEPABEHCTBY

mP~'In 2<lpn M<m®1n 2, D>1,

U JIETKO OUPeeNuTh MONYCTUMYI0 CKOpocTh yBenmienna D=D(n) rak QyHK-
nuio TpedyeMoil CKOPOCTH YMEHBIIEHUS MOMOTHUTENbHOIT M30BITOYHOCTH.

§ 6. 3akaouenue

Kax ye oTMeuasoch, BO MHOTHX Ba:KHBIX CIydasgX MaKcHUMaJabHasA HM30bI-
TOYHOCTL KOJUPOBAHUA OTAEILHBIX COOOUIEHMIT ACHMIOTOTHKH COBIOAJaET CO
cpejHeil I TPoCThHIe 110 KOHCTPYKIIMKM KOl MAKCUMAJIbHBIX BEPOATHOCTEIl 61i3-
KA K ONTHMAJbHEIM CPasy o o6OMM KpUTepHaM. BMecTe ¢ TeM CyIIeCTBYIOT
¥ Pa3InunA MesRAy dTHMU MOAXOJaMI.

Hanpumep, usBecTHO CYINECTBOBAHME YHUBEPCAILHBIX ([0 KPHUTEPHIC
I (@Qn, Q)) KomoB Ass M1009T0 MHOKECTBA CTAIMOHAPHBIX HCTOYHUKOB, A
Kaskmoro us woropeix n'H,(A™)—H,<e(n), rue e€(n) crpemMurca ¥ HYJO ¢
pocrom n. Ilpu aToM MCTOYHMK NPUOMNKEHHO OIUCHIBACTCA S(7)-CBA3HOI Map-
KOBCKOil menbio, Tae s(n)—c mpu n—c. B To ke BpeMsa HEACHO, MOKHO JIH
NpH TakKoil ammpokcuMarum obecrnedynth crpemienne pn(a"|@., Q) k mHym©O
dast 6cex o, a HE ¢ BEPOATHOCTHIO eUHUNA (TOCTeTHee 0UYEBI/IHO) .

Pasnnume moaxonos IposBigeTca TakMKe, KOrfAa, HAOPUMEp, 1Jad OJHOTO U3
coobmenmii p(a'|w) usBecrno (opmmaroso) ada Becex ®€Q. Tlo kpurTepuio
r (@n, Q) unm r,(@,, Q) cregyer mpunucath 9TOMYy OJOKY €ro U3BECTHYIO Ee-
POATHOCTD, & 0 KPUTEPUIO Pn(@n, Q) — Beamauny p(a”|®)/S.(Q)<p(a"|w).
Ho mosu0 HEeckoabko MomgudunupoBats MB-Meros, ncnonssys

1-S3(Q)
S.(Q) =S (Q)

min

(67) plar|Q)=p" (a"|Q)+ [p(a”|Q)—p'(«"|Q) 1,
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rae p'(a"]Q) =inf{p(a"|w), 0€Q}, a S (Q)<1— cyMMa 9THX BEPOSTHOCTEIR

mo Bcem a"€A™. Tombko ecan Bce p'(a”|Q)=0, onpemenseMsiit 3TuM pacupe-
nejxenneM Koj copuagaer ¢ MB-xojom.

OueBH/IHO, YTO NPUHIUI MAKCHMAaJAbHLIX BEPOATHOCTEIl MOMKET OBITH IC-
HO0Jb30BAH A HPOCTOr0 IIOCTPOCHUA KOJO0B, YXOBIETBOPAIOMINX CAMBIM pas-
BeIM Kpurepusm sdpdexrupuoctn. Bojee mogpobHOe m3yueHne 3TOro BOIPOCa —
TEeMa OTHEIBLHOTO PACCMOTPEHIIA.

ITepexo oT OJOKOBOTO K IOCTEOBATEIBHOMY KOJMPOBAHHIO TI03BONSET
HCITOThb30BATH JIOCTOMHCTBA Pa3pabOTAaHHBIX B IMOCIETHEE BPEMs METOJO0B Iie-
Hoil cpaBHUTENbHO HeOONLIIOT0 YBEJIMYeHHs N30bITOYHOCTII.
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