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Abstract

Chemical and biological processes often take place in fluid flows. Many of them, like environmental or mi-
crofluidical ones, generate filamentary patterns which have a fractal structure, due to the presence of chaos in the
underlying advection dynamics. In such cases, hydrodynamical stirring strongly couples to the reactivity of the
advected species: the outcome of the reaction is then typically different from that of the same reaction taking place
in a well-mixed environment. Here we review recent progress in this field, which became possible due to the ap-
plication of methods taken from dynamical system theory. We place special emphasis on the derivation of effective
rate equations which contain singular terms expressing the fact that the reaction takes place on a moving fractal
catalyst, on the unstable foliation of the reaction free advection dynamics.
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1. Introduction
1.1. Motivation

Several chemical and biological processes occur in fluid flows, both in natural systems and in engi-
neering. Such processes are especially important in environmental systems, such as plankton blooming
in the ocean$2,3,25,116-118,142,173,21G4nd the formation of the ozone hole in the stratosphere
[41,190,58] They are, however, relevant in a broad range of other fields as well, including chemistry
[125,43,123,124,5]population dynamicgl79,181,86] geophysical sciencd62,202,186] microfluids
[197,121,23,150,216,134hd combustiofi219,54,89,90Q]In these systems, particles are carried by the
motion of the fluid, and they change due to their chemical and biological interactions. We say that these
particles areactive in the sense that they are not just passively advected by the flow, but they follow
dynamical processes of their own. In other words, th@gomething. For example, plankton ‘particles’
(cells) reproduce and die, their number changes; the various chemicals involved in ozone depletion trans-
form into each other, and lead to an overall decay of ozBite.lillustrates the idea, showing a particle
that is advected for some time by the flow, and then undergoes a multiplicative process. For simplicity,
we refer to such systems astive flows by which we mean flows carrying active particles. We empha-
size, however, that this kind of activity is assumed to have no feedback on the fluid flow, which is a
realistic assumption in many applications. An unusual feature of many of these reactions, as shown e.g.
in Figs. 25 is that they take place aloffilgmentaryspatial structures.
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Fig. 1. lllustration of a kind of active process taking place in a flow.
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Fig. 2. (Color online.) Concentration distribution of a passive scalar (red: full concentration, dark blue: zero concentration) in
a micromixer. The flow in the main channel is stationary and is manipulated by time-periodic flows in the secondary channels.
The frequency of these perturbations can be used to enhance mixing. Picture by S.D. Miller,cl. MézWalther and

P. Koumoutsakos, with their kind permission.

The main fields of phenomena where chemical or biological reactivity plays a role can be grouped into
the following categories, according to their length scale Tedxe 1):

e Microfluidics: Recent technological advancement has made the fabrication of microchannels of a few
hundred micrometers in cross-section possjp&134](Fig. 2). These are used e.g. in printers and
in bio-medical equipment. At the microfluidic scale, viscosity dominates and turbulence cannot be
present; also, diffusion can usually be neglected. The only effective source of mixing is then chaotic
advection.

e Laboratory scale flowsThis covers a broad range of phenomena on the human scale, including
chemical industry applications, flames and combustion, as well as laboratory experiments (see
Fig. 3.

e Flows in oceans or large lake3ihe most typical reactive process on this scale is plankton dynamics
(seeFig. 4). Phytoplankton is a key ingredient in the carbon exchange with the atmosphere and plays
thus a role in regulating the greenhouse effect. The population dynamics of other micro-organisms and
the spread of chemically reacting pollutants also belongs here.
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Fig. 3. Shape of a dye (flouresceine) droplet (of initial diameter about 1 cm) after stirring on the surface of a thin layer of glycerol
in a Petri dish. The stirring protocol is that of the experiment by Villermaux and D{gl4{: a number of parallel cuts is made

by a rod through the fluid in two direction in an alternating manner. Experiment carried out by .M. Janosi, K.G. Szabo, T. Tél,
and M. Wells at the von Karman Laboratory of E6tvos University, Budapest.

Fig. 4. (Color online.) Filamentation in a phytoplankton bloom in the Norwegian Sea. Provided by the SeaWiFS Project,
NASA/Goddard Space Flight Center, and ORBIMAGE, URhttp://visibleearth.nasa.gov/cgi-bin/
viewrecord?5278

e Atmospheric flowsEhe prototype processis ozone depletion in the stratosphergi¢s&g influencing
essentially the greenhouse effect. Several other reactions of atmospheric chemistry are also of interest.
Outside the planetary boundary layer, flows are practically two-dimensional (as well as in the oceans),
due to the dominance of the Coriolis effect and density stratification.


http://visibleearth.nasa.gov/cgi-bin/viewrecord?5278
http://visibleearth.nasa.gov/cgi-bin/viewrecord?5278
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Fig. 5. (Color online.) Ozone distribution (in mixing ratio measured in parts per million (ppm)) above the South Pole region at
about 18 km altitude on September 24, 2002. The chemical reactions leading to ozone depletion are simulated over 23 days in
the flow given by meteorological wind analyses (from Groof3, Konopka, and Miller, Ozone chemistry during the 2002 Antarctic
vortex split[58], with permission) during a very rare event when the so-called polar vortex splits into two parts.

Table 1
Typical length and velocity scales of important flows, as detailed in the main text
Microfluids Laboratory Ocean Atmosphere
L (m) 5x 1074 1 1P 100
U (m/s) 102 1072 1071 10

In studying active flows, it is of particular importance to relate the dynamics of the reactive sys-
tem to the underlying advection dynamics of the flow. In other words, how does the advection dy-
namics affect total reaction productivity, or population dynamics of different species in the flow? The
Lagrangian formulation of the equations of motion for the flow is the relevant framework in this context,
because we are interested in the behavior of the particles advected by the fluid. It is well-known (see e.g.
[7,153,33,35,78,229,174,87,221,114,128,2 2%t even very simple flows may have chaotic advection
dynamics, characterized by an extreme sensitivity of the motion to initial conditiagsangian chaos
is a very general feature, found in most real flows.

In this work, we review recent results which show that the character of a reaction can drastically change
if it takes place in a time-dependent chaotic flow. A reaction can lead to a pattern formation of a new
type: the product is asymptotically distributed around a filamentary fractal which moves in a rhythm
corresponding to the time dependence of the flow. In a periodic case, the total amount of product is thus
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(b)

Fig. 6. lllustrations of (a) closed, and (b) open flows.

oscillating about a mean: a kind of limit-cycle behavior sets in even if the original reaction kinetics leads
to atime-independent stationary state. This pattern formation is due to the interplay of the chaotic particle
motion produced by hydrodynamics and the production of the new particles by the reaction.

Flows can be grouped into two main classes: closed and open ones. A flow is closed if its motion is
confined to a bounded domain (déig. 6a). A flow is open if there is a net current flowing through the
region of observation. We also assume that far from the region of observation the flow is simple (nearly
homogeneous). A typical example is the flow around an obstacleHigedb). In open flows, most
trajectories are unbounded, and particles escape the observation region in a finite time. Even flows that
are actually closed can in many cases be considered open, if the time it takes for typical particles to return
to the observation region is much longer than the relevant time-scale of observation. As an example, the
ocean is of course a closed fluid system, but if we are looking at a small region surrounding an island,
the average return time might be of the order of hundreds of years. The fluid flow in the vicinity of the
island can, for all practical purposes, be considered open. There are many other important flow systems
which can be effectively open, especially environmental and microfluidic flows (sefeig.@).

Both closed and open flows are important, and can of course carry some kind of activity. The dynamical
system approach to the active problem turns out, however, to be more relevant for the case of open flows:
it is in this class where the effective rate equation to be derived explicitly contains the chaos parameters
of the advection dynamics. Our presentation is therefore biased towards open flows, and touches only
some aspects of closed ones.

1.2. Relevance of open flows

The question of the interplay between chaotic advection and activity was first addressed by Metcalfe
and Ottino in the context of closed floyk25,43] The asymptotic state (reachedras o0) is typically
a homogeneous distribution of the components in the fluid, and there is no enhancement of activity in
this state.

In open flows, however, chaos takes a different f¢2@4], because typical advected particle orbits
escape the observation region in a finite time. There are, however, non-escaping orbits which are bounded
within a finite region, located e.g. in the vicinity of the wake in the case of a flow around an obstacle.
These non-escaping orbits form a chaotic set of the dynamical system associated with advection, which
is known as achaotic saddleEven though the orbits in the chaotic saddle are unstable and in many
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cases make up a set of measure zero, they control the long-term dynamics of the system. Chaotic saddle:
have a complex, fractal geometric structure, and they give rise to extreme sensitivity to initial conditions
of particle trajectories. This sensitivity is related to tinectal dimensionof the chaotic saddle, and
characterizes its geometry. The chaotic dynamics of open flows is a special tassigint chao§204],

i.e., chaos of finite lifetime, as opposed to persistent motion on attractors, found in dissipative systems.
It is worth mentioning that due to the openness of a flow even the spectrum of passive scalars changes: it
becomes steeper than the Batchelor spectrum, and the shift of the spectral exponent can be expressed i
terms of transient chaos propert[@87].

In this work, we present a general theoretical framework for the understanding of the reactive dynamics
of particles advected by open chaotic flows. This area has attracted great interest since the appearance c
the first papers by Toroczkai, Karolyi, Péntek, Tél and Gref2@0,83,205) and there have been many
new and interesting results since then. Due to space constraints, this review is necessarily limited in its
scope. However, we try to present the main results in the area as well as the theoretical concepts that
unify them.

The basic picture that emerges from the study of active dynamics in open chaotic flows is that in all
casesnost of the reactivity is concentrated along a fractal[28#], forming clearly visible filamentary
patterns in space. This fractal set is associated with the chaotic saddle, beingtétsle manifoldThe
concentration of reactivity along a filamentary fractal results in a singular enhancement of the productivity
associated with the reaction (as compared to the productivity in non-chaotic flows). As we will show,
this enhancement is reflected by a singular production term in the reaction rate equation, which is absent
if the flow is not chaotic. This singular term is related in a well-defined way to the fractal dimension of
the chaotic saddlf204] (in fact, to the fractal dimension of its unstable manifold), and therefore it is
a consequence of the fractal geometry of the set of hon-escaping orbits. This is because the surface (ot
perimeter, in the case of two-dimensional flows) of the fractal filaments of the unstable manifold diverges
with refining resolution. As it is a consequence of a basic geometric property of fractals, the enhancement
of activity is a very general and pervading phenomenon, and is largely independent of the particulars of
the active process, or of the details of the flow, so long as it is open and its dynamics is chaotic. We will
illustrate this through many examples and applications. We stress that this phenomeaba lissult
of artificial assumptions of particular models, but is expected to be a general feature of real active open
flows. Hence, the theory we present here has potentially broad applicability, and could be a valuable
tool in areas where reactivity in flows plays an important role, like chemistry, biology, oceanography,
atmospheric sciences, engineering, and others.

1.3. Organization of the paper

We start with a presentation of the phenomena in simple systems (two-dimensional incompressible
flows with non-inertial particles displaying autocatalytic activity), and then proceed to more complex
situations, including three-dimensional flows, transport barriers (non-hyperbolic motion), chaotically
time-dependent or random flows, inertial tracers, and more complex chemical or biological activity.
Throughout the presentation, we try to emphasize how the active dynamics in all these cases can be
understood within a single unifying theoretical framework.

In Section 2, we review the basic results related to chaotic advection, focusing on applications to
open flows. We put emphasis on those aspects that are of direct relevance to the understanding of active
dynamics, including the notions of invariant chaotic sets, stable and unstable manifolds, and fractal
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dimension. We also introduce some important examples of two-dimensional incompressible open flows
that display Lagrangian chaos: the von Karman vortex street, the blinking vortex—sink systems and the
case of four point vortices.

In Section 3, we present some simple models of activity, corresponding to different ways by which
the advected particles can be active. We introduce both a discrete kind of modeling, where individual
particles are considered, and a continuous modeling, where concentrations are considered. We use the
autocatalytic reactiond + B — 2B) as an example because it is both simple and important, and it
underlies many real reactive processes.

Section 4 brings together the motion of the flow (Section 2) and the activity of the advected patrticles
(Section 3), and presents the basic theory of the dynamics of active processes in open flows. We expose
the theory in the context of 2D incompressible time-periodic flows. This allows us to present the basic
ideas of the theory as clearly as possible. We argue that our approach and its results are valid for any
situation in which a well-defined reaction front exists, independently of the details of the flow motion or
of the particular kind of reaction. We derive an effective rate equation, and we emphasize the new features
in the reaction dynamics brought about by chaos, especially the enhancement of productivity.

In Section 5, we discuss a striking application of the theory, introduced in Section 4, to population
dynamics. Two or more species of micro-organisms (like plankton) inhabiting a flow, and competing
for a single resource, can coexist in a chaotic flow, whereas in non-chaotic flows the fittest species
would necessarily drive all the others to extinction. This result sheds new light on the so-called ‘plankton
paradox’, a classical problem in ecology. It also illustrates that the reactive dynamics of open chaotic
flows can be very different from that of well-mixed flows.

Section 6 extends the theory presented in Section 4 to 3D flows. Essentially the same phenomenon of
productivity enhancement and fractal-like distribution of reacting particles are preserved in 3 dimensions.
Thus, they are not a specific feature of 2D flows. Moreover, new effects appear due to the extra dimension
that have no counterpart in 2D.

In Section 7, the reactive dynamics in aperiodic flows is investigated. On certain time scales, these flows
can be regarded as random, and can be modeledriom mapsThis allows us to derive an average
rate equation for reactions taking place in such flows. The result is that there is again an enhancement
due to the chaotic motion of the flow, even though it is aperiodic. This shows that this enhancement is
indeed a general phenomenon, and not a particular feature due to time-periodicity.

In Section 8, we investigate the case when the advection dynamics is non-hyperbolic, corresponding to
the existence of transport barriers, associated to large vortices in the flow. There are then many qualitatively
new features in the reaction dynamics, caused by the ‘stickiness’ of the advection dynamics near the
barriers. We show that the effects of non-hyperbolicity can be understood via the introduction of a new
quantity called theffective dimensian

In Section 9, we consider active particles with a non-negligible inertia. In this case, the advection
dynamics is dissipative, and attractors might be formed, which are typically chaotic. We investigate the
reactive dynamics in this case, and we argue that, irrespective of whether the flow is closed or open, we
can apply the theory of Section 4. The reason is that in both closed and open flows, the active particles
accumulate on a fractal set. This shows that the theory presented here, although developed for open flows
is actually more generic.

In Section 10, we discuss reactive processes other than autocatalytic ones. These include bistable
reactions, excitable media, flames, and collisional reactions. We find throughout that the reaction dynamics
is dominated by fractal sets, as in the simpler cases, and singular terms are also presentin the rate equatior
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Even though this work addresses mostly open flows, the insight gained there can be applied to describe
some basic aspects of reactivity in closed flows. This subject is taken up in Section 11.

Through most of this work, the models are continuous in time, giving rise to rate equations in the
form of ordinary differential equations. In Section 12, we follow another approach, which considers the
reactions to occur at discrete times. The rate equations are then replaced by maps. The two approaches ar
compared, and certain phenomena exclusive to the discrete-time modeling are discussed. This discrete
approach might especially be important for modeling population dynamical processes.

We conclude in Section 13 with some final remarks and perspectives for future research.

2. Passive advection dynamics in open flows
2.1. Chaotic sets, fractal manifolds

In this section, we show how advection in open flows can be considered as a scattering process, and
how it can be understood in the framework of the theory of dynamical systems. In particular, we will see
that open flows can display a kind of chaos knowrlaaotic scattering152].

In the simplest approximation, the particles are assumed to take on the velocity of the surrounding flow
very rapidly, so that inertial effects can be neglected. We can thus suppose that at each instant the velocity
of the advected patrticle is the same as that of the fluid at the same position. The equation of motion is
then
dr
dr
wherer () is the position vector of the advected patrticle, and the velocity field of the flow, which
may depend explicitly on time. Finding the functional fornudbr a specific case is usually a hard task,
since it requires solving the Navier—Stokes equation with the appropriate boundary conditions. Here we
are primarily interested in the dynamics of advected particles for a given flow field, so we simply assume
thatu(r, ¢) is known.

Of particular importance to us is the case of two-dimensional incompressible flows, with, y),

U = (ux, uy), and divu = du, /0x + du,/0y = 0. Both the oceans and the atmosphere (for velocities
much smaller than the speed of sound) can be regarded as incompressible, and can in many situations b
considered two-dimensional systems as 86]. In this case, there exists a stream funcijagn, y, 1)

whose derivatives give the velocity components of the {lodd, 16}

COY(x, y, 1) oy(x, y, 1) @)
oy ox '

Substituting the above equations in Eq. (1), one obtains the equation of motion for an advected particle
in terms of the stream function:

.

{=—-—) = : 3
YTy ox 3
One immediately notices that the pair of equations above has a Hamiltonian structure, with the xariable
playing the role of positiony playing the role of conjugate momentum, and the stream fungtieny, ¢)
being the Hamiltoniarj101,16] Thus, we identify the dynamics of a passively advected particle in

=

ur @), 1), 1)

Mx(%yvt): ’ uy(x’yat):
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a planar incompressible flow with a one-degree-of-freedom Hamiltonian system. The phase space of
this Hamiltonian system coincides with the physical plane in which the flow occurs. As a consequence,
the phase-space structures of this dynamical system are directly visible, and can even be photographec
in experiment4195]. This is because the phase-space variables of the associated Hamiltonian system
correspond to the real-space coordinates of the advected particle in configuration space.

If the flow is stationary, the stream function (or Hamiltonigrdoes not depend on time, and the particle
trajectories coincide with the level curvesof calledstreamlinesn fluid mechanic§101,16] From a
dynamical point of view, in this case we have a one-degree-of-freedom time-independent Hamiltonian
system, which is always integrable. In most realistic situations, however, the flow is non-stationary, and
v depends on time explicitly. In this case, one has a one-degree-of-freedom Hamiltonian system with a
time-dependerttiamiltonian. It is well-known that such driven systems typically exhibit non-integrable
dynamics, orchaos[152]. This means that an advected particle moves unpredictably, and displays a
great sensitivity to initial conditions. This kind of chaoticity in the advection dynamics is sometimes
referred to akagrangian chaosor Lagrangian turbulencgr]. We observe that this is distinct from what
is usually called turbulence in fluid dynamidsulerian turbulencg which implies a very complicated
time and space dependence fgr Even very simple time dependenciesyotan generate Lagrangian
chaos, even though the corresponding flow is far from being turbulent in the Eulerian sense. For example,
simple time-periodic flows in general display chaotic advection, even though they are laminar in space
[7,153,33,170,218,171,192,191,195fom now on, we shall refer to flows having Lagrangian chaos
simply aschaotic flows

Inthis review we are mainly interested in open flows, such as the one illustradtied 6. As mentioned
in the Introduction, such flows are characterized by the existence of a net current. In other words, the
fluid is moving from anupstreamregion towards alownstreanregion. In most cases of interest, the
time-dependent part of the dynamics is restricted to a finite region of space, caltaikihg region An
illustrative example is the flow with an obstacle placed in the middle, as sketclkégl ib. In both the
upstream and the downstream region, the flow is asymptotically stationary. The time dependence, and
hence the chaotic part of the dynamics, is restricted to the mixing region in the wake of the obstacle.

From the point of view of the theory of dynamical systems, advection in open flowsdattering
process: there is an asymptotic region where the dynamics is simple, and a bounded region where the
dynamics is non-trivial. This latter is called theraction region which corresponds to the mixing
region for fluids. The advected particles typically come from the asymptotically simple region, stay in the
interaction region for a while, and then escape again to the asymptotic region. In scattering systems, the
accessible phase-space is unbounded, whereas for a confined system (such as a flow within a container
the accessible phase-space has finite volume. When a scattering system displaghab#doscattering
is said to occuf204]. Chaotic open flows are instances of chaotic scattering. We now discuss briefly the
main properties of chaotic scattering, since they are fundamental to our subject.

We assume that the 2D flow is time-periodic, with some pefiod(x, vy, + T) = y(x, y,t). The
advection dynamics can then be described by a stroboscopidmnahich connects the position of the
advected particle at timeT” + 1o to that at time(n + 1)T + ro:

(Xn4+1, Y1) = Mto(xnv Yn) (4)

where O<7g < T. Since the flow is incompressibl#f,, is an area-preserving diffeomorphism. This is the
simplest case of chaos in an open flow, and we will study it in detail in this review. We will see, however,
that the results remain essentially unchanged for much more general systems (see Section 7).
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Chaaotic scattering systems are characterized by the existence of a complicated set of non-escaping
orbits in the interaction region (that is, the mixing region in case of open flows). These are orbits that
never escape to the asymptotic regions, either in the past {co) or in the future { — 400). These
orbits make up a set which has a fractal structure in phase-space, and appear as a fractal cloud of points
sprinkled on the 2D space of the fluid in a stroboscopic map. This invariant set of non-escaping orbits is
called thechaotic saddleand it is responsible for all the main features of chaotic scatt¢2iogj.

An important invariant set associated to the chaotic saddlessatde manifoldit is defined as the set
of initial conditions (points) in phase space such that their corresponding orbits approach asymptotically
the chaotic saddle, as the discrete time> +o0. Particles moving along the stable manifold enter the
mixing region and never leave it, becoming ‘trapped’ there. However, the stable manifold has in general
zero area (more precisely, zero Lesbegue measure), which means that the probability that a randomly
chosen point in phase space belongs to the stable manifold is zero. Thus, almost all orbits will leave the
interaction region some finite time after entering it, and only a set of measure zero corresponds to orbits
which do not leave. In spite of this, the stable manifold has a great influence on the global dynamics of
the system. Particles starting from points close to it will spend a long time in the interaction region before
escaping, and these long-lived trajectories are responsible for the sensitivity of the dynamics to initial
conditions. Like the chaotic saddle, the stable manifold is also a fractal set, and its fractal (box-counting)
dimensiornD satisfies k< D < 2.

Another invariant set related to the chaotic saddle isittetable manifoldThis is the set of phase-space
points whose orbits approach the chaotic saddle asymptotically-as—oco. The unstable manifold is
the set of points along which points lying infinitesimally close to the chaotic saddle will eventually escape
itin the course of time. It is also fractal, and due to the invariance under time-reversal of the Hamiltonian
system (3), its fractal dimensionly the same as that of the stable manifold. Time invariance implies that
the chaotic saddle is the direct product of two Cantor sets of identical dimemsiach, with O<d < 1.

The saddle’s dimension is thills;gqie= 2d . Both the stable and unstable manifolds are the direct product
of aline (of dimension 1) and a Cantor set of partial dimensidgheir dimension can therefore be written
asD =1+ d. ConsequentlyDsaddie= 2(D — 1).

The unstable manifold can loérectly observedh open flowq195]. By considering initially a droplet
of particles, corresponding to a set of initial conditions which overlap the stable manifold, as time goes
on, the particles get advected to the mixing region. Those particles which last a long time there without
escaping fall very close to the chaotic saddle, and when they finally leave, they trace out the unstable
manifold Fig. 7). In short, once the bulk of the particles has escaped, the remaining ones, with longer
lifetimes in the mixing region, are concentrated around a fractal set, namely the unstable manifold.
This fact is of fundamental importance for all the results to be described in this work. One particular
consequence of this is that classical flow visualization techniques based on dye evaporation or streaklines
[213] trace out curves which are different from streamlines or any other Eulerian characteristic of the
velocity field, and are in fact the unstable manifolds of chaotic saddles. Another aspect of fractality can
be seen when using different dies: their boundaries typically contain fracta[pa8is In the presence
of three or more colors, the boundary can even be of WADA type alllethe colors accumulate along a
single fractal curvg208].

The stroboscopic map (4) depends on the paranmmgtewhich is proportional to the phase of
the oscillation at the instant the map is taken. For each choiag, diie chaotic saddle, as well as
its stable and unstable manifolds, has a different shape. However, all the dynamical invariants, such as the
fractal dimension, Lyapunov coefficients, etc., araralependendf 7g. In the original time-continuous
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Fig. 7. Relevance of the unstable manifold: schematic diagram illustrating the distribution of an originally compact and small dye
droplet in the mixing region of an open flow. After some time, the not yet escaped dye particles trace out the unstable manifold
of the chaotic saddle existent in the mixing region.

system (3), these manifolds are fractal filaments with shapes changing in time, but recurring with a period
T. For pictures of the unstable manifold for a particular systemFsgel4

Scattering systems are eithgrperbolicor non-hyperboli¢according to the stability of the orbits in
their chaotic saddles. In hyperbolic systems, all orbits in the chaotic saddle are strictly unstable. One of
the consequences of hyperbolicity is that the chaotic saddle has zero measure: almost all initial conditions
lead to orbits that eventually escape the interaction region. Another feature of hyperbolic systems is that,
if we initially have a large number of particles uniformly distributed on an observation region intersecting
the interaction region, the numher(¢) of particles that have not escaped the region up to tidexays
exponentially, /(1) ~ €. The coefficienk is theescape ratef the process. It satisfias< /1, wherei
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is the chaotic saddle’s Lyapunov exponent, calculated as an average of the largest eigenvalues of all orbits
in the saddle, weighted by the natural measure of the saddle. Physically, the Lyapunov exponent gives
the exponential rate of separation of nearby advected particles in the mixing region. There is a classical

formula relating three important dynamical invariants for 2D hyperbolic open sy$#@hs

K
DZZ—:. 5
1 > )

Here D1 is theinformation dimensiorof the unstable manifold, which is a fractal dimension taking
into account the saddle’s natural measure (roughly, it gives more weight to regions where a typical
particle spends more time), differently from the fractal (or box-counting) dimemxiavhich is a purely
geometrical quantity. HowevenR)1 is typically very close tdD, and therefore Eq. (5) usually provides

a very good estimate fdd as well. In what follows we shall mainly use the fractal dimendioaf the
manifolds. For this reason, we write Eq. (5) usihgnstead of the information dimensidpy:

D:Z—E. (6)

This equation is an approximation, valid whBnis close toD;. Since this is the case for all systems
considered, we will from now on ignore this difference, and always use Eqg. (6) directly.

Another possibility is that the scattering dynamics is non-hyperbolic. In this case, there are marginally
stable orbits in the chaotic saddle. These orbits are surrounded by stable regions, from which fluid does not
escape. In these stable regions there are quasi-periodic orbits forming the sd<édadlands well-
known in Hamiltonian chaofl12]. These islands form a fractal hierarchical structure, with big islands
being surrounded by smaller islands, and these in turn are surrounded by even smaller islands, and sc
on. From the point of view of advection, these KAM islands correspond (in two-dimensional flows) to
absolutdransport barriers where fluid is trapped. They can be seen as vortices in the flow. An immediate
consequence of the existence of KAM islands is that there is a finite volume of initial conditions in the
interaction region whose orbits do not escape, namely those within the islands (or vortices). Consequently,
the chaotic saddle has non-zero measure. However, tracers with initial condititsigethe interaction
region cannot enter the islands, because of the uniqueness property of solutions of ordinary differential
equations. As a result, the set of non-escaping initial conditions outside the interaction region which leads
to the saddle still has zero measure, so that almost all scattering trajectories (starting in the asymptotic
region) escape after a finite time spent in the interaction region, as in the hyperbolic case. However,
there are several differences between the two cases. The fractal dimPrditime stable (and unstable)
manifold takes the maximum value of 2 in non-hyperbolic flgd@3]. Another difference is that the
number./"(¢) of particles that have not escaped up to tini@lows a power lawN (¢) ~ t7?, ¢ > 0, as
opposed to the exponential law satisfied by hyperbolic systems. The advection dynamics is assumed to
be hyperbolic until we turn to the investigation of non-hyperbolic effects on the reactivity in Sections 8
and 12.7.

2.2. Paradigmatic flows

We introduce now three examples of two-dimensional incompressible flows that exhibit the phe-
nomenon of chaotic scattering discussed above, and which will be used as examples throughout this
review: the flow around a cylindrical obstadlég,229] the ‘blinking vortex—sink’ flow[8,81], and the
case of four point vorticed 40].
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2.2.1. Flow around a cylinder: the von Karman vortex street

The flow around an obstacle is a classic system in fluid mechHddés16,188]We consider (viscous)
incompressible flow around a cylinder of radiRsin the setup shown ifrig. 60. Far away from the
obstacle (that is, fox — =£00), the flow is expected to be uniform. We label the longitudinal flow
direction byx, and the transverse direction by

Denoting byU the velocity forx — +oo, the Reynolds number associated with this flow can be
defined as

Re =2RU /v, (7)

wherey is the fluid’s kinematic viscosity. FdResufficiently small, the flow is stationary. A$increases,

Realso increases. WhdRepasses a critical valuRe; ~ 80, the stationary solution of the Navier—Stokes
equation becomes unstable, and the flow becomes time periodic, with a velocity field satigfying

T)=u(r, t) with some period [77]. If the Reynolds number is increased further, it will eventually reach
values where the periodic regime is unstable, and more complicated space—time behavior sets in. For
sufficiently highRe the flow becomes turbulent. From now on we will concentrate on the time-periodic
regime, because despite its simplicity, it displays chaotic advection.

Viscous vortices are created in the wake of the cylinder, detach from it and drift down the channel.
They gradually lose strength because of viscosity, until after some distance they die out. New vortices are
shed from the cylinder surface at intervals of half a pefig@, alternately above and below the middle
of the cylinder (se&ig. 8). By this process, gon Karman vortex streé$ formed behind the cylinder. In
the following, for simplicity we assume that at any instant there are at most two vortices in the flow. In
other words, the lifetime of each detached vortex equals one périod

This flow was studied numerically by direct simulation of the Navier—Stokes equatigtis-a250,
with the usual no-slip boundary conditions on the surface of the cyli7dérBecause working directly
with the Navier—Stokes equations is computationally time consuming, an analytical model for the flow in
the time periodic regime has been propop&1229] which fits well the results of the direct numerical
calculation. In this model, the stream functigris written as

y(x,y, )= f(x,y)gx, v, 1), (8)
where the first factor
[, y)=1—expi—a[(x?* + y?)¥? — 1]} 9)

guarantees the no-slip boundary condition at the cylinder surface, whose radius has been taken to be unity
(which can always be done by a suitable rescaling of the lengths). Theitérhplays the role of the

width of the boundary layer. The time unit is chosen to be the period of theflewl. The second factor

in Eq. (8) is

g(x,y, 1) =—Whi(t)gi(x, y, 1) + Wha(t)ga(x, y, 1) + Uys(x,y) . (10)

The first two terms model the alternating birth and subsequent death of the vortices. The maximum vortex
amplitude isw, with time dependence

ha(t) = |sin(rn)l,  ha(t) = ha(t = 3) - (11)
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(b)

Fig. 8. Streamlines for the flow around a cylinder at two different times, separaté@dyne quarter of the full period of the
flow. The vortex shedding is clearly visible.

1/2

The vortices, having characteristic linear sRg™“, are of Gaussian shape:

gi(x,y, 1) =exp(—Rollx — x;(N1* + o[y — (=)' yol®)), i=12, (12)
whose centers move downstream by constant velocity
X)) =1+ Lrmod 1  xp(r) = x1(r — 3) (13)

and whereyg is the distance of the vortex centers from #aaxis. The last term in Eq. (10) arises from
the background flow, and the screening factor

s(x,y) =1—exp—(x — 1)?/a? — y?] (14)

ensures that the effect of the background flow velotitis reduced in the wake. This analytic model

has several parameters, which have been set=a4,« =2, Rp =0.35,L =2, y0=0.3,U = 14, and

W = 24, to fit the numerical solution. We will see that our results are robust with respect to the particular
dynamics, and so the exact values of the parameters are not so important. With this model, the stream
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Fig. 9. Trajectories corresponding to two very close initial conditions, in the cylinder flow. The black region is the cylinder,
which is distorted into an elliptical shape because of the coordinates used in the figure. The sensitivity to initial conditions is a
clean indication of chaos.

function is given by Eq. (8) as a function of space and time, and can be directly used in Eq. (3) to find
the motion of passively advected particles by numerical integration.

Using this analytic model, we can investigate the dynamics of particles advected by the flow around
a cylinder. In both the far upstream and far downstream directions>( +00), the particles move
downstream along straight lines. Only in the near wake of the cylinder is the flow non-trivial, being time
dependent because of the vortex shedding. Therefore, advection in this flow is a scattering process, and
the mixing region is the time-dependent part of the flow, situated within an area of finite extension (of
lengthL) in the wake. This model serves thus as an ideal paradigm for a large class of open chaotic flows.
To illustrate the chaotic nature of particle motion in this fl&ig. 9 shows trajectories corresponding to
two very close initial conditions. It may be observed that the particles leave the mixing region by totally
different routes.

We finish by noting that a careful experimental investigation of passive advection in the wake of a
cylinder has been carried out by Sommerer and cowoiH&5)]. They determined the escape rate and
the Lyapunov exponent of the transiently chaotic dynamics, as well as, the asymptotic fractal dimension
of dye droplets. Furthermore, the von Karman vortex street is not a particular property of cylindrical
obstacles. Most (approximately) two-dimensional flows past an obstacle have this property, provided that
their Reynolds number is in the appropriate range. Thus, von Karman vortices are found in many real
situationsFig. 10displays the cloud pattern in the wake of the island of Guadalupe which traces out the
unstable manifold due to the von Karman vortices. In this case, the mountain on the island plays the role
of an obstacle in the flow of the windrig. 11 shows dye patterns obtained in a simulation of the sea
current around the island of Grand Cand@h Fractal filaments generated by the von Karman vortices
are, again, prominent.

2.2.2. Blinking vortex—sink flow

The blinking vortex—sink systei®,81] models theoutflowfrom a large bath tub with two sinks that
are opened in an alternating manner. One of these sinks is modeled by a point vortex superimposed on
a point sink acting in an infinite plane of ideal fluid. This model corresponds to the observation that a
rotational flow is formed around the sink in the course of drainage.



108 T. Tél et al. / Physics Reports 413 (2005) 91-196

Fig. 10. (Color online.) Cloud patterns around Guadalupe Island, August 20, 1999 (NASA SEAWIFS image).

The complex potentigP2] for a sinking vortex point located at the origin can be written as
w(z)=—(C+iK)Inz, (15)

wherezis the complex coordinate in the plane of the flow. Het€ s the sink strength, i.e., the amount
of fluid drained by the sink in unit time, anc® is the circulation measuring the vortex strength. The
velocity field corresponding t@ (z) consists of the superposition of a radial compongrt —C/r and
of a tangential component, = K /r, wherer is the distance from the origin. The imaginary part of the
complex potentialyy = —K Inr — C¢ is the stream functiof82]. The streamlines (the level lines b
are logarithmic spiralsp = —K/C Inr + const.

A passively advected tracer particle follows the velocity field of the flow without any delay. Its equations
of motion in polar coordinates are

F=ve p=v,/r. (16)
By solving these equations with initial conditio(r®, ¢g), we find

r0 =3 -200"2 o()=po— & n rr(;) (17)
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(a)

(b)

Fig. 11. Patterns of a sea current around Gran Canaria island. The black lines are traces of continuously injected die obtained in
a numerical simulation. Several streaklines are shown in panel (a), and a single such streakline is shown in panel (b). Many of
the streaklines trace out a fractal pattern, the unstable manifold of the chaotic saddle in the wake of the islafg], #itim
permission.

The particles move along streamlines, since the flow is stationary. In the complex representation, a position
inthe(x, y) or (r, @) plane corresponds to a complex numbejiven byz=r exp(i¢) in polar coordinates.
We obtain that a tracer particle starting at a pagvill arrive, after timet, at

oC; \ L/2-iK/2C
z(t) = zo<1 — )

o2 (18)

Because the motion is undefined after reaching the sink center, the time in this expression is limited from
above:

t<lz0l?/(2C) . (19)

With this condition, Eq. (18) uniquely describes the advection dynamics.

The blinking vortex—sink systen8,81] is obtained by having two such sinking vortex points some
distance apart from each other, both being alternately active for a duratibf2agach. In this system
the velocity field is periodic in time with periof, but in a special way: it is stationary for half a period
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Fig. 12. Trajectories corresponding to two very close initial conditions, in the blinking-vortex flow. For the initial condition (a),
the particle falls into the left sink, whereas in (b) it falls in the right one.

and stationary again but around another vortex point for the next half p&radThe velocity field
corresponds to a sinking vortex flow centered at —a and atz = « in the time intervalg0, 7/2] and

(T /2, T], respectively. Because of this alternating action, the flow as a whole is no longer stationary,
since there are jumps in the velocity field at each half period.

The tracer motion can be easily built up from Eq. (18). A trajectory starting=a0 follows the
corresponding streamline up to= 7/2, when the velocity field suddenly changes. It finds itself on
another streamline that will be followed for the next time interval of lerfgtB. Thus, on a time scale of
several periods, the trajectory will have several break points and its path can be much more complicated
than any of the streamlinelig. 12presents two such trajectories.

Since the velocity field is periodic, it is convenient to monitor the particle motion simohoscopic
mapobtained by recording the position of particles after integer multipl&safly. In this section, we
choose the starting time by taking stroboscopic snapshais-dl, corresponding to the instant when the
right sink is switched off. For the tracer positiontat 7/2 andT, we obtain from Eq. (18) by a simple
coordinate transformation the two pieces of the solution

CT 1/2—iK/2C
I —da
|zo + a|2>

2(T/2) = (z0 +a)<1
and

CT 1/2-iK/2C
) va, (20)

respectively. By introducing dimensionless coordinateszvia az, one notices that the dynamics is
fully specified by two parameters:

n=CT/a®* and ¢=K/C, (21)

the dimensionless sink strength and the ratio of the vortex to sink strength, respectively. The locations of
the sinking vortex points are= +1 in the new dimensionless units.

The rule connecting the coordinates on snapshots takes &tandT is exactly the same as for the
t =nT and(n + 1)T stroboscopic instants. By introducing = z(nT') as the particle position after
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periods, we obtain the general form of the discrete-time advection dynamics as

1/2—i¢/2
in+l= (Z;/1 -1 (1 - LZ) +1,
|z — 1]
where
; 1/2-i¢/2

’
Z :(Zn"'l)(l_ ) -1 22
8 |zn + 1|2 ( )

is a dummy variable corresponding to the particle positiar=atn + %)T. Itis the jump in the flow field
atr = T'/2modT that makes the submaps connectipdo z),, andz), to z,1 different.

We note that due to the alternating character of the fidfective sink coreare formed. Tracers which
are inside a circle of radiug =,/ around any of the sinks at the instant when it starts to be active, will
leave the system in the next time intervalyf2, and we do not follow their dynamics any longer. This
formally corresponds to having infinitely strong dissipation within the sink cores. Thus, the sink cores
are extended non-chaotittractorsof the advection map (although the time continuous tracer dynamics
possesses point attractors only, the two centers). Therefore, Egs. (22) are valid outside of these sink cores
only. Here, however, the map has Hamiltonian character: it is area preserving and invertible.

Fig. 13shows the various chaotic sets for a particular time. Their shape changes in time withTpasgod
can be seen iRig. 14for the unstable manifold. This complex fractal structure is the hallmark of chaotic
scattering, and is associated with the sensitivity of the trajectories of the system to initial conditions. This
is also illustrated byrig. 12where two initially very close trajectories end up falling in different sinks.

The closed version of the blinking vortex—sink flow, the blinking vortex f[@ly can experimentally
be generated via two parallel cylinders rotated alternately in a viscoug2lddl To our knowledge, the
vortex—sink flow has not yet been realized in a laboratory.

2.2.3. Point vortices

An important class of models in the area of fluid dynamics is that péint vortices moving in a two-
dimensional ideal floW99,163,147] Each point vortex is defined by a positiafy, y;), with 1<i < N.
A point vortex at(x;, y;) generates a flow field given by

uy=-I;y/R;, uy=Tix/R;, (23)

whereR; = \/(x — xi)%2 4 (y — yi)? is the distance of pointr, y) at which the velocity field is being
calculated from the vortex centéx;, y;), andrl’; is thevortex strengttof the vortexi. For N > 2, the flow

field is given by the linear combination of the fields generated by each individual vortex. Note that the
flow field is singular at the vortex centets;, y;).

IntheN vortex problem §V > 2), each vortex is affected by the flow generated by the other vortices. As a
consequence of Kelvin’s circulati¢h01,16]in ideal flows, the strength; of each vortex s preserved. The
vortex centersx;, y;), however, become functions of time, moving according to the flow field generated
by the otherN — 1 point vortices. It can be showi6,147]that the equations of motion for the point
vortices are given by

oH . o0H

liii=—, liyi=———0.
v lyl aXZ

o (24)
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Fig. 13. Snapshot of the (a) chaotic saddle, (b) stable manifold, and (c) unstable manifold in the blinking vortex—sink flow
(n = 0.5, n = 10). The circle in (c) shows the area that is drained during the next half time period.

Here the functiorH = H(x1, y1, ..., XN, YN) IS

1
H=—- ririinr;, 25
nZ J T (25)

i<j

andr;; = \/(xi — Xj)z + (i — yj)2 is the distance between vorticeandj. Egs. (24) and (25) have
a Hamiltonian structure, with the Hamiltoni&h The motion of the vortices is typically aperiodic and
chaotic forN > 4. If the total vorticity vanishesy Y, I'; = 0, the vortices remain close to each other, but
on average they undergo an overall drift. In a reference frame co-moving with the vortices, the flow can
be considered to be open, and advected particles undergo a scattering pHodess 140]

The flow generated around the moving vortices is governed by the stream furrction(x, y, t)
given by

1 N
wz—ngnlnn(t). (26)
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Fig. 14. Time evolution of the unstable manifold in the blinking vortex—sink system. The snapshots were takee=a3,(&))
t =T/10, (c)t = 2T /10, (d)t =37 /10, (e)t = 4T /10, (f)r =57 /10, (g) 6I'/10, (h) 7T /10, (i) 8T /10, (j) 9T /10. Note that at
t =T we recover (a), the shape of the unstable manifold changes periodically in time.
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Fig. 15. Unstable manifold of the chaotic saddle developing in the advection problem of two periodically leapfrogging vortex
pairs[157] (I'y = I'o = —I'3 = —I'4) with thex-axis as their common symmetry axis during the entire vortex motion. For vortex
strengths not all identical in modulus and zero resulting vorticity, the fractal pattern remains topologically similar, but much less
symmetric (cf. the backbone of the distributionFog. 34).

Herer; is the distance of the advected particle from itthevortex of centekx;, y;). For N >4, the flow
field associated with the vortices is therefore aperiodic. We shall use this exampl&/@withto illustrate
the theory for reactions in non-periodic flows, in Section 7.

We note that the advection dynamics is already chaotic in the flow field/ Bf3 vortices[7].

Fig. 15illustrates this by exhibiting the fractal unstable manifold of a symmetrically arranged four-vortex
problem.

Vortices behaving over finite time scales very similar to ideal point vortices can be generated in stratified
fluids[63], and vortex systems with zero resultant vorticity are easy to produce. An experiment visualizing
the leapfrogging motion of two vortex rings in air was carried out more than two decadf24dor he
smoke pattern (cf. Fig. 79 ¢213]) is very similar toFig. 15and clearly shows a filamentary structure,
to be called in current terminology, the unstable manifold of the chaotic saddle existing in between the
smoke rings.

3. A basic model of activity: autocatalytic process

3.1. Relevance

First we restrict our attention to autocatalytic reactions, which occur often in Ng&8feThey are
generic models of infection-like processes, or more precisely, of the penetration of a stable phase B into
an unstable one A. The reaction scheme is

A+B - 2B. 27)
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This reaction typically propagates in the form of fronts of some velaorijth relatively sharp boundaries
[94,143]

In chemical systems autocatalysis leads to explosive reactions, e.g., to a sudden colof4Bjange
Autocatalytic reactions, when coupled to other reactions, can give rise to such complex behavior as
multiple steady states, hysteresis, periodic oscillations or chaos. The famous Belousov—Zhabotinsky
reaction[228] also contains an autocatalytic step. During the last decades, several other autocatalytic
chemical reactions have been investigated.

The first evidences for the influence of the stirring rate on the reaction’s outcome have been found
within the class of nonlinear reactiofis72,111,122,173]JThe interaction of mixing with autocatalysis
has been shown to give rise to new phenomena as stochastic bghagj@nd chiral symmetry breaking
[95]. The first studies have been devoted to some global effects of imperfect mixing on the reaction. It
has been the sensitive dependence of the optical activif95hon the initial conditions which gave
motivation to Metcalfe and Ottind.25] to carry out the first study on the interplay between reaction and
chaotic advection (in a closed flow).

Among environmental processes, in the simplest approximation, both ozone dejgl#ii#8,96}and
plankton replicatiofl17,116,25Fan be described by front propagation of this type. In the first case, CIO-
rich polar air catalytically depletes ozone under the influence of light. However, chlorine can be deactivated
via the NQ-rich air of the mid-northern latitudes, and the nonlinear interaction of these processes might
play a role in controlling the effective amount of ozone in the stratosphere. A striking phenomenon
related to the second example is plankton blooming, a sudden increase of the plankton population in
seas and oceans conditioned on certain environmental changes. A further example is combustion, i.e., the
propagation of a flame front separating unburned premixed reactants (A) and burned g§2&3](B)

In our models of autocatalytic reactions taking place in flows, both components A and B are considered
to be made of constituents advected by the flow. Component A is assumed to be uniformly available,
and hence a single seed of B is sufficient to trigger an extended reaction. In a closed container, B
spreads until it eventually takes over all the available space. In an open flow, however, B particles are lost
due to outflow, and there is a non-trivial product distribution. The simplest example is that of a homo-
geneous flow of velocity), where the stationary B-distribution is a cone behind a fixed single B-seed
(seeFig. 16.

3.2. Individual modeling (particles)

The individual, or kinetic-theory-type modelirj¢25] uses point particles as basic elements of the
reactions. If two particles of different type come closer than a threshold distance, then they can react.
This distance is called threaction rangeand is denoted by. Alternatively,s can also be considered as
the size of the reacting particles.

For practical reasons it is convenient to assume that reactions instantaneously occur at certain times
only. The time difference between reactions is the timerla integer multiples of, the autocatalytic
activity of B particles converts all the A particles within a radiusto B particles. During a period of
length z, between two subsequent reactions, the particles are passively advected by the flow of given
velocity fieldu.

Although autocatalytic reactions can be treated by appropriate partial differential equations of the
advection—reaction—diffusion type (see the following subsection), individual modeling of the reacting
particles has been shown to be unavoidable in processes where strong particle number fluctuations exist
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Fig. 16. Stationary B-distribution in a homogeneous flow behind a single fixed B particle. The half angle of the cone is
o =arcsinv/U for v < U, wherev is the reaction front velocity, and is the uniform flow velocity.

[227,182,66,11Q]as well as in the case where inertial effects of the advected reacting particles are
included (see Section 9).

The present microscopic discrete-time model goes over into a time-continuous description if the limit
t — 0 is taken. In this limit, however, the reaction rangshould also go to zero (otherwise a singular
spreading of B would be possible). The limit is thus only meaningful if the kgttaremains finite, i.e.,
if the reaction velocity

v= lim 2 (28)

g,7—0 T

remains well defined.

3.3. Continuum modeling with concentrations

The continuum modeling uses concentratianand b of particles A and B, respectively. We con-
sider them as particle number concentrations, and use their dimensionless versions. Locally, the reaction
equations are

da db
o = —koab. - =koab , (29)

whereko denotes the reaction rate, with dimensigtirhe. Since the total number of particles (number
of A particles+ number of B particles) is conserved, the sum b of concentrations is a constant of the
reaction. We can thus consider the proportion

b
a+b

(30)

c
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of component B as a new variable. The valuecofinges from 0 (A component only) to 1 (when all
material is converted into B). Its time evolution is given by

dc
— =ke(l-c), 31
g ~ked=9 (31)
which is a logistic growth with reaction rate= kg(a + b).

The corresponding diffusion—reaction equation for concentratiara medium at rest is

0
a—: =kc(1 — ¢) + Dyif V2 , (32)
where Dyjrt denotes the diffusion coefficient. This is the so-called Fischer—Kolmogorov—Petrovsky—
Piskunov (FKPP) equatida9,94]which contains two basic parameters:tbaction rateand theliffusion
coefficient They determine the front velocity. the stable phase & 1) penetrates into the unstable one
(c = 0) with a velocity[94,49]which is proportional to the geometric mean of the reaction rate and the
diffusion coefficient:

v = ay/k Dgift (33)

wherea = 2. The transition between the concentration values) and 1 takes place in a narrow spatial
range whose width is of order Dgits / k. Since in most cases of interest this range is very small, it can be
said that the stable phase=t 1) propagates into the unstable phase Q) through a well-defined front,
which moves with velocity given by Eq. (33).

In the presence of a fluid flow of velocityr, ¢), the time derivativéc/or is to be replaced by the total
hydrodynamical time derivative of the concentration, and the full advection—diffusion—reaction equation
for concentratiorc reads as

d
a—f +(U-V)e=ke(l—¢) + Dgiff Ve . (34)

This is the equation which is to be solved in the study of autocatalytic reactions in flows. It is a first
approximation only, being based on the assumption that the reaction does not affect the flow. Also, it does
not take into consideration the size and the inertia of the particles (see Section 9).

4. Autocatalytic reactions in open 2D flows

In this section, we study the autocatalytic reaction in open flows, as one of the simplest kinds of active
chaos. We first describe the results of some numerical experiments, using both the flow around a cylinder
(Section 2.2.1J209,83,105]Jand the blinking-vortex flow (Section 2.2.2). We then develop a general
theory for the reaction dynamics of this syst09,83,205,206]In spite of its simplicity, this theory
predicts the main dynamical features of active chaos.

4.1. Numerical results

We first consider the flow around a cylinder. Since the flow is periodic, we fix the ‘phase’ of the reaction
relative to the flow. We consider time zero= 0, to be the instant when a vortex is born close to the
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Fig. 17. lllustration of the ‘infection’ scheme to simulate numerically an auto-catalytic reaction. The arrow indicates the transport
of the particle by advection, after which it infects the eight neighboring cells.

surface of the first quadrant of the cylinder and, simultaneously, the other vortex is in its fully developed
state (see Section 2.2.1 for details).

For convenience, we carry out the simulations on a uniform rectangular grid of latticg siaeering
both the incoming flow and the mixing region in the wake of the cylinder. Ehialso corresponds to
the average distance between nearest-neighbor particles, and is considered for simplicity to be the same
as the reaction range(see Section 3). If there is a tracer inside a cell, it is always considered to be at its
center. This projection of the tracer dynamics on a grid defines a mapping among the grid cells.

The course of the reaction starts with nearly all cells occupied by component A, the background
material. Initially, only a few cells contain B. One iteration of the process consists of two mappings in
involution. The first mapping describes the advection of the particles on the chosen grid over some time
lag =, while the second corresponds to the instantaneous chemical reaction occurring on the same grid of
cells. If a cell contains B at the time of the reaction, all of the 8 neighboring cells are infected by B. This
process is illustrated iRig. 17.

Initially, we introduce a seed of reagent B in front of the cylinder. Since there are only two speciesin the
system, we monitor only reagent B. Values referring to material A inside the computational domain can
be obtained from mass (in our two-dimensional model, area) consenaiipri8displays the spreading
of reagent B (black) in the course of time. Note the rapid increase of the B area and the quick formation
of a filamentary structure that becomes steady after a few time units, but changes periodically with the
period of the flow. A comparison witRig. 16illustrates the basic difference in the reaction outcome in
simple and in chaotic flows. Note that the seed is not fixed in the present case.

Fig. 19shows the number of B particles in the computational domain as a function of time. After four
periods, a self-repeating periodic oscillation sets in around a mean value. This means that the chemical
reaction takes over the flow’s basic periodicity and reaches a steady state: the number of particles being
born in the reaction is the same as the number of particles escaping due to outflow. In fact, since the flow
is reflection symmetric with respect to theaxis after a time shift of one-half, the product distribution
repeats itself with a period cg of the flow’s period.

The outcome of the dynamics depends strongly on whether the initial droplet intersects with the stable
manifold of the saddle. If the initial B droplet is too much off axis [aFig. 2(a], it does not penetrate the
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Fig. 18. Time evolution of a blob of B particles (black), initially placed close to the cylinder, interacting auto-catalytically with
the surrounding A particles (white). The snapshots (a—j) are taken at tia€s 0.2, 0.4, 0.6, 0.8, 1.0, 1.2, 1.6, 2.0, and 30,
respectively, right before a reaction takes plage—=(1 is the period of the flow.)

mixing region in the wake of the cylinder, and the whole amount of B is washed away downstream. One
can observe, of course, that the size of the compact patch B increases due to the autocatalytic process a
time goes on. Note that in this case no material B remains in the mixing region and the reaction dynamics
dies out in any fixed observation region of finite size. To sharpen the contrdsg.i@th we display

the B distribution ofFFig. 1§ in a much longer region downstream. This clearly indicates that material

B is now present aanyinstant of time atny xvalue in the wake (after long enough time). The gradual
broadening of the stripes of product downstream is due to the autocatalytic feature of the process. It
is worth emphasizing that whenever the initial droplet overlaps with the stable manifold, the long-term
reaction dynamics are all similar, and the outcome is independent of the precise initial conditions.



120 T. Tél et al. / Physics Reports 413 (2005) 91-196

12000 T T T T T T T T T

10000 [

8000 R

6000 R

number of particles

4000 b

2000 4

0 1 2 3 4 5 6 7 8 9 10

> o 00 0.4 0.8 -
_____..——
F i .
-..—-"-
_2 L 1 1 1 L 1 1 Il
-2 0 2 4 6 8 10 12
(a) X

) 1
(b)

Fig. 20. (a) Time dependence of an initially off-axis B blob. The numbers indicate the time instants when the snapshots of the
blobs are taken. (b) The shape of a blob initially overlapping with the stable manifold at ##8ethe same aBig. 1§ butin a
different frame, and approximates well the unstable manifold.
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Fig. 21. (a) The unstable manifold of the chaotic saddle in the reaction free flow generated by distrin@@iyi20ticles (black

dots) on short segments along the local unstable direction of three basic periodic orbits of the advection dynamics, and iterating
them forward in time over several periods. Panels (b) and (c) show the B-distributiea H2.0 just before and just after the
reaction, respectively.

In what follows, we focus on the nontrivial cases when the droplet penetrates the mixing region. To
understand the dynamics Big. 18 we recall that the tracer dynamics is governed by a chaotic saddle
in the wake of the cylinder. Passive tracers coming close to the chaotic saddle spend a long time in the
mixing region before being advected away along the unstable manifold of the chaotic saddle, shown in
Fig. 21a. Thus tracers having spent a long time in the mixing region accumulate on the unstable manifold.
A comparison betweekigs. 18,) and 21a provides numerical evidence for the accumulation of the
product material B in stripes of finite widths along this manifold.

In order to gain further insight into the reaction dynami€igs. 2 and ¢ show the reagent distribution
just before and just after the occurrence of the autocatalytic reaction, respectively, in the steady state.
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Fig. 22. The area occupied by tBgarticles in the steady state, at different values of the reaction timg(lagr =1, ¥ 1 =2,
‘+' ¢ = 3) as a function of the grid size chosen to be the reaction rangke scaling withs is found to be«/ g+ ~ a2~ D with
D = 1.64, which is in close agreement with the fractal dimension of the unstable manifold of the reaction free flow.

In the first case, the B distribution has a rather scanty appearance, while right after the autocatalytic
reaction, a suddenwidening of the B stripes occurs. The two pictures correspond to two different coverages
of the fractal manifold. The sudden increase of the coverage width at certain times is due to our modeling
of the chemical reaction as a ‘kicked’ process. In the case of time continuous reaction obtained in the
limit = — O this feature is not present, but the fact that material B occupies a fattened-up fractal remains
unaltered.

The fact that the B particles define a fractal coverage is confirméigoy22 which shows the scaling
of the area occupied by the B particles, as a function of the grid size used in the simulation. It is seen in
Fig. 22that the scaling is compatible with the fractal dimension of the unstable manifold of the underlying
advection dynamics.

Finally we illustrate the same reactive process in the blinking vortex—sink floisige23 Although
the flow is completely different, the fact that advected autocatalytic particles are accumulating along a
fractal set, the unstable manifold, remains the same.

4.2. Basic theory: the bandwidth dynamics

Now we develop a continuous-time model to describe the reaction dynamics. To do this, we follow
the history of a blob of reactive material (B) which intersects the stable manifold of the chaotic saddle
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Fig. 23. Snapshot of the autocatalytic reactions in the blinking vortex—sink system. The product traces out a fattened-up copy of
the unstable manifold, cFig. 14a (parameters as in that figure).

associated with the advection dynamics. This blob is advected by the flow, and after somg, time

the material B of the blob will be distributed in the mixing region along filaments, in bands along the
unstable manifold. Without reaction, the width of these bands converges to zero, due to the stretching of
material element, and to area conservation. In the presence of reactions, however, the loss due to escap
is counteracted by the production of new B particles, and as a result, the instantaneous average width of
the bands becomes nonzero.

This local effect of the reaction can be described both in the concentration and in the individual particle
modeling picture. Within the framework of the former, much insight can be gained into the reaction
dynamics by analyzing the so-called Lagrangian filament slice md@&]. The idea is that, along
the unstable manifold, the concentrationf material B is rapidly homogenized (due to the stretching
feature of the chaotic flow), and after some time the concentration can be considered to be invariant
under translation along the unstable direction. In the transversal direction, however, there is contraction,
and as a consequence strong gradients build up. In a reference frame comoving with the fluid element,
the effect of the fluid flow transversal to the unstable manifold is basically a contraction, due to the
presence of the contracting Lyapunov exponent. Taking te®rdinate as the one measuring the distance
from the unstable manifold, the typical flow field can be written-gs since in incompressible flows
the contracting Lyapunov exponent coincides with the expanding.¢iremodulus). The Lagrangian
filamental slice model is thus a reduced one-dimensional model of the form

o - dc 02
— — Ax— =kc(1 — ¢) + Dy

. 35
or ox ox2© (35)

where the reaction term is the same as (32), containitige relative concentration of B. By measuring
time in units of 1 and length in units of some linear scélethe equation becomes

dc  oc 1 o2
— — — =Dac(l—c¢)+ —

—c, 36
ot ox Peaxzc (36)
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where two dimensionless parameters remain. The first one is the Lagrangian Damkdhler number

Da = =, (37)
A
which is the ratio of the time scale of the chaotic advectigfi(the Lyapunov time) to the time scale of
the reactionDa > 1 implies that the reaction is very fast on the time scale of advection, whiledez 1,
the reaction is much slower than advection. The other dimensionless quantity is the Lagrangian Péclet
number

L2

Pe =
Dyit

: (38)

which characterizes the relative strength of the advection and diffusion.

The corresponding Eulerian dimensionless quantities appearing in the diffusion—reaction equation (34)
are the DamkohlgB8] and Péclefl01]numbersPa’=kL /U, andPe’= LU / Dy , respectively, where
U denotes the characteristic velocity of the flow, &nd the characteristic length scale.

In what follows, we assume that the reaction is fast, and diffusion is very slow. While diffusion spreads
the reactive material around the unstable manifold, the fast reaction immediately increases concentration
c to its maximum, ‘consuming’ all available resources. This implies that the coverage of the filaments
of the unstable manifold by the reactive material has sharp edges. This is a feature what one also finds
when dealing with particles (there is either one or no patrticle at a given site). In other words, this limit of
fast reaction and slow diffusion of (35) corresponds to the individual particle pittiié& then have a
coverage of the filaments by stripes of some widltt), within whichc¢ = 1, while c = 0 outside. Inside
the stripes reaction is stopped in lack of resources, they only occur at the edges. We can then write an
ordinary differential equation for the width.

Consider now a single band of B-particles of width) lying along a segment of the unstable manifold.

The bandwidth changes for two reasons. First, it decreases at-ai&t&his is due to the exponential
stretching along the unstable manifold with a local Lyapunov expoheffithe passive advection dy-
namics, which is accompanied, because of incompressibility, by a contraction of strehddecond,
due to the reaction, the bandwidth increases. This increase is proportional to the reaction vekmsity
Fig. 24).

The rate of increase of the bandwidth is, ince the reaction front propagates on both sides of the
band. Thus, the time derivative= ds/dr of the width is given by

S=—25+ 2v. (39)

This simple differential equation expresses the competition of two effects: the exponential contraction
of the bands towards the underlying fractal, and the linear expansion due to the front propagation of the
autocatalytic process. After some transient time, comparablgitotilis competition leads to steady

state(5 = 0) characterized by the fixed point value

5 =22, (40)
A

1In terms of the dimensionless number this impligs> 1, Pe>1, or Pe, Da — oo with Da/Pe <1 remaining finite.
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Fig. 24. Schematic diagram indicating the bandwidth dynamics: there is contraction across the unstable manifold due to the flow,
and increase of the bandwidth due to reactivity.

We emphasize that this equation is a consequence of the Lagrangian filament slice model (35) whenever
the continuum approach is applicald 3]. This approach, however, cannot be straightforwardly gener-
alized to inertial particles. Therefore, it is the bandwidth equation (39) on which our entire presentation is
based, which also allows an extension for three-dimensional flows and for flows with transport barriers.

The equation above describes an isolated band. In a chaotic flow, however, there are several bands
coexisting, all with different local Lyapunov exponents. We can assume that the dynamics of each of
these bands are similar to that of an isolated one, treated above. These bands have a typical (average
instantaneous width. For the sake of keeping the notation simple, from now on we denote the average
bandwidth simply by, without the bar. No confusion should arise, because we will be mostly interested
in average quantities in the following. The equation for the time evolution of a typical bandwidth is thus:

d=—Jd+2v, (41)

where/ is the average of the local Lyapunov exponents; hence, it is just what is usually called the
Lyapunov exponent. The average steady-state wiléhreactive scalés thus

=22 (42)
A

It is worth giving an estimate of the characteristic scales and, above all, of the reactive length scale
0™ (42) for the four flow regimes listed in the Introduction (€able 2. The length scalek range from
micrometers to thousands of kilometers, and even the characteristic velatispan three orders of
magnitudes. Typical Lyapunov exponents are reported to be 1/j#ledsd 1/(5 days)97] in the ocean
and in the stratosphere, respectively. Note that they are of the oreiZofThe characteristic replication
time of (phyto)plankton is 2 days, and we take this as the reaction time in the ocean. The depletion of
ozone is a similarly slow process in the stratosphere, we therefore estimate the reaction rate to be about
the same. We emphasize that in large-scale flows, the role of the molecular diffusion is taken over by
turbulent diffusion, which is of much larger magnitude. The front velocity is estimated from Eq. (33)
with « = 2, and the resulting reactive scales range fromrh@o tens of kilometers.

In Table 3 we also give the dimensionless numbers. In spite of the huge span in length scales,
the Damkohler numbers are between 2 and 10. This indicates that reactivity and advection are of
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Table 2
Characteristic parameters for some reactive flows on different scales
Microfluids Laboratory Ocean Atmosphere
L (m) 5x 104 1 1P 108
U (m/s) 102 1072 1071 10
1/7.(s) 5x 1072 10% 108 4% 10°
1/k (s) 102 10 2x 10° 2x 10°
Dyt (M?2/s) 1079 1079 1 10
v (m/s) 6x 104 2x 1075 4%10°3 4% 1072
5% (m) 5x 107> 4x1073 8x 103 3x10%

Table 3
Dimensionless numbers of the reactive flowgable 2
Microfluids Laboratory Ocean Atmosphere
Da =k/J. 5 10 5 2
Da' =kL/U 5 10 5 5x 10°1
Pe = L2/ Dyt 5x 103 107 107 3x 104
Pe' = UL/ Dyt 5x 103 107 10’ 10°

approximately equal importance in these phenomena, and the reactions are somewhat faster than ad
vection. On the other hand, the Péclet numbers are all very large, showing that diffusion is negligible
compared to hydrodynamical advective effects.

It is worth emphasizing that the basic feature leading to Eq. (40) is the existence of a front velocity.
Therefore all reactions with a well-defined front (such as bistable or excitable reactions, and flames
[143,144,89) are expected to behave similarly in flows. We shall discuss this in some more detail in
Section 10.

The bandwidth dynamics investigated so far reflects local properties, and is valid for both closed and
open flows. The basic feature of open flows is that the unstable manifold is a fractal, not filing out the
entire flow field. This implies that after a transient time, the B-material is distributed in bands of average
width 6(r) and their total area is less then the fluid area in the region of observation. Furthermore, on
any filamentary segment, infinitely many other segments accumulate, since they form a fractal set. The
number of B bandebservedo cover the segments with a widthis finite due to the overlaps. The
total B-distribution, covering the unstable manifold, appears thus to be a fractal on length scales above
(or 6* in the steady state), but it is smooth below this reactive scale.

4.3. The new rate equation

Let us consider a fixed region of linear sizaghat contains filamentary bands of average wiglih)
around the unstable manifold. According to fractal geomgtiyp,45] the numbeN of boxes of linear
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sizee needed to cover a fractal set of dimensidis proportional tae=?:
e\—D
Ne=#(7) - (43)

Here.# is a dimensionless geometrical factor, the so-called Hausdorff volume.
The smallest box size where this scaling is observed is the typical width introduced aboveAt
this coverage, the number of boxes needed to cover the fractal filaments in the region of observation is
N(38) ~ 6~P. The total areas  covered by material B in the observation region is therefo(8) times
the areas? of a single box, 0p°N (8), which is

A= HL? (Z) . (44)

Note that the exponent2D in the above expression is the difference between the dimension of space and
the dimension of the unstable manifold. Due to the frontal propagation of the reaction, the concentration
along the bands is approximately constant (Bige 24). The number Bof the B-particles in the given
region of observation is thus proportional to the area

B =coAp , (45)

wherecg is 1/(the area covered by a single particle) in the particle picture, and is the maximum concen-
trationcg = 1 in the continuum model.

By taking into account the time dependence in (44), the time derivative of the total number of B
particles, using Eqg. (45), is

B=co#LPQ2—-D)* P54+ BA#/H . (46)

Note that the fractal dimension is time-independent, see Section 2.1. By usifi=2 /7. (see Eq. (6)),
substitutings from (41), and assuming that’/ # is negligibl¢ we obtain

B=—«xB+ QK%B_ﬁ , 47
where
q = 2(coL?#)Y D) (48)

is a dimensionless geometrical factor, and the expofiéntonstant
_D-1
=>"p
The first term on the right-hand side of Eq. (47) describes the exponential decay in the number of B
particles due to outflow. The second term is pineduction termthat is, the rate of production of B due
to the autocatalytic reaction. The exponent in the production teafwisysnegative, since £ D < 2 for

chaotic 2D flows g is positive). Eq. (49) implies that the smaller the number of B-patrticles is, the greater
the production becomes, and that the productivity diverg&asproaches zero.

(49)

2Without this assumption, the prefactek of Bin (46) must be replaced by« + #/ # . Due to the periodicity of the flow,
A is also periodic, and the time average of this prefactersis



128 T. Tél et al. / Physics Reports 413 (2005) 91-196

Z LN
Filaments /

L~¢!? A-g*Pl

Fig. 25. Schematic diagram illustrating thedependence of the perimeter lengthand the arears of a filamentary fractal,
when observed with resolutien

We shall see in Sections 10.2 and 10.3 that Eq. (47) is valid for other types of reactions, too. For a broad
range of reactions (see Section 10) in 2D open flows the rate equation is of somewhat different form, but
all of them have the property that the production term contains the particle number raised to the power
B given by Eqg. (49). It is important to emphasize that the expofieritaracterizes the geometry of the
reaction-free chaotic advection, being determined solely by the dimension of the unstable manifold of
the chaotic saddle.

The appearance of this negative exponent in widely different active processes is a generic property
of filamentary fractals: the perimeter length of their finite-width coverageeasesas the area of the
coverage decreases. This is the relationship which leads to the singularly enhanced productivity. In order
to understand this, let us derive the relationship between the observed perimetettenyiiihe areas
of filamentary fractals. Since to cover such a fractal set requies ~ ¢~ small squares of linear size
¢, and since two of the four edges of each box typically belong to the perimeter of the covered area, the
perimeter length is proportional &3~ andincreaseswith refining resolution (remember2D > 1)

(seeFig. 25. On the other hand, the area is proportional4o?” anddecreasesvith refining resolution.
By eliminatinge from the relations? ~ ¢1~? and.« ~ ¢2~ P, we find that

L ~gP (50)

with g as given by (49). Thus, the perimeter length is, at any small resolutisegativepower(— ) of
the area. In view of this, the production term in (47) can be interpreted as an expression for the reaction
taking place along the perimeter of a fattened-up filamentary fractal seen at reséldtios is a purely
geometric phenomenon, and hence the feature of singular enhancement of productivity can be expectec
to be present whenever the reaction takes place around a fractal set.

The singular productivity disappears for= 1, representing a flow in which the filaments do not form
afractal, and advection is consequently non-chaotic. In this as@, D =1, k=, and the rate equation
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(47) reduces to
B=-kB+P, (51)

whereP ~ vcoL is a constant productivity. This is the traditional equation for a surface reaction in the
presence of outflow.

Another limiting case is that ab = 2, which occurs in closed flows, where the unstable manifold is
space filling (cf. Section 11). In this case, the escape rated<), since there is no outflow. The rate
equation (47) then reduces B = 0, and there is no production after the steady state has set in. It is
possible, however, to investigate the transient behavior leading to this trivial steady state, see Section 11.

Eq. (47) describes the competition of two effects: outflow and production. As a result of the balance
between these effects,steady statesets in after sufficiently long time for the global distribution in
the region of observation. This steady state is synchronized with the flow, i.e., it takes over the time-
dependence of the flow and in general follows the hydrodynamical time-dependence manifested in the
parameteq (see Eq. (48)). In other words, the shape of the filaments follows the shape of the unstable
manifold determined by the advective dynamics, at all times. In the case when the time dependence of
parametenq is weak (is practically time-independent), the steady-state value of the number of particles
is given by

2—-D
B* = (%) ~ 52D (52)

The scaling is uniqueB* is proportional to the powdR2 — D) < 1 of the reaction velocity. For example,
if v ~ 10~*m/s, the value oB* is with D = 1.5 two orders of magnitude larger than that for a traditional
active process witlh = 1.

4.4. Consequences and new features of the rate equation

4.4.1. Advantage of rarity

The singular production term in the rate equation, Eq. (47), corresponds to the princapleantage
of rarity. If reagent B represents living organisms, a state with a smaller number of organisms will grow,
in view of the termB—#, much faster than another one with more individuals. This is due to the fact that
a smaller population covers the unstable manifold with a smaller area but with a longer perimeter. It thus
grows faster. One consequence of the advantage of rarity principle is the existence of a nontrivial steady
state: the population cannot die out, according to this model (but see Sections 4.4.6 and 12), and plays
an important role in understanding the coexistence of competitive populations (see Section 5). Another
consequence is that the number of individuals, Eq. (52), in the steady state is proportional to a power
smaller than unity of the velocity, and it is thus mualger for small velocities (rare populations) than
that expected from a linear law, characteristic of traditional population dynamics models.

4.4.2. Dimensionless forms
By measuring the time in units of/&, we obtain the dimensionless rate equation

B=-B+qVB~F, (53)
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whereq is defined by Eg. (48), and
v
V== 54
AL ®4)
is a dimensionless reaction velocity. Note that it contains the Lyapunov exponent of the passive advection,
and hence it is a Lagrangian number (which cannot be obtained from a traditional, Eulerian approach).
In view of relation (33), the dimensionless front velocity can be expressed in terms of the Lagrangian
Damkohler (37) and Péclet (38) numbers:

Da\Y?

and is always small in view of the large magnitude of the latter. The steady-state particle number from
Eq. (52) is then

Da\ D72
2 “) . (56)

@V) Ay
It is worth noting that although the Eulerian dimensionless numteas$ énd Pe’) are close tda and
Pein their values, in the dimensionless equation (53) only the latter occu¥)vighis clearly indicates
that the phenomenon is of Lagrangian character.

4.4.3. Product vs. diffusivity
Because in the continuum model the reaction front velocityproportional to the square root of the
diffusion coefficientDgifr (see Eq. (33)), we obtain from (52)

2—-D)/2

The amount of particles produced is proportional to the fractional power [1/2) of the diffusion
coefficient. This relation for diffusive particles has also been derived in R&8,223]

4.4.4. Dependence of production on resolution

Let us now consider the production terB{B) = ¢V B~# of Eq. (53) in the steady state. Assume
that this production is measured with a resolutiomorsethan the reactive scale, i.e> 6*. Since the
production is proportional to the perimeter length seen with the resolution used, we have

P(e) ~ e+ P . (58)

The exact amount of productioR(6*) is, however, proportional t6*1~". The ratio of the observed,
coarse-grained amount of production to the exact one is thus

ex\ D—1
P(e) _ (0_) L e> 5* (59)
P(5%) &

By improving the resolution (decreasiadowardsé™) the ratio moves towards unity (sé&. 26).

This dependence is not present at all in the nonchaotic case, Wwheik Therefore, we conclude that
the increase of productivity with increasing resolution observed earlier in simulations of environmental
problems[41,113] can be described by Eq. (59), that is, by the fractality of the reacting substance
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=

P(e)/P(5*)
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Fig. 26. Schematic diagram of the dependence of the production term on the resolutior. &qrP (¢) coincides withP (5*).

distribution. Our results show that this effect is present even if the description of the hydrodynamical flow
field is complete, in contrast to a similar effect reported beffatel13] which may be due to incomplete
knowledge of the flow field.

4.4.5. Enhancement factor
In a non-chaotic flow (withD = 1, a non-fractal distribution), the average widthof B-particle bands
in the steady state is proportionalitpi. The enhancement factor relative to the non-chaotic case is thus

B*(D) v\ )
B*(D =1) (i) e (60)

whereV is the dimensionless front velocity given by Eq. (55). Sifite- 2v/2 is typically much smaller

than the characteristic length scalef the flow, V <1, and the right-hand side is typically a very large
number (recall that + D < 0 for 2D flows). Consequently, there is always a considerable enhancement
due to the chaoticity of the advection dynamics. Eq. (60) can also be considered as a quantitative measure
of the efficiency of the advantage of rarity, described in Section 4.4.1.

4.4.6. Emptying transition

According to numerical simulations with the continuum model, the total amount of B particles depends
in a nontrivial way on the reaction velociy.It is observed143] that below a critical Damkdhler number
Dac, no product remains in the flow. Thus, an ‘emptying transition’ takes place at this critical value of
Da. Fig. 27shows schematically the dependence of the steady-state particle number on the Damkéhler
number. Around the critical point the particle number goes continuously tq 438 In other words, the
transition is the analog of a second-order phase transition. It is interesting to mention that an analogous
transition can be found by analytic medig3,144,70]in the Lagrangian filamental slice model (35),
which proves thus to be a useful indicator of the global behavior in the continuum picture.

In the discrete time version of the particle picture, a similar emptying transition exists (cf. Section 12).

3 For sufficiently slow reactions, the coefficiemin Eq. (48) becomes a function of the reaction rate, too, or more precisely,
of the Damkdhler numbedda (37).
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B*

Da

Dac

Fig. 27. Schematic diagram showing the dependends @h the reaction velocity expressed in terms of the Damkdhler number
Da. The critical Damkdhler numbébac turns out to be of order unity.

4.4.7. Interpretation in terms of flames

As mentioned earlier in Section 3, the autocatalytic reaction, described in terms of the FKPP equation
(32), can be considered as a model of combustion. Sirc#& corresponds to burned material, the flame
is located in regions of high-concentration gradients. The theory above shows that, in cases when there
is a supply of unburned material advected by open flows, the well-known front propagation feature of
the FKPP equation, together with the contraction induced by the flow, leads to filamentary structures
on which the flame is concentrated. This pattern is steady within the region of observation, and can be
generated by a localized initial perturbation (a ‘spark’). Outside the filaments no burning takes place. A
measure of the efficiency of burning is given by the particle nunBervhich is proportional to the area
over which the flame spreads. In closed flows, where the material leaving a certain region is fed back
within a short period of time, the asymptotic steady statedd throughout the container. The burning of
all the fluid is, however, not necessarily advantageous in a practical problem. The results of this section
suggest thatontrolled, moderatdurning can best be realized apen flowsIn the case of everyday
heaters, the open character of the flow is due to the effect of buoyancy, which makes the hot gases rise ur
in the air, thereby leaving the active region around the heater. Egs. (47) and (49) then suggest that burning
in chaotic open flows is more efficient than in nonchaotic ones (cf. (60)).

4.4.8. On the diffusive scalgjs

It is widely known that diffusion sets a characteristic length scale in reaction-free problems, and this
is often taken as/Dyiff /S With Sas a characteristic strain rate of the flf2,223] We point out that in
chaotic advection the diffusive scale should be determined with the average Lyapunov exponent (instead
of the Eulerian strain). Next, we show that the characteristic bandwideti reactive flows is typically
exceeding the diffusive scale.

In a reaction-free problem the widétof a band filled with particles is increasing in time proportionally
to 4/t due to diffusion. In a medium at rest no counter-action is present, and the bandwidth dynamics can
be described by the differential equation

. Dy
5= diff
0

whose solution with initial conditiod(0) = 6g is 6(¢) = ,/5% + 2Dyiti ¢ .

(61)
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In the presence of a permanent contraction due to the chaoticity of the flow, thé.desinould be
added. The equation of a typical band then reads as

. Dgi _
§= 29 _ 75 (62)

At steady state, contraction balances diffusive spreading, such that

Dyift
Sgift = II : (63)

This is the diffusive scale corresponding to the reaction-free case in a chaotic flow.
Using (40) and (33), the reactive scalecan be expressed as

5* = 20(\/ Daéziﬁ . (64)

The reactive scale is thus larger than the diffusive one whergaés larger than 1(2x), i.e., of order
unity, which is so in all cases dfable 3 A more important difference is that, in the lack of permanent
particle influx, the particle concentration above the diffusive scalie@aying in timen a reaction free
case, while the particle concentratiorcnstantn the reactive case.
We mention that the presence of an additional spreading due to a front velocity can also be incorporated
[205] by the form
5:%“—%+%. (65)

In dimensionless units$y{L — J, t1 — t), this can be rewritten as

. 1
5==Pe—15-—54-2v. (66)

For large Péclet number®é — oo) the first term is negligible compared to the othérsdécreases
with the square root oPe only, cf. (38)). This shows that the relevant bandwidth equation is indeed
Eq. (39) for our cases of interest (d&able 3, characterized by large Péclet numbers: the presence of a
front velocity is the dominant effect.

4.4.9. Autocatalytic reaction with continuous inflow of material

Finally, we study how a constant inflow of reactive, autocatalytic material modifies the reaction (47).
Such a continuous inflow of one of the materials is inescapable to maintain a steady state in the case of
non-autocatalytic processes, as will be discussed in Section 10.4. The injection implies that without any
flow and reaction, the rate equation wouldbe- &5 = const, where; denotes the given injection rate
(number of injected particles per unit time). This globally constant inflow rate has, however, to be divided
among the filaments of the unstable manifold. This means that the amount of injection that goes into
each B-band around the filaments, out of the total injection@gtemust depend on the actual number
of bands, and hence on the average bandwidithis modifies Eq. (41), the bandwidth dynamics, to

d=—i0+2v+qo(d) , (67)

wheregg(9) is the share of a typical band from the injection. The novel feature of the continuous inflow
problem is the appearance of the tegpto) whose actual form can only be deduced from the global
behavior.
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The time derivative of (45), using Egs. (44) and (67), leads now to
B = —«xB + (coL? #)Y?DP) (2 — D)[2v + qo(5)]1B~F, (68)

wherep = (D — 1)/(2 — D) (see (49)) is the same as in the case of no injection. We can fix the value
of ¢o(d) from the fact that in a reaction-free case=£ 0) B = —xB + ®p has to apply. This leads to
qo(d) = D (coLP )~/ 2=P)(2 — py~1BF. Using this and (6), and introducing the geometrical factor
gas in (48), we end up with

B:qu_KBJrqK%B*ﬁ. (69)

Comparing this expression with Eq. (47), we see that a new term, the injectichy atgpears in the rate
equation.

5. Coexistence of biological competitors

In this section, we apply the theory developed above to the study of species coexistence in chaotic
open flows. This approach sheds some new light on one of the classical problems of ecology, the famous
‘paradox of plankton[179,84,181]

5.1. Competitive exclusion

The problem of coexistence of competing species is a classical question of theoretical ecology. It is of
central importance in several ecological problems, ranging from the paradox of plfbk&&4,181}o
prebiotic evolutiorj84,180] Traditional theoretical and empirical investigations show that the number of
coexisting species in a given ecosystem is limited by the numbBienitihg factors that is, by the number
of differentresources for which the species are competing. In a well-mixed environment, only those species
are able to survive which are best adapted to the use of at least one of the limiting refely@rg 3]
Thisresultis based onthe hypothesis that the competing species are homogeneously mixed in their habitat
which wasassumedo be the case for aquatic media. Competitive exclusion, however, contradicts the
observation that a large number of species do coexist in a single ecosystem, while competing for the
same limiting resources (e.g., nitrogen, carbon, phosphorus, etc.) whose number is observed in almost
all situations to be never greater than about 10.

The traditional population dynamical equations for the numBgrB- of two speciesB;, B>, respec-
tively, competing for the same resource A, in a given well-stirred region, are:

dB

(Tl =o1B1 — B, (70)
!

dB

d—tz =opBy — uyB>7 . (71)

The growth and death rates, «p andyq, u, depend on the numbd@rof resource molecules A available,
which changes in time as
dA

E =op —a1B1— 0By, (72)
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whered, is the rate at which the resource is injected into the region of observation. Regardless of the
particular forms of thé\-dependencespfixed points can exist in the system in which both species would
be in a steady state with non-zero valuept= B} [59].

5.2. Paradox of plankton

The contradiction of competitive exclusion with experience, as was first emphasized ifv&ef.
is common in phytoplankton communities, and is called gaeadox of planktonHere a number of
species coexist in a relatively isotropic or unstructured environment, all competing for the same sorts of
materials, and the number of species exceeds considerably the number of limiting factors. To explain this,
Hutchinsor{74] put forward the idea that seasonal environmental changes prevent competitive exclusion
in natural phytoplankton communities. Thus the species of the community, at least on the time scale of
ecological observation, are in non-equilibrium coexistence.

Since then numerous investigations revealed many different mechanisms, including spatial and tempo-
ral heterogeneity of habitat, predation, disturbance, co-evolutior{2&@,32] increasing the chance for
competitive coexistence. Naturally, under the word ‘competition’ many different biological phenomena
are collected together, which influence the coexistence of species in different ways.

Thus, the original problem changed into finding the most relevant mechanisms which maintain diversity
in particular situationf36,73,220,207,14Despite the vivid debate in this field of ecology, there appear to
be two main lines of consensus. According to one, climatic periodicities and fluctuations play the main role
in causing species’ persistence in phytoplankton commuifiis$66,193] The other view is that external
disturbanceg36] are the most adequate hypothesis for the explanation of high diversity in phytoplankton
communities, see e.g. R¢L67]. These suggested explanations of the paradox of plankton assume that
the external environmental disturbances are inhomogeneous in space and/or time. These disturbance
would keep the species in coexistence by having compact patches of different non-equilibrium states.

Inthe previous sections, however, we have seen that there is no need to assume external causes to expla
the inhomogeneous distribution of species advected by fluid flows. We have seen that even without external
disturbances, the aquatic environment is expected to be neither well-mixed nor homogeneous. As we have
shown, advected substances accumulate along filamentary fractals, which have a major effect on their
active processes. In particular, due to the underlying hydrodynamical advection, active processes feature
the property of advantage of rarity (Section 4.4.1). This provides a mechanism which favors the survival
of the species that are about to go extinct.

Coexistence hence might be possiblentperfectly stirred environment$his mechanism for coex-
istence is further supported by numerous remote sensing images, which show that phytoplankton are
typically distributed along fractal-like filaments in the oceans.kd. 4and[15]).

5.3. Numerical simulations

Numerical[84,179,86]and theoreticall81] investigations proved that the coexistence of competing
species is indeed possible in inhomogeneously mixed, open aquatic environments.

The simplest case is provided by advected autocatalytic species in an open flow. Their competition is for
the common resource A, which means that their activity is described byB— 2B1, Bo + A — 2B>.
Without any flowthe stronger species with faster reproduction would sooner or later encircle the slowly
growing patch of the inferior one, preventing its access to the resourcgsetfeatly mixeegnvironment,
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Fig. 28. (Color online.) Coexistence of two species in the von Karman vortex street flow behind a cylinder. The figure shows a
snapshot of the population distribution after steady state has been reached. The two species arg)greendd (B).

ordinary differential equations in terms of the average concentrations (similar to Egs. (70) and (71)), would
describe the process by which the inferior species would decay rapidly to extinction.

When the competing autocatalytic species are advected bgemnchaotidluid flow, they accumulate
on fractal filaments of large perimeter, allowing the inferior species to also have access to the resources.
Moreover, the advantage of rarity principle generated by the advection (discussed in Section 4.4.1) favors
the species which is less abundant. The less abundant a species is, the more enhanced its activity (in thi:
case, its reproduction rate) becomes.

This expectation was verified in numerical simulations where resource A exists in abundance, as in the
case of the simple autocatalytic process of Section 4. The competit@sBs, utilizing this resource,
are placed in the flow in small patches in front of the mixing region. They enter then into the region where
the flow is time-dependent, and are pulled into filaments of fractal structure. The number of competitors of
each species rapidly reaches an equilibrium value. In this steady state, the competitors are in coexistence
in a significant region of the parameter space, even when one of the competitors is much fitter than the
other one.

The numerical simulations were carried out for the von Karman vortex street behind a cylinder. The
coexistence of the species is illustratedrig. 28 A small region of that figure is magnified kig. 29 It
is clear that the species coexist along the filaments of the unstable manifold, and they are washed away
everywhere else due to the outflow from the mixing region. The coexistence is further illustrated by the
plot of the total population of both species as a function of time, shoviagin30

Generalizing the theory of Section 4, a set of equations can be obtained that describes the population
dynamics of competitive autocatalytic replicators in an open flow, as will be shown in Section 10.3.

5.4. Metabolic models

In many cases, the simple autocatalytic model is not sufficiently realistic to describe real competitive
systems. One example is the cyclic competition of species: some bdt&3]ar phytoplankton species
[222,178]might produce toxins that inhibit or kill other individuals around them. However, besides these
killer and sensitive types, there might exist resistant types that, at the cost of slower replication, can
resist the toxin. This way a cyclic competition occurs: killer out-competes the sensitive type, sensitive
out-competes the resistant with slower reproduction, and resistant reproduces faster than the killer type.
It has been shown that in a well-mixed environment coexistence is impof&#jlebut in case of im-
perfect mixing generated by fluid dynamics, the coexistence is possible also in the case of the cyclic
competition[82].



T. Tél et al. / Physics Reports 413 (2005) 91-196 137

g &
@
-0.3 B
al ¢
_0'4 ‘ 4.:::;; i
-0.5 E; .
i "
= LR
~0.6
0.7
0.8
07 08 09 1 1.1
X

40 60 80 100 120
time

Fig. 30. (Coloronline.) Plot of the total population numbeys {or B; andN2 for By) in the frame ofFig. 28as a function oftime.
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Fig. 31. Scheme of metabolic activity. All competitoygbntribute to the common metabolism M, which in turn, provides help
for reproduction of each species. It is assumed that all species are necessary to keep up the metabolism.

Another example, where an autocatalytic model is not appropriate, emerges when one tries to explain
coexistence of self-replicating macromolecules during prebiotic evolution. In this case, a chemically more
realistic metabolic model has been sugge$83d, where replicating macromolecules cooperate via a
common metabolism. In this chemically more realistic metabolic system, replicators help catalytically a
common metabolism whichin turn supplies energy-rich monomers for replication, as shown schematically
in Fig. 31 Itisassumed that all the replicators are necessary to drive the metabolic machinery, which means
that the replicators act as ‘obligate mutualists’in ecological terms. In other words, reproduction is possible
if a competitor is supported by the common metabolism, thatis, if it has in its small neighbadhoter
competitors present. Naturally, when one competitor dies out, it drives the whole system to extinction,
as no more reproduction is possible any longer. Since the metabolism provides a non-specific help to
replication, in the perfectly mixed version of this model the fastest replicator excludes all the others, and
the metabolic system collapses. Again, it turns out that the presence of a chaotic flow changes this picture
dramatically[86].

We superimposed on this activity the advection, using the blinking vortex—sink flow discussed in
Section 2.2.2. The initial patches of the competitors are quite far from each other, as shegirGiza,
so that reproduction is impossible initially, because the metabolic help is unavailable for them. As time
goes on, however, all species accumulate on the same fractal filaments, where they get close enough tc
each other, to start reproduction as they enter in each others’ metabolic range. As illustfteB2)
they can coexist in spite of the permanent outflow for arbitrarily long time, concentrated on the filaments
of the chaotic saddle’s unstable manifold.

It was also possible to shoj@86] that the coexistence is robust against the appearance of parasitic
species in a region of the parameter space. These parasites are species that do not contribute to thi
common metabolic pool; they just use it for reproduction, decreasing in this way the amount of available
resources for the other competitors.
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Fig. 32. (Color online.) Coexistence of metabolic network in the blinking vortex—sink system. Three species (blue, green, red)
trace out the unstable manifold after some time, and then their population reaches a slightly fluctuating steady state. The snapshots
were taken at (a)=0, (b)r =0.5T, (c)t =0.6T, (d)r =0.8T, (e)t =T, (f) t = 1.5T7, and (g)r = 107T'. The last figure shows

the time dependence of the three populations.
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6. Autocatalytic reactions in 3D open flows

All our previous discussions have focused on two-dimensional fluids, because of the simplification
this hypothesis entails. However, real fluids are three-dimensional, and many flows cannot be reasonably
approximated by two-dimensional models. In this section, we undertake the study of activity in open 3D
flows, for the case of hyperbolic advective dynamics, and show that in the jump from 2 to 3 dimensions,
fundamentally new phenomena appga1].

6.1. Advection

We first study the purely advective dynamics of a 3D flow, without considering activity. To simplify
the analysis of new dynamical features found in 3D flows, we keep assuming the flow to be periodic in
time. In this case, the stroboscopic dynamics can be reduced to a 3D volume-preserv[dg|mdyere
escape is possible. Because of its odd dimensionality, the number of unstable directions of the dynamics
is different from the number of stable ones: such maps are not Hamiltonian, even though they preserve
the 3-dimensional volume. This is in contrast to the 2D case, whose map is Hamiltonian (cf. Section 2).
Since volume is preserved, there are two non-degenerate cases of hyperbolic advection dynamics in 3D
flows:

e ‘Type I with one unstable and two stable directions, and
e ‘Type II': with two unstable and one stable directions.

We will see that these two types of advection dynamics lead to distinct types of rate equations of the
reaction dynamics.

We model the advection in a time-periodic 3D flow through a simple 3D map, which is a 3D gener-
alization of the open baker mgp04]. In spite of their simplicity, baker maps are known to reflect all
generic features of hyperbolic dynam{d$2]. The model is defined onxyzcube of linear siz&, and
its action is shown irFig. 33. We denote the map by M. One iteration of M consists of two actions.
First, thex andy directions are contracted by a factorwith 4 < % while thez direction undergoes an
expansion by a factor/12, thereby conserving volume. By this transformation, the cube turns into a long
thin rectangular slab with its long edge along #axis, as shown ifrig. 33. Second, four pieces with
heightL of this slab are selected and put in the four corners of the cube. The pieces of the slab that are not
selected are discarded, and considered to have escapdtds8a). Note that this map is a particular
case of the more general situation in which there are two distinct contraction faigtarsd 4, to be
dealt with in Section 6.3.

The map M has two contracting directions, and one expanding direction, and is therefore of type I. We
observe that for the inverse map‘N/l stable directions turn into unstable ones, and vice versa. Therefore,
M~ has one stable and two unstable directions, and is of Type II. We thus conveniently handle the two
generic types of hyperbolic 3D maps with one single map, and its inverse. We note that, since hyperbolic
systems are structurally stable, we are not loosing any generality by assuming a particular form for M.

Because the contracting and expanding directions of M (and alsh) Bte aligned with thec-, y-
andz-axis, it is not difficult to visualize the stable and unstable manifolds: the stable manifold of M is
a Cantor set of planes parallel to the horizontal,y) plane, and the unstable manifold is a Cantor set
of vertical segments. We can visualize these manifolds by iterating M forward a given number of times
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Fig. 33. (a) lllustration of the action of one iteration of mdpon a cube of sidé = 1 (Type | dynamics). The drawing is not
to scale. (b) Surviving points after 2 iterations of the Médor A4 = 0.35, with initial conditions chosen randomly in the cube.
(c) The same as (a), but for the inverse map? (Type Il dynamics). (d) Intersection with a horizontal plane=(const.) of the
set of surviving points after 2 iterations bf, with 4 = 0.35.

for many initial conditions chosen randomly within the unit cube. The distribution of points that have
not escaped approximate the unstable manifold of M, which is the stable manifold’of@dnversely,
iterating backwards (or iterating M forward) gives a picture of the stable manifold of M (which is the
unstable manifold of M1). The results are shown Figs. 3% and c.

Let us consider now the unstable manifold of M, depicte#liopn 33. Since it is made up of vertical
line segments, and since the expansion and contraction rates are uniform, we can restrict ourselves to
the intersection of the unstable manifold with a horizontal plane. This is depictei.ir83d, where
the intersection of the set of surviving points of two iterations of M with a horizontal plane are shown.
In the limit of an infinite number of iterations, a well-known double Cantor set in the plane is formed
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[45,115] with fractal dimension given by-21n 2/ In A. The unstable manifold is the product of this set
and a one-dimensional line segment, with dimension

Dy=1-2In2/In4A . (73)

Note thatDy, is also the dimension of tretablemanifold of M—1. A similar reasoning can be applied to
the stable manifold: it is the product of a Cantor set with a plane. We thus find

Ds=2—-1In2/In4 . (74)

The chaotic saddle is the intersection of the stable and unstable manifolds, and its dimeDgigpds-
—3In2/In A. From Egs. (73) and (74), we see tliat = Ds. Furthermore Ds and D, satisfy

1<Dy<3, 2<Ds<3. (75)

Note that the structure of the stable and unstable manifolds for the two types of flow for a generic map
(and not only for map M) is topologically similar to that showrkig. 33 Namely, for Type | flows, stable
manifolds are a Cantor set of surfaces, and the unstable manifolds are a Cantor set of one-dimensional
curves (and conversely for Type Il flows). Also, inequalities (75) hold in general.

We observe from Eq. (75) that in Type Il flows the dimensiayof the stable manifold (which fulfills
the same inequality a3y in Eqg. (75)) may be less than 2. In this case, the stable manifold has generically
a null intersection with a one-dimensional curve, and thus the 1D scattering function (such as the escape
time) is smooth, even though there is a fractal invariant setzkor 2, on the other hand, the typical
scattering function has a fractal set of singularifi€s2]. This is a phenomenon analogous to the one
found in Hamiltonian chaotic scattering in three-degree-of-freedom sy$2n200,100] The transition
point, at whichDs = 2, is given for the map M! by A = A; = 1/4. If the flow is of Type | however, this
transition does not occur. This is an important difference in the dynamics of the two kinds of flows.

6.2. Reaction

We now let the advected particles be active and investigate the autocatalytic reactive dynamics for the
3D flow. Although we have used a discrete map acting at integer multiples of a gettodnderstand
the advection dynamics of a 3D flow, we will now switch to a continuous-time approach of reactivity,
because it is easier to grasp. The discrete case will be investigated in Section 12.6.

We first consider the case of general Type | flows, with one unstable direction. From the previous
discussion, the reacting B-particles accumulate in filamentary bands along the unstable manifold, which
is a fractal set of dimensioD. At any given time, these bands are columns of square base of linear size
o(t). As time evolvesy contracts at the average rateHowever, because of the autocatalytic reaction,
there is also a widening due to the reaction front velocity, which tends to incfedbais, analogously
to Eqg. (41), we have the following equation for the time evolutiod:of

d=—J0+2v, (76)

wherev is again the velocity of the reaction front, ahi$ the modulus of the average Lyapunov exponent
along both contracting directions. For the case of map M, we have-In A/ T, whereT is the period
of the flow.
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Let 7’5 denote the volume occupied by the B-particles around the unstable manifold. Covering this
with 3-dimensional cubes of size the number of boxes i (6) = # - (6/L)~ "¢, and we get

5 S—Du
1B = %L3(—> : (77)
L
where# is the Hausdorff volume. The numbBrof B-particles in the same region is
B=co/ B, (78)

wherecg is the reciprocal value of the volume occupied by a single particle. From this, we carpwrite
as a function oB: § = (cqL3#)~Y/@-Dw p1/B3-Du | By differentiating Eq. (77) with respect to time,
substituting Eq. (76), and neglecting the time dependenceé,oive can write the rate equation for the
time evolution ofB as[131]:

B=—xB+qx ELLB_/%D , (79)

whereg = 2(coL3#)Y/ 3P is a dimensionless constant, the escapewige

k=@— D7, (80)
and exponenfizp is given in this case by
Dy—2
= . 81
Pao =37, (81)

Eq. (79) is the 3D counterpart of Eq. (47): we find a production term which is proportional to a non-
integer power oB. There is an important difference, however, in the behavior of the expgggrin
the 3D case. From Eq. (81),#, > 2, thenfzp > 0, whereas iD, < 2, i3p < 0. In the two-dimensional
case, only the former behavior is possible: the source term in Eq. (79) diverges$o0, giving rise to
the dynamical catalysis and the ‘advantage of rarity’ discussed earlier. Thggas®, which happens
in Type | flows, is only possible in 3D flows, and has no counterpart in two dimensions. In this case the
source term vanishes &— 0. In our map M, the transition point between these two kinds of behavior
is at A1: Ac = 1/4, the same as the transition point between smooth and fractal scattering functions
of M~

The steady-state value Bfis

3—Du
B* = (%) ~ 53 Du (82)

Since in continuum models the front velocity is proportional to the square root of the diffusion coefficient
(see Eq. (33)), we have in 3D flows:

— 3—Dy)/2

The enhancement factor is now

B*(Dy) v\
B*(Dy=2) <i> e e
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whereV is the dimensionless velocity, defined in Eq. (54). Eq. (84) also reflects the cross®yee22
mentioned above.

The production term in (79) is proportional in the steady state (when it egBalsto 272, Since,
however, the Lyapunov exponent is proportional to the escape rate (see (80)), we find

P~ Pum2 (85)

The limit of large escape rates is thus completely differenfigr- 2 andDy, < 2: in the former case, the
production diverges as— oo, while in the latterP goes to zero. In case of the 3D baker map M, a large
escape rate can be present for~ 0 only, which implies (see (73py — 1, Ds — 2. ThusP ~ 1/k
ask — oo, for Type | flows in steady state for large

We have dealt with Type | flows above, but the same approach can be applied with practically no change
to Type Il flows (with 2 unstable directions). The only difference is that the unstable manifold is now a
family of surfaces, and is to be interpreted as the average thickness of reactants covering the surfaces.
All the equations above apply unchanged. Type Il flows, however, have an unstable manifold dimension
which is always greater than 2 (cf. Eq. (75)), and therefore do not present a decay of the activity for small
B*, or largex, as Type | flows do. This is a fundamental difference in the reaction dynamics between Type
I and Type Il flows. In particulart — 0 implies (see (74)Py — 2, Ds — 1, and thu$ is independent
of «k in this limit, for Type Il flows.

6.3. Asymmetric contraction

We now study the case of a 3D flow with different contraction factors.

Let us consider the purely advective dynamics first, for the case of Type | flows, which is the type
with more interesting reactive dynamics. By considering a generalized baker map Miwig A,
Ay, Ay < % the intersection of the set of remaining volume aft@pplications of the map with a plane
parallel to thexy plane resembles agalig. 33, but the squares are now rectangles, with different sides
Ox(n) = A%, (0) anddy(n) = A56y(0). In the limit asn — oo, an ‘anisotropic’ double Cantor set is
formed, which is the unstable manifold of the chaotic saddle. This Cantor set is characterized by two
partial dimensionsD, andD,, corresponding to the two contracting directions oftiglane.D, is the
fractal dimension of the intersection of a one-dimensional segment parallelx@iiewith the Cantor
set. Similarly,D, is the dimension of the intersection with a segment parallel tg-dogs. Using the two
partial dimensions, the numbai(d,, d,) of rectangles of linear siz& andé, necessary to cover the
two-dimensionaky section of the Cantor set [S6]

5y \ " Prs,\ Py
N(ax,ay)zyf(zx> (%) , (86)

where# is a constant. The total fractal dimension of the unstable manifold is given in teris afid
D, by

Dy=1+ D, + D, . (87)
The relation between the partial dimensions and the parameteasd A, is simply:

Dy=—-In2/In4,, Dy=-In2/In4, . (88)
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The escape rateis given by
kT = —1In(44,4y) . (89)

We now introduce the autocatalytic reaction, whose effect is, as before, to enlarge each rectangle by a
certain amount after each iteration of the map, thereby counteracting the loss due to escape. The actual siz
of a rectangle filled with B-particles also depends on the strength of the reaction. As we did previously
in the symmetric case, we consider the continuous limit, wheand¢, are taken to be continuous
functions of the time. Then, the effect of contraction and frontal reaction propagation can be described
by the following differential equations:

Si=—1i0i+2v, i=x,y, (90)
where?li_are the contracting average Lyapunov exponents in modulug; &rttie front velocity. For the
map M,4; =—In4;/T > 0.

From Eg. (90), and taking# to be constant, the total number of B-particles around the unstable
manifold is

B = coL3,3,N (3., 0y) = co# LPvsPest P (91)
Using Eqg. (91), we find a differential equation for the time evolution of the particle nuBiber
B =—xB+2v[(1— Dy)/dx + (1 — Dy)/3,1B , (92)
where
k= (1= Dy)ly + (1= Dy)y . (93)

Since there are two independent widthsandé,, now we cannot use Eq. (91) to express hotlandd,
as functions oB alone to get a closed equation ras we did previously. What we can do is to express
one width (say,) as a function oB and the other width. The active dynamics is then governed by two
coupleddifferential equation (the one f@& and the other fod, ). This means that the nature of the time
evolution is quite different from the simple case studied previously=£ A,).

If one of the contractions is very fast, say the one alongftiesction, ther, can be assumed to have
reached its steady stai®, = Jj = 2v/Iy, while 6, is still evolving. This approximation enables us to
express, viaB as

5y = BY AP0 (gL Do sy =Y/ (=D (1) =A=D)/A=Do) (94)
From (92) we then find
_ _ N S
B=Q1-D)A|—-B+q —|=— B P || 95
- |-p+q2 (<) (95)

whereq’ is a geometric factor given by
qg= Z(S_DU)/(l_DX)(COLB%):L/(]'_DJ")

and

D

/ X
-7 ..

Pao=1"7p.~
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In this case the active dynamics is completely determined by the particle number again, and the rate
equation is of similar type as in 2D flows (cf. Eq. (47)). This shows that, if one of the directions is
contracting at a much faster rate than the other one, the dynamics is effectively two-dimensional. If,
however, the two directions have similar contraction rates, Eq. (95) is no longer applicable, and the
dynamics is truly three-dimensional, and (90), (92) apply.

7. Reactions in general, non-periodic flows

In this section, we consider reactions taking place in long lasting, aperiodic flows. For simplicity, a
2D case is considered again. By making use of the theory of random maps, a model is presented which
yields a rate equation displaying a singular production term, similar to the corresponding case of time
periodic flows[85]. Therefore, the singular enhancement (as well as the other features of active chaos
highlighted in the previous sections) does not depend on time periodicity, and is found also in flows with
random time dependencifb].

7.1. Random maps and random fractals

In Nature, strictly time-periodic flows are rarely found. Although it is hopeless to find a completely
general theory of reactions, there is a class of flows to which our previous theory can be extended. Most
flows displaycoherent structureghat is, well-defined persisting space—time pattgftig The theory we
develop applies to flows in which the coherent structures are the dominating feature. It is assumed that
their number is fixed, but their position and shape might chamegularly, chaoticallyin time. In this
case, it makes sense to model the advection dynamics as a low-dimensional dynamical system, which
can be described on snapshots taken with some period as a map with randomly varying parameters. Fromn
now on, we use the termandom flowgo designate such flows.

The advection dynamics can thus be describedbypdom mag169,226,194]in which the parameters
p are assumed to be taken from a stationary ensemble. The paranttken at time instamt can then
be written as

e =H+ Ay, (96)

wherep is the average value, ad.,, denotes the fluctuation. The overall strength of these fluctuations
can be characterized by the relative variance

Au2
r= f;” :

u

Overbars denote averages taken with respect to the stationary ensemble associated with the giver
random flow.

In open random maps, both the chaotic saddle and its unstable manifold are fractal objects which never
repeat their shapes in tinjé6,140] Their dimension is, however, well-defined atshe-independent
[169,76,140] The dimension of the unstable manifold is denotedbyvhere the subscriptreminds us

of the fact that the dimension depends on the strength of fluctuations. The dimBritine nonrandom
flow is recovered for = 0.

(97)
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The chaotic saddle has a positive average Lyapunov expdpemhose value also depends on the
strengthr of randomness. The generalization of the Kantz—Grassberger reJ@@bis also valid for
random map$§104]. This means that the dimensi@n of the chaotic saddle’s unstable manifold can be
expressed as

D,=2-2, (98)

Ar

wherex, denotes the escape rate from the random chaotic saddle.
7.2. Reactions in random flows

We use again an autocatalytic reaction for definiteness, but our results have more general validity. The
advection carries an initial distribution of B particles into thin stripes of typical width surrounding
the unstable manifold. The advection makes a wiilthif the B band contract at a rate given byi.é,
where/ is the instantaneous Lyapunov exponent. Hence, the total time evolutipnvith the reaction
taken into account, is given again by

d=—)0+2v, (99)
which can be conveniently rewritten as
diné
e -+ 2v/d . (100)

In random flows/. is a random variable, taken from some ensemble. By averaging over the stationary
distribution of the randomly varying parameters of the flow, we get

din o - 2
=—J —Jv. 101
ar +<5)v (101)

There is no average an since it is an intrinsic property of the reaction.
In order to derive the rate equation, we note that relations (44) and (45) are still valid, but now the
Hausdorff volume is a random variable, too. We can thus write (cf. (46))

d d d
The above formula is valid for a particular element of the ensemble. Taking the average, and using
Eqg. (101) and noting that the average of #idactor is time-independent (since the ensemble is assumed
to be stationary), we find

d— - (2\

In view of the Kantz—Grassberger relation, Eq. (98), we identify the first term on the right-hand side of
(103) as—«;.

To get a closed-form equation fd& from Eq. (103), we need to derive a relation betwezand
5. We do this by assuming weak relative fluctuations. The validity of this assumption is to be checked
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a posteriori. In accordance with the stationarity assumption, we now dvete+ Ad, whereAs satisfies
Ad = 0. In view of the aforementioned weak relative fluctuations, the averaged terms in Eq. (101) are
well approximated by

_ -1 1 1
INé=Iné — = —-1==(1 104
n o — o, (5) 5( +pr) (104)
where
= (A3/5)2 <1 (105)

is the relative variance of the width, which depends on the strength of parameter fluctuatkmrs
simplicity we assumed that the cross-correlathan\s is zero. B
Substituting Eg. (104) into Eqg. (101), we get the equation for the time evolutién of

=—Jo+2v(1+p,) . (106)

Comparing with Eqg. (101), we see that the effect of randomness on the average width is a multiplicative
correction on the production term, which can be thought of as an increase in the effective reaction velocity
v. In other wordsrandomness enhances productiyiig compared to the non-random case.

Next, we average the expressidn= co#’LP5°~Pr (see (44) and (45)), and use the expansions
H =H + AH (A# =0) ands = + AS. The result is

(2—D)(1-Dy)
a0,

B=w5" (1 + (107)

where for simplicity we also assumed that the cross-correlation A7 vanishes. Within this ap-
proximation,

MB=INB — (2— D,)%,/2 — /20027 .

Substituting this result in Eq. (103) and rearranging, we get the final form for the time evolution for the
average numbeB of reacting particles:

dB

B+ P14 320, ) 4
-~ K’q 2 7

(2 - D,)? —dpr
2 dr

(108)

up to leading order in,. Hereq = 2(coL?#)Y?>=P") is an average overall geometric factor, and the
powerp, is expressed as (49)

D, —1
2—D,

B = (109)

Since 1< D, < 2 for a chaotic system, the production term in Eq. (108) has a singular dependeBce on
and it diverges foB — 0. The relation betweef), and D, is formally the same as in the time-periodic
case (see (49)), but hefz. is the dimension of the unstable manifatithe random flowAlthough the
B-dynamics is coupled to that pf in (108), we can assume thatreaches a steady state faster tiBan

i.e., the last term is negligible. The equation is then of similar type as (47). Thus, we have shown that the
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singular enhancement of production is presamn in random flows&nd hence cannot be dismissed as
an effect of artificial time-periodicity assumptions.

Comparing Eq. (108) with the corresponding Eq. (47) for time-periodic flows, the random nature of
the flow is manifested by, > D, whereD is the dimension of the nonrandom flow (the limip — 0)
(see e.g[76,140) from which . > p follows. This confirms the fact that productivity is enhanced by
randomness (the prefactord(3 — D, )p, /2 is larger than one). From Eq. (108) it follows that properties
described in Section 4 also hold for reactions in random flows.

7.3. Numerical results

In order to test the theory, we have chosen the flow generated by 4 point v¢id€dswhich is one
of the simplest 2D flows that has a non-periodic sustained time dependence (see Section 2.2.3). Thus,
in this system the randomness is generated by the internal dynamics of the flow, and not by external
environmental perturbations. The vortices of the model might represent coherent structures (mentioned
in the beginning of this section). This chaotic vortex system can also be considered as a local model of
2D turbulence over a finite period of tinhgl,162]

We numerically implement the autocatalytic reaction in the following way. We choose a rectangular
regionZ containing initially all the four vortices. We then partitiehinto n,n, rectangular grid cells,
corresponding to the division of tikeand they-axis inton, andn, segments, respectively. As the system
evolves in time, the center of the four vortices undergoes an overal!lmﬂ. For this reason, we define
2 in the co-moving coordinates; and yc, defined byxc = x — 137 x; andye =y — 137 1w,

(x;, y;) being the instantaneous position of vorteln these new coordinates, the motion of the vortices

is confined to a finite area of the, y) plane since the total vorticity is ze@jf':1 I'; = 0 (cf. Section

2.2.3)% RegionRis chosen so that if a particle leavRsit will necessarily escape towards infinity. The
numerical simulation of the reaction is identical to the one described in Section 4.1, except that the spatial
region of interest undergoes a drift, as time goes on.

We use vortex strengthiyy = I'o =13 =1,I's = —3, and choos® = [—-1.3, 1.3] x [—0.2, 1.4]. The
initial vortex positions are; = x» = x3=x4 =0, andy; = 0.1, yo =0.6, y3=1, y4 = 0.4. The reaction
time lag is kept constant, at the valuerct 2. We start with a uniform initial distribution of B particles
on the grid. After a few reaction steps, the system reaches a state of dynamical equilibrium, which is
independent of the initial distribution. Because of the flow’s aperiodicity, the number of B particles does
not stay constant in time, but fluctuates in a random-like fashion, see the irSigt iB4 The theory
predicts that after the transient period is over, the B particles should be distributed in a filamentary
fashion, shadowing the unstable manifold of the advection dynamics. In other words, the B distribution
is a fractal for scales larger than the widtHn Fig. 34 we show the B distribution after 7 reaction steps,
corresponding to dimensionless time 14. By this time the transient phase is over, and the systemisin a
steady state. Itis clear frofig. 34that the B distribution is very intricate and filamentary. In order to test
the theory quantitatively, we calculate the fractal dimension of this distribution, which should be equal to
the dimension of the unstable manifold of the purely advective (without reaction) dynamics. To calculate
the fractal dimension of the steady B distribution, we compute the equilibrium distribution at the same
time ¢+ = 14 for several values of the grid size= o, keeping all the other parameters constant. Zgt

4For N = 4, the casezl‘-‘:1 I'; =0 is exceptional and is shown to be integrafdld7]. The resulting vortex motion is,
however, complicated enough so that on snapshots taken with a fixed period the dynamics appears to be random.
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Fig. 34. Distribution of B-particles at time= 14, right after the seventh reaction step. The upper left inset illustrates the scaling
of N (e) (note that = o the reaction range). The result is a well-defined power law, giving a fractal dimension of 1.96. The upper
right inset shows the time evolution of the number of B particles, where thetismaeasured in units of the reaction time

be a subregion of the rectangie If N (o) is the number of B particles in the steady state distribution
within %o, it should scale ad/(¢) ~ ¢~ P8, with Dg as the dimension of the B-distribution, for scales
larger thars. The left inset shows the numerical result fbas a function of. The counting regio®?g

is the one shown ifrig. 34 It is seen thatV(¢) does indeed follow a power law, from which we find
D = 1.96 4+ 0.01. Comparing this with the valuB, = 1.95 of the unstable manifold dimension of the
advection dynamics, calculated in REf40], we see that they match to within numerical uncertainties.

8. Effects of transport barriers and non-hyberbolicity

We have focused so far on hyperbolic advection dynamics, that is, when all the orbits in the chaotic
saddle are unstable. However, in many cases of practical interest the advection dynamics is non-hyperbolic,
having stable (actually, elliptical) periodic orbits around the chaotic saddle. It is shown that this can have
important consequences when the advected particles are chemically or biologically2&ta2,130]

8.1. The effective dimensidys

For concreteness, we focus again on two-dimensional incompressible flows with a periodic time de-
pendence, in which the motion of passively advected particles is given by a Hamiltonian dynamical
system as shown in Section 2. The non-hyperbolicity is due to the preseKédvbislands[152,22]in
phase space, which consist of regions within which the orbits are confined. These islands are bounded by
absolute transport barriersvhich the flow cannot cross. These islands appear in a complex hierarchical
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Cantori

KAM island

Fig. 35. Schematic illustration of the hierarchical structure of KAM islands and Cantori, generic in non-hyperbolic flows. Solid
circles represent KAM tori, and Cantori are represented by circles with ‘gRpslenotes a region belonging to leveh the
hierarchy of Cantori.

structure in all scales, in a fractal-like way. Physically, they correspond to vortices in the flow, from
which fluid does not escape. Such vortices are very common in 2D flows, and they have been observed in
environmental flows, such as in the atmosphere (the stratospheric polar vortex, which plays a crucial role
in the process of ozone depletif®8,58], is in zeroth-order approximation such a barrier), and also in
ocean circulationp,3]. Associated with KAM islands (or vortices), there is a seCahtori, remnants of
broken up KAM tori, which are ‘leaky’ invariant sets surrounding the islands. Even though particles can
cross the Cantori, they may take a long time in doing so, and as a consequence the Cantpdrdiet as
transport barriers The overall picture of the phase space in non-hyperbolic (2D) systems is sketched in
Fig. 35 This ‘segmentation’ of the phase space caused by the presence of KAM islands and Cantori has
no counterpart in hyperbolic systems.

We introduce the concept of effective dimension for the passive (non-reactive) dynamics. In open chaotic
systems, the stable (and unstable) manifold of the invariant set is fractal, with the fractal dim2nsion
defined by the limit

D=— IimOIn N(e)/In(e) , (110)

whereN (¢) is the number of boxes of sizeneeded to cover the stable (and unstable) manifbgatisfies
1< D <2. For non-hyperbolic systems, it is knoyi03,34]thatD always assumes the maximum value
D =2.

Limit (110) converges very slowly and is only attained fary small values of. In fact, in non-
hyperbolic systems, a log—log plot &f (¢) versus e is typically, to a very good approximation,
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InN

In g% Inge

Fig. 36. lllustration of the concept of effective dimension, the slope of the tangent to shednin 1/¢ curve.

a straight line with a slope less than 2 over saamange of many orders of magnitude, even though
from Eq. (110), the slope is 2 far — 0. The slope in fact does approach 2 fosmall enough. But if
for some physical reason one has a finite resolutiggiven, for instance, by the size of the advected
particle), the dimension that is practically seen is given by the effective dimenhgipf21], defined as
an approximation t® for finite ¢ (seeFig. 36):

dIn N(e)
dlIne

ande; <e2. Obviously, Defs satisfiesDef () — 2 ase — 0.

The effective dimensio®ef depends also on the location in phase-space for non-hyperbolic systems.
This is due to the presence of Cantori which act as transport barriers: particles inside a Cantorus take
a much longer time to escape than those that start outside it. This means that the piece of the chaotic
saddle’s stable manifold that is within the Cantorus is more stretched and folded than that outside. At
finite resolution, its filamentation appears to be more involved and, as a result, the effective dimension in
the inner region should be higher than in the outer region.

Before testing this idea, we introduce a numerical model. We use the 2D Hamiltonian (area-preserving)
map given by[64,39]

Desi(e) = ~ const. foreg<e<en, (111)

Xp1 = Alxy — (xp + yn)2/4] )
Y1 =2"yn + G+ y)?/41 (112)

wherel > 0 is a real parameter. The discrete-time system (112) can be considered as a stroboscopic
map of some time-periodic 2D incompressible flow. Map (112) has an open dynamics, with trajectories
coming from infinity, and being scattered towards infinity again after a transient time. £6r5, the

map is non-hyperboli¢103]. We fix A = 6. In Fig. 37a, we show the Poincaré section for this system,
found by plotting many iterations of a few initial conditions. There is a stable period-2 orbit, which is
the center of a KAM island composed of two pieces. This KAM island is embedded within a Cantorus,
which can be seen by the long time it takes for a particle in its interior to escape, as is evidenced by the
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Fig. 37. (a) Orbits of the map (112) far= 6. The inset shows a magnification of a small region. Complex structures of stable
orbits and Cantori can be seen. (b) Steady state distribution of the autocatalytic prodes$fand: = 1; (c) same as (b), with
=50; (d) same as (b), with=200. The magnification in the inset shows the filamentation of the region lying between the two
KAM islands.

outermost orbit, shown in the figure as a cloud of points surrounding the islands. Orbits initialized within
the Cantorus have a much longer average escape time than those orbits initialized outside it. There are
smaller Cantori embedded within the big one, corresponding to even larger escape times, and so on, in
a hierarchical structure similar to that of the KAM islands themselves. Evidence of this ‘fine structure’
is seen in the inset dfig. 37a, which shows a magnification of the island structure. Note that, although
we are looking at the particular case of map (112) for convenience, this self-similar structure of KAM
islands and Cantori is a general feature of any non-hyperbolic Hamiltonian sji&in

We now use the dynamical system (112) to calculate the effective dimebgiarTo do this, we use
the uncertainty methofb7] to calculatef (¢), the fraction of boxes of sizeneeded to cover the fractal
set (compared with the total numbers—2). The effective dimension is then obtained from

dInf(e)

2= Deff(®) = =2

(113)

We first calculateDes outside the Cantorus, and obtdigs = 1.54 (Fig. 3&). Inside the first Cantorus,

we find a considerably greater valilgs = 1.91 (Fig. 3&). This shows thaDes indeed depends on the
location in phase space, and is greater inside a Cantorus. There is, however, an infinite number of Cantori,
organized hierarchically around the KAM islands. As we go deeper and deeper within the Cantorus
structure, the typical escape time increases, and soldigedn fact, we are able to find regions in system

(112) whose effective dimension is numerically indistinguishable from 2.



154 T. Tél et al. / Physics Reports 413 (2005) 91-196

f(e)
f(e)

107 10 1x10® 1x10*  10° 107" 1x10° 1x10® 1x10"
(a) € (b) €
10 4
5 | [7)]
g 2
=] . Q
5 5
o o
k= A S
o (-} !
= . 2 10° 4
10* T y
1000 1000
(©) 1/e (d) /e

Fig. 38. (a)f (¢) outside the Cantorus; the slope givegs = 1.54+0.01. (b) f (¢) inside the first Cantoru®es = 1.915+ 0.003.
(c) Number of reacting particles in the filamentary component of the equilibrium distribution as a function of the inverse of the
grid size, forr = 1; the slope gives directlpyp = 1.53+ 0.01. (d) Same as (c), with= 200; Dgp = 1.92+ 0.03.

8.2. Consequences for the reaction dynamics

We now discuss the consequences of non-hyperbolicity for the reaction dynamics, using as usual the
model of autocatalytic reaction presented in Section 3.

From the above discussion, we find that the deeper we go into the hierarchy of Cantori, the longer it
takes to escape, on average. Let us use an integeriitmldgnote how many levels down in this hierarchy
a certain point in phase space is (assuming that the point is not within a KAM torus). . die the
typical escape time from a level with indéXregion R; in Fig. 35. As we have seen in the previous
subsection7 @ increases with, and we havd" ) — oo asi — co. Analogously, letb(d stand for the
effective dimension of a level with labgland Ie&gf)f be the corresponding effective average Lyapunov
exponent. As — oo, D) — 2, as we have seen. Since large valugistoéan that the particle spends a

long time close to the KAM tori, we expect th%gf), — 0asi — 00 [103,34]
Within a leveli, a band of reacting material has an average widithwhich satisfies

50 = 700 42y . (114)

Thisequationis analogousto Eqg. (41), with the variables replaced by their effective values. The equilibrium
valued®* of the bandwidth is thus given by

PUS N (115)
7(1)
‘eff
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Sinceigf)f decreases to zero asncreases, we see from the above expressiondthétincreases as
increases. Thus, as we go down the hierarchy of Cantori, the bands become thicker, and there will be a
valueic above which all the bands corresponding to that level (and thosei witl) overlap, and the

fractal filamentary structure will not be visible below this level. This tendency is further reinforced by
the fact that the size of the regions in phase space corresponding to éeskases with increasing
Regions withi > i are seen as a solid block of B particles, with no gaps, and no filaments. If we exclude
this ‘bulky’ region, the effective dimension of the B distribution is equal to that of the highest value of

i for which filamentation is still discernible. In symbolBgp = Dgff), whereDgp, denotes the ‘observed
dimension’ of the B-particle distribution.

From Eq. (115)0)* is proportional to the reaction front velocity, which implies that the critical lavel
increases with decreasingBy considering as avariable, by decreasing increases abruptly at certain
critical values ofv. As a consequence, the observed dimengiggincreases by jumps, approaching 2
asv approaches 0. This infinite sequence of transitions is a consequence of the hierarchy of KAM tori
and Cantori, and is thus a unique feature of non-hyperbolic flows (that is, flows which possess transport
barriers).

In order to test the phenomena predicted above, we use the space—time discretization procedure ex:
plained in Section 4.1 to simulate numerically the advection—reaction dynamics in map (112). We initially
fix the reaction time = 1 (meaning one reaction at each iteration of the map). After an initial transient
time, we find that the space distribution of the reacting particles settles down to a steady state that is in-
dependent of the initial conditions (except those that lead to the empty equilibrium, corresponding to all
particles escaping after a finite time). The steady state distribution is plotkégl.iB7. This distribution
represents again a dynamical equilibrium, when particles are produced by the reaction at the same rate
with which they escape through advection.

The distribution ofFig. 37 is made up of two components: a bulky comporgnivhich includes the
region corresponding to the KAM islands and the outermost Cantorus (comparEigitB7a), and a
filamentary componen#, surroundingZ (seeFig. 371). The existence o is due to the presence of
the KAM islands: the finite reaction front velocitycauses the B particles to penetrate within the KAM
tori, which is not possible in the purely advective dynamics. In fact, not only are the islands taken over
by the reacting particles, but, in our case, also their surrounding Cantori. In the déige b, t =1
corresponds to a value offor which the bands in the first level of Cantori already overlap, rendering this
whole region a solid block of reacting particles. In the case of an open hyperbolic dynamics, the region
2 is totally absent.

For hyperbolic dynamics, the equilibrium distribution has a fractal structure (down to the grid size),
with an observed fractal dimensidpy, equal to the dimensioD of the unstable set in the underlying
Hamiltonian dynamics. For non-hyperbolic systems the filamentarypaitthe distribution must have
an observed dimensiaBgp equal to the effective dimensiddes (9¢©)*), and notD. We have calculated
the box-counting dimension of the distribution showrrig. 37, after excluding the bulky component.

This is shown inFig. 3&. We have obtainefdoy = 1.53 4+ 0.01, which is, within numerical error, equal
to Deff = 1.54, calculated previously in the reaction free case for the region outside the first Cantorus
in Fig. 3&.

Togtest the prediction of the sequence of transitionsiaslecreased, we simulate the system’s dynamics
for increasing values af (which corresponds to decreasing The result for = 50 and 200 can be seen
in Figs. 3€ and d, respectively. As is increased, the region outside the Cantorus is depleted, and
above a critical valuec, part of the region within the Cantorus is ‘breached’, and becomes filamentary
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(Fig. 3). Thisz corresponds to a critical value offor the first transition of the series predicted by the
theory we presented above. Compaffiigs. 3'd and b, the former’s structure does look more convoluted,
suggesting a larger observed dimension. A box-counting calculatidgg€onfirms this, and gives the
resultDqp = 1.92 (Fig. 3&), in excellent agreement withes = 1.91, calculated previouslyig. 3& for
the non-reactive dynamics. Increasinfurther (that is, decreasing, we should in principle see other
transitions, but numerical limitations do not allow us to resolve them.

We note that for arbitrarily small, non-hyperbolic systems always have a non-empty steady state.
This is another difference with hyperbolic systems, which always have a critical vatiebofe which
the system empties (this emptying transition is studied in Section 12.2).

8.3. Extension of the concept of fractal dimension

We can extend the concept of effective dimension to cases other than the ones treated above. The
existence of a well-defined fractal scaling over decades of resolution is actually not necessary for our
theory to work. For reacting systems with a filamentary distribution in configuration space, our approach
only requires that, close to the steady staté&;) be a power law of at the length scale around the reactive
scales*. This is important because many filamentary structures observed in environmental processes do
not present a clear scaling over decades of resolution. This is the case, for example, for the plankton
growth or for the ozone reactid@23]. Our treatment can be carried out in this case with an exponent
Deit (¢ =6%) replacing the fractal dimensidh, whereDeg (¢) is defined as the slope of theMy(¢) versus
In(1/¢) curve (sed-ig. 36):

dInN(e)

Deff(#) = ==

(116)

This is formally identical to our previous definition of effective dimension, Eq. (111). However, now we
do not require thalV (¢) be a well-defined power law over several decades. It can be interpreted as the
local slope of the curve IV versus Ire. The theory of reaction dynamics presented here can then be
applied to cases where the fractal dimension (or even the effective dimension as defined in the previous
subsections) is not well-defined. We just need to replabg Des; in all expressions, wherBes Is to be

taken at a resolution corresponding to the reactive stali particular, the exponenstof the rate (47)

should then be evaluated with thixs in (49).

9. Effects of inertia

So far we have assumed that particles are passively advected by the fluid; in other words, that the
velocity of each advected particle is always equal to the velocity of the surrounding fluid. Finite-size
particles, howevelgannotadjust, due to their inertia, instantaneously their velocity to variations of the
fluid velocity. Therefore, in general the particle veloarty:f = dr /dt (r (¢) is the position of the particle
as a function of time) typically differs from the fluid velocity In this section, we elaborate the effects
of inertia on active process§k48,149,206]
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9.1. Advection of finite size particles

The simplest case of non-inertial effects is when the advected particles are small spherical particles of
finite size. The equation of motion for the dynamics of a small rigid spherical particle with radiug
massmn , [119,10,127]s

m,,v:mfau(r(t),t) — Emfa V—u(r@)),t) — f)a veu(r(r),t)

dx(z)/dt

s 117
Jrv(t — 1) (17

t
— Braux(t) + (m, —my)g — 6na2,u/ dr
0

where
X(1) = V(1) —u(r (1), 1) — ga®Vu,,

r(¢) andv(z) are the position and velocity of the particle, respectively,&indr) is the flow field at location

r attimer. Herem ¢ is the mass of the fluid displaced by the particle, amgithe viscosity. The first term

on the right-hand side is the acceleration of the fluid element in positirat timet and represents the

force exerted on the particle by the undisturbed fluid. The derivativelzo= ou/or + (u - V)u is the

total hydrodynamical derivative. The second, third and fourth terms represents the added mass effect, the
Stokes drag, and the buoyancy force, respectively. The integral is called the Basset history term, and is due
to the fact that the particle modifies the flow locally. The terms involvifig2u are the so-called Faxen
corrections for nonuniform flow fields. Eq. (117) is valid for small particles at low particle Reynolds
numbers (that is, the Reynolds number calculated by using the patrticle size as the length scale). This
requires that the initial velocity difference must be small as well.

For sufficiently small particle radius the Faxen corrections can be neglected. By assuming that the
particle takes a long time to return to a fluid region visited earlier (compared to the hydrodynamical time
scale), the Basset history term can also be neglected.

Taking these approximations into account, and using dimensionless variables defined by

L
r-rL, v—-vVvU, U—UulU, t—>Ut,

wherel andU are the typical length and velocity scales of the flow, and the new variables on the right-hand
side are all dimensionless, we get the following dimensionless equation of motion:

. 1 ) 3 d
F(r) = E(u(r(t)’ 1) — (1) +wn+ §REU(r(t), 1), (118)

wheren is a vertical unit vector pointing downwards, and the dimensionless parameters are

6raul _
St—lzm—f’ R:m—fl, wzug . (119)
(mp + smp)U mpy+ smy 6raul St
The parameteBtrepresents the amount of damping and is calledStoées numbethe dimensionless
decay time due to the Stokes drag. The limitSef— 0 corresponds to the case of point particles with
no inertia (sincen  andm , are proportional t@3). It is in this limit where the advection equation (1),

used in the previous sections, holésis the mass ratio parameter, aRdck % corresponds to aerosols
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Table 4
Range of observability of inertial effects
Particle size Observable effects Drastic effects
Micro-organisms a=10"%m 2m 2cm
Rain drop, plankton a=10"3m 200m 2m
Beer can a=4cm 400km 4km
Balloon, drifter a=1m 2x 10°km 2000 km

For particles of a given size (first column), the table gives the lengthsealevhich inertial effects on the particle trajectories
are clearly observable (second column), and the length scale on which these effects are drastic (third column). The results have
been obtained from Eq. (119) by postulating that the effects are observable=fat03, and drastic forSs > 10~1. We take
U=1m/s,R=1,v=yu/pquiq = 105, consequenth$ = (2/9)10%2/L for aandL measured in meters.

(heavier than the fluid), an@ > % corresponds to bubbles (lighter than the fluid). Parametisr the
scaled patrticle settling velocity for still fluid.

Based on the expression tin Eq. (119), we can estimate typical length scales over which the effects
due to inertia are observable. These estimates are shovable 4for a wide range of particle sizes.

The general inertial dynamics (118) possesses a four-dimensional phaséaspaag, v,) even for
planar stationary flows, whereas for the non-inertial particle dynamics the phase space is two-dimensional.
This extra dimensionality of the phase space is a consequence of the fact that an inertial particle is not
constrained to follow the fluid, and thus its velocity is an independent dynamical variable. Hence, there
are extra degrees of freedom in the corresponding dynamical system. The inertial dynamics is dissipative,
even in incompressible flows, and the phase-space volume contracts at thgStatetfich is always
positive, in contrast to the non-inertial case, in which the phase-space volume (s, theplane is
preserved by the flow.

The dissipative character of the inertial dynamics raises the possibility that there is an attractor
in phase space, which is not possible in the non-inertial approximation. It is then possible to have
a strange attractor or chaotic attractor with a fractal geometric structure and a sensitive dynamics
[12,203,24,189,27,20,148,149,106,206,15%here is a strange attractor of phase space dimension less
than 2, its projection on the two-dimensional configuration space will also have a fractal structure. In
this case, the particles accumulate on a fractal filamentary structure, much like in the case of non-inertial
particles in open flows. We will see that the presence of a strange attractor in the inertial dynamics has
very similar effects on the reaction dynamics, and can be understood using essentially the same formalism
we used for open flows.

To illustrate the existence of a fractal distribution of inertial particles, we use a simple two-dimensional
cellular flow field, given by the stream function

W(x,y) =[1+ ksin(wt)]sinxsiny , (120)

wherek and w are the amplitude and angular frequency of the temporal oscillation of the flow field,
respectively[148,149,106] This flow field consists of a square lattice of vortices rotating in alternating
directions (sed-ig. 3% and b), gravitation acts along tlreaxis. The time-independent version of the
flow dynamics k£ = 0) was first considered in Rdfl96] as a simple model to describe the distribution

of plankton resulting from the cellular motion induced by winds in lakes and oceans, often called the
Langmuir circulation102]. The effects of finite-size particles in this particular flow, without forcing
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Fig. 39. (a)(b) Chaotic sets in the advection dynamics of the non-reacting inertial B-particles: (a) chaotic attzabtb8§ and

(b) chaotic saddle responsible for transient ch&es (.524). The small rectangle at the top of the panel (b) is magnified in the
inset to show the small scale (Cantor-like) structure of the saddle. The other paramefers-drer = 1.1, andw = —3.934.

(c)(d) Distribution of the B-particles after a sufficiently long time={ 100 periods of the flow field). Fractal filamentation is
caused by the chaotic attractor in (c) and by the chaotic saddle in (d). Only a single vortex[6eft]ok [0, =] is shown and

the acceleration due to gravity points downward. The color coding represents the density of B-particles, in which darker colors
correspond to higher density. The initial condition is a small blob of B-particles. (e)(f) The total nufildrthe B-particles

in the steady state versus the reaction velogity the case of the chaotic attractor in (e) and the chaotic saddle in (f). The full
line corresponds to the f&* ~ v2~P predicted by the theory. For reference, #e~ v line is shown as a dashed line, which
corresponds to a non-chaotic cage=£ 1).

(k = 0), were analyzed in detail by Maxg¢%19]. In this case, the asymptotic particle trajectories are
well-defined smooth curves extending from cell to cell. Wke# 0 chaos sets in, and chaotic attractors
appeafl148,149] Because of the spatial periodicity of the flow field, the dynamics of the particles can be
restricted to a basic cdld, 2x] x [0, 2x], with periodic boundary conditions. We consider the stroboscopic
mapping taken with the period of the flow field. We find that in the bubble regime, where the particles
are lighter than the surrounding fluid, with large enough amplitude of the forcing (large enough that the
rotation of the vortices change their direction periodically), the attractor is chaotic, as shbign 8%a

(for more detailed information on the parameters used, see Rd&.149,206). Since the fractality is
visible in the configuration space, the dimension of the attractor is less than 2.
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9.2. Reactions on chaotic attractors

We now investigate the reaction dynamics in a system of inertial particles with an attractor like the one
in Fig. 3%, cf.[206]. An autocatalytic reaction is considered with only the B-particles having finite size.
As we have seen, in the presence of an attractor with fractal dimension less than 2, the advected particles
concentrate on a filamentary fractal structure in the configuration space, i.e., in the plane of the flow.
Across these filaments, of dimensibrncontraction occurs. This contraction is exponential in time with
some contraction raté > 0. 7 depends on the flow's hydrodynamical characteristics and the particle’s
inertial properties.

An analysis of the bandwidth dynamics can be made in a way entirely analogous to the one presented
in Section 4. We find that the width dynamics is governed by Eq. (41)%'rtdaplacing1, and since (44)
and (45) also hold, we obtain the rate equation for the B-partj2les]

B=-7(2—D)B+q(2— D)%B’ﬁ (121)

with exponens given by (49). The basic difference compared with (47) is het the dimension of the
chaotic attractor (or of a saddle’s unstable manifold living in the high-dimensional phase space) and thus
7 (2 — D) cannot be identified now with an escape rat&he structure of the rate equation is, however,
essentially the same.

Eq. (121) describes the competition of two effects: contraction and production. As a result, again, a
steady-statsets in after sufficiently long time for the global distribution of the B-particles Fsge3%
and d). Eq. (52) is confirmed l#yig. 3% and f for inertial particles whose advection dynamics possesses
a chaotic attractor and a saddle, respectively.

9.3. Effects of diffusive noise

For inertial particles of finite Stokes numbers no continuum theory applies, therefore the effect of
diffusion can be taken into account by adding a noise term to the dynamical equation. The intensity
of this noise is proportional to the diffusion coefficieDgir . In a detailed numerical analydi$06] it
was found that diffusion caenhancehe productivity of the autocatalytic reaction in a resonance-like
manner, in a phenomenon akingtochastic resonangevell-known in the theory of noisy dynamical
systems. More specifically, for a certain critical noise or diffusivity lebgk (different from zero), the
productivity of the reaction is found to be maximum, where the productivity increment can be as large
as one quarter of the value without the presence of noise. Interestingly, this maximum is attained for a
noise level that still corresponds to weak noise. The productivity versus noise level curve has a peak,
characteristic of stochastic resonance (B&e 40. This enhancement of the productivity by noise is
present under very general conditions, whether the invariant set underlying the advection dynamics is a
strange attractor (sustained chaos) or a chaotic saddle (transient chaos).

10. Other reactions

Inthis Section, we look into the effects of an underlying open 2D chaotic flow on reactions other than the
autocatalytic one. We assume that the continuum approach is applicable (inertial effects can be neglected).
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Fig. 40. Schematic diagram of the dependence of the number of inertial B-particles in a steady state on the diffusion coefficient.

In particular, we deal with bistable reactiofi}3], excitable medid144], flames[89,90] population
dynamics of competing specigk81] (already mentioned in Section 5), and collisional react{83$.

10.1. Bistable reactions and excitable media

In general, a reaction amomychemical species with dimensionless concentratipiis=1, ..., N)
in a homogeneous environment is described by
de:
§=—kfi<c1,...,cm, i=1....N, (122)

where the functiong; characterize the reactions, akis an overall reaction rate. Egs. (122) are valid
only for a homogeneous (perfectly mixed) environment. Iffhehemical species are being advected by

a fluid flow with a given velocity fieldi(r, ¢), the corresponding concentratiansr, ¢) are functions of

space and time, which evolve according to the advection—diffusion-reaction equation (cf. Eq. (34) for the
autocatalytic case):

oc;
a—; + U~ Ve =kf(et, ..., cn) + Dt Vic; . (123)

For simplicity we assume that the diffusion coefficients corresponding to all chemical species are equal.
Note that we are also assuming in Eq. (123) that the chemical reaction does not modify the flow.

Much insight can again be gained into the reaction dynamics by analyzing the Lagrangian filament
slice mode[136] of the process. It is now of the form

d¢; - oc 02
— —Jx— =kf(c1,...,cn) + Duiff

. 124
or ox ox2” (124)

By measuring time in units of /& and length in units of some linear scalgthe Damkohler and Péclet
numbers ((37) and (38), respectively) appear again. The former one multfpliedile the reciprocal
value ofPemultiplies the second derivative.
A simple yet important case of Eq. (123) is thistable reactiorinvolving only one species\ = 1).
A bistable reaction is a process with two stable and one unstable chemical states. In other words, there
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are three values of the concentratian= ¢ which are fixed points of the pure chemical dynamics (122),
one of which is unstable, the other two being stable. The corresponding reaction fufiGtiocan be
modeled by the form

f=clco—c)c—1. (125)

The stable fixed points are= 0 (unexcited or rest state) ane= 1 (excited state), while the unstable one
is ¢ = co < 1. Perturbations smaller thap die out, but bigger ones, exceeding the threshold, grow until
reaching the upper limit= 1. In this second regime the system is qualitatively similar to an autocatalytic
reaction (for whichf = ¢(1 — ¢)). Localized perturbations generate fronts moving with a constant speed
v [133] even in a medium at rest. This velocityis, similarly to the autocatalytic case, proportional
to «/Dgirrk: EQ. (33) holds withx = |1 — 2co|/+/2 [133]. Correspondingly, the bandwidth equation
(41) is expected to hold again, and turns out to be consistent with the Lagrangian filament slice model.
Furthermore, for the total numbe@rof particles, Eq. (47) can be applied, and the properties mentioned
in Section 4 hold for the bistable reaction as well. A main difference appears in the emptying transition
which is found to happen at a critical Damkéhler numiier; with a discontinuous jumgl43]. The
emptying transition is thus of first order in the bistable reaction, while it is of second-order in the case of
the autocatalytic reaction.

Another important application of the above concepts is giveexajtable mediaAn excitation in some
given medium is due to the interplay of an activator chemical speciew/kich undergoes some kind
of an autocatalytic growth, and an inhibitor species The presence of the latter converts the excited
state into a metastable one which decays after some time to the unexcited state, which is thus the only
attractor of the chemical dynamics. An important feature of excitable media is the presence of a threshold.
Initial perturbations below the threshold die out quickly, while the ones above it reach the stable fixed
point only after producing an excitation. Besides the transmission of neural signals and the excitation of
the heart tissugl33], certain plankton population models are also described by excitable f2adip
In the FitzHugh—Nagumo mod§l33] of excitable media, the activator follows a bistable reaction as
discussed above, but the slowly increasing concentration of the inhibitor shifts it out of the excited state.
The inhibitor concentration grows proportionally to the difference between the number of activators and
the number of inhibitors. The functions

fi=cilco—c)(c1—1), fa=elc1—yc2) (126)

define the full reaction with typical parameter val{e$4] x=0.25,7=3, e=10"3. An interesting finding

[144] for such a reaction is that, with localized initial perturbations above the threshoidpen flows,

it reaches a steady state over a broad range of Damkohler nunibeys; Da < Dag. Both the onset

and the disappearance of the steady state happens with a sudden jump of the average concentrations. Tt
transition atDac is the usual emptying transition, which is due to the fact that the reaction is too slow

to compensate the effect of outflow. The ondat; is explained in terms of a structural change within

the Lagrangian filament slice modeD]: the middle part of the filament carries very low concentrations,

and the material is accumulating along the two edges of the filament. In certain flow geointatlies

the valueDa; might formally be infinite implying that a steady state exists far > Dac. As long as

the concentration is approximately constant over the filaments and a steady-state sets in, the situation is
similar to the one described in Section 4 for béthandC». It is rather remarkable that an open flow

is capable of stabilizinghe excited state on a fractal, in spite of the fact that this state is metastable
both in a homogeneous environment and in closed flpwg]. Fig. 41 illustrates this same kind of
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Fig. 41. Distribution of phytoplankton (left) and zooplankton (right) in a predator—prey model of plankton population dynamics
living in an open chaotic flow (from left to right). Light gray corresponds to high concentrations. Picture by E. Hernandez-Garcia
and C. Lopez with their kind permission.

stabilization with a plankton model of excitable character in an open[Ba@iv The plankton dynamics
is of predator—prey type modelling zooplankton—phytoplankton interaction, and the flow represents an
oceanic jet which is perturbed in a region by a localized wave, the mixing region of the open flow.

10.2. Flames

A combustion model more realistic then the one described by the FKPP equation (see Section 4) has
been studied in Ref$89,90] The combustion reaction is the decay

Cop (127)

of fuel C of concentratior into a product P which does not play any further role in the dynamics. The
reaction is exothermic: it produces a fixed amount of lgga¢r amount of reacted material. The decay
rate is proportional to the concentratiorwith a reaction raté(7") which depends on the temperatdre
according to an Arrhenius law. Additionally, there is an ignition temperafutgelow which no burning
can take place:

k(T) = kexp(—klg) forT>Ty, (128)

andk(T) = 0 for T < T;. Herek is an overall decay ratd; is the constant activation energy, akgsl
denotes the Boltzmann constant. This time dependence and the presence of a heat source produces
nonlinear coupling between the concentraticand the temperature field

The advection—diffusion-reaction equation &ois of the form of Eq. (123) witlty = ¢, andco =T
and

fi=—kc eXp(—kBET) : (129)

The second equation follows from the heat balance. The thermal energy can be express€dwabere
¢ andc, denote the density and the specific heat at constant pressure, respectively. Thus, we obtain a
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temperature equation
gk(T)

2¢)y

Because the heat diffusion coefficiebfeatis in general different from the fuel’'s diffusion coefficient,
a basic new dimensionless parameter appears as the ratio of them, the Lewis number:

oT
o tw-WT= ¢ + DheaVT . (130)

. Dheat
Dgiff
Duetothetemperature dependence, the reaction produces akind of front propagation. As the filamentary

slice model show§89], the temperature tends to accumulate along filaments of finite width and this is

accompanied by a local decrease of the fuel concentration there. Combustion can lead to a steady state
in open flowqg90] where the flame is concentrated along the unstable manifold, similar to the case of the

FKPP equation. An emptying transition is present, i.e., slow reactions characterized by low Damkdhler

numbers (37) die out, and the combustion is quenched. At a criiag] however, combustion starts

suddenly (with ajump in the steady-state temperature), and in the full ageDa steady combustion

takes place on a filamentary pattern. In this range, Eq. (47) is expected to hold for the area occupied by

the flame, or for the integrated excess temperature in the observational regime, along with the properties

described in Section 4. A new feature is the dependence of the critical Damkdhler nDanpen the

Lewis numberDac increases witlh.e [90]. This implies that an increase in the heat diffusivity (increasing

Le) leads to quenching of the flame: fast heat conduction is not advantageous for maintaining controlled

burning.

Le

(131)

10.3. Population dynamics of competing species

We now re-examine in more detail the problem of coexistence of biological populations in open flows,
already discussed in Section 5. As the simplest model of competition, we take two species competing
for the same resource A. The interaction of the two speciearl B is limited to the competition for
resource A, and it is assumed that they do not influence each other otherwise. An autocatalytic process
models the reproduction of each specigsaBd B:

A+B1—2B;, A+By—2B;. (132)

The species are advected by a flow, which we consider to be open. After some (short) time, we find bands
of species along the filaments of the unstable manifold. These stripes contain several narrow subbands,
whosetotal width is denoted by, andd, for species B and B, respectively (seEig. 42).

The time evolution of these widths can be written as

5,‘ = —15,' +2v;pi, =12, (133)

with v; denoting the corresponding ‘reaction rates’ of the two species, which are related to their reproduc-
tive rates. Because the species can be assumed to be distributed among the subbands in a random mann
due to the chaos in the advection dynamics, we introduce here the probapitifyfinding a subband

of species Bon the edge of a typical filament of total widélh + . This probability typically depends

on the distribution of the species inside the filament. In case of complete, homogeneous mixing of the
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Fig. 42. Schematic diagram of the band structure in a competition model.

species inside the stripes, the probability would be proportional to the relative weight; /(51 + 62).
In general, this is not the case, and thedepend on the band widtlds in a non-trivial way. Simple
dimensional reasoning suggests tpatlepends ord1 /4> in addition to the parameters of the flow and
of the activity.

Summing up (133) foi = 1, 2 we arrive at Eq. (41) witlh = 61 + d» and

V= p1v1 + p2v2 (134)

as the average spreading velocity. Since there is no fractal scaling below the total baridwidih,
the number of species; Bn the observation region is proportionaldp B;/(B1 + B2) = 6; /(91 + 92),
with the consequence that the probabilitigsare functions of the rati®1/B>. Beyond the total width

6 = 01 + d2, the distribution is, however, fractal, and the total numBet B1 + B> fulfills Egs. (44) and
(45). So the total number follows Eq. (47) withas defined by Eq. (134). This results in the following
population dynamical equation for species[B31]:

. B
B; = —«kB; —q(D—l) B~ F- 1Bl,+q B~ ﬂp,(Bl), i=12. (135)
2

Hereq s given by Eq. (48). By summing the equationsfet 1 and 2, we obtain
. v
B=—-kB—qgx—B7F, 136
K= (136)

which means that the total number of individuals follows exactly the autocatalytic rate equation (47) but
with the weighted average velocity (134) of the competitors. For the number of each species, (135) gives
a coupled, nonlinear set of population dynamical equations, containing production terms with non-trivial
scaling given by fractal-dimension-dependent exponents.

In (135) the actual form op; (B1/B2) is still undetermined. However, its form is well defined at steady
state. Taking the ratioy p1/(v2p2) as expressed by (135) foe=1 and 2, respectively, in the steady state
B1=B>=0we find thaw p1/(vop2) = B} /B3, with Bf being the steady-state values. Usipg=1— p1,
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this implies
__ Bi/B;
P1= 0 px
v1/v2 + Bf /B3
The above expression fpi in the steady state, together with simple dimensional reasoning and symmetry
arguments, suggests that the choice
(B1/B2)"
(B1/B2)* + o
is a realistic one for the general form pf andp2. This has been confirmed by numerical evidefiéd ],
which showed thab is close to(v1/v2)%, with the coefficient depending on the details of both the flow
and the competition.
With choice (138) fomp;, a stability analysis of the fixed point was carried oltli@1], showing that the

non-trivial, coexistence fixed point is stable fok® < 1. This finding was also supported by numerical
evidence. This means thadexistence can be generated by the chaotic advection dynamics of open flows

(137)

p1(B1/B2) = ., p2=1-p1 (138)

10.4. Collisional reactions

We consider the reaction scheme wherein the collision of two ‘molecules’ generates a new one, different
from the previous two:

A+B — C. (139)

In contrast to the autocatalytic process, a source of both components A and B is needed for the reaction
to go on indefinitely. We assume that A is homogeneously distributed in the flow, and component B is
injected uniformly at a certain location with a constant injection #gie

On the level of individual particle modeling, we assume that particles A and B possess a reaction range
oo Within which they are able to convert themselves and their partners into C particles. After a certain
crossover time, B particles are expected to lie in bands of averageayi@ifound the unstable manifold.
As a consequence of the reaction, on both sides of this B-band, C-bands of typical watthexpected
to be present (sdeig. 43.

As long as this width is smaller than the reaction raageon both sides of the band, new C particles
can appeat, i.e., the C, band widens while the B band shrinks¢hietlenote the velocity of this process.
The equations of the bandwidths can then be written as

5p = —/0B — 2vcoll + qo(dB), d¢c = —idc + 2vcoll - (140)

Hereqg is a source term which might depend on the actual B-width, since the inflow rate of B parti-
cles is constant only on the global level, and this requires a local width dependence, as discussed in
Section 4.4.9. Fob = 65 + 20¢, EQ. (140) is equivalent to Eq. (41), if the front velocity is taken as

v = Veoll + 3q0(35) - (141)

Hence Eq. (41) describes the dynamics of the total width in this type of reaction as well.
There is no fractal scaling belody thus the number of B and C particles in the region of observation
are proportional té g andéc, respectively. Introducing

X=B+2C (142)
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Fig. 43. Schematic diagram of the bands along the unstable manifold for collisional reactions.

asthe total number of B and C particles, it fulfills (44) and (45) in pla&; since beyond the distribution
is fractal. Putting all this together, we get

: qo(0B) + 2vcoll —p-1 qo(6B) — 2vcoll —B
B=—-xB—-—qg(D—-1)—-———BX X
kB —q( ) oL +gq oL ,
. 0 2
€ = —xC — g(p — 12208+ 2Veol 3)22 S Y e (143)

The value ofgo(d) is determined by requiring thét = —«B + @3 in case ofveoy = O (No reaction).
From this condition, we get the following expression §@td):

2¢5L b Cans

op) = : 144
q0(0B) 1-D)B X (144)
After substitution into (143), the reaction equations for the collisional reactions become

: Ucoll B _

B=—xB+qg—|1-D)= -1|X P+,
kB +q 3 [( )X ] + &p

. Ucoll C — (D—-1C

C =—-xC =la-D)=+1|x P — " o3, 145
7 [( )X+] 1-DB+X ° (145)

where the coefficierq and the exponerft are given again by (48) and (49), respectively. These reaction
equations above are strongly coupled and nonlinear.

From (142) and (145), we can get a time-evolution equatioiXfve recover Eq. (69) wit in place
of B, and withv given by the effective reaction rate (141). Note that in this easenot constant any
longer, it depends oo, which in turn depends oB andC, and also on the injection rateg.

11. Reactions in closed flows

Flows in containers, or in finite domains subjected to periodic boundary conditions, are called closed,
because particles cannot escape. Advected particles typically return close to their initial positions within
a few natural time units of the flow. In this section, we show that certain aspects of the reaction dynamics
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of closed flows can be understood with concepts taken from the open case, such as, e.g., fractal sets ant
fractal dimensions.

11.1. Effective rate equation during the transicence towards a homogeneous state

Reactions in such flows have completely different characteristics from those taking place in open flows.
In the absence of fluid transport barriers, autocatalytic and bistable reactions, reactions in excitable media
or flameg4143,144]all lead to a steady state in which the full fluid domain is either occupied by the product
or no product is present at all. The asymptotic state is thus homogeneous, and hence much less interesting
than in the open case. This is fully consistent with the observation that product is distributed along the
unstable manifolds. In closed flows the unstable filamentation is dense over the full domain. However,
from localized initial particle distributions, theansientbehavior before reaching a homogeneous steady
state typically exhibits filamentary product distributions. Based8i}, we propose here to describe
this behavior by means oftane-dependent effective dimensi@n (1). We emphasize that there is no
invariant set in the system whose dimension wouldig(r). Nevertheless, this concept turns out to be
useful since it allows a treatment analogous to that used in the open case.

We consider two-dimensional flows, in a square domain of linearLsiaad the autocatalytic reaction
A+B — 2B. A basic observation is that the leng#h of a line segment in a chaotic flow grows, over
long times, exponentially? (1) ~ exp(ht), wherehis thetopological entropyf the advection dynamics
[146,78,6,52,53]lts value is typically somewnhat larger than the average Lyapunov expéngat the
sake of simplicity we assume in what follows that the topological entropy and the Lyapunov exponent
coincide.

The increase in length of a material linéfinite widthis exponential only as long as it is short; later,
saturation sets in. Therefore we write the equation of the length dynamics as

.- &

Y =19 (1— f") y (146)
because it is the simplest equation that has both an initial exponential growth and a saturation. Since we
expect the filament width in the steady state tobgiven by Eq. (42), the saturation length is the total
area divided by this width:

L2

2’*—§.

(247)

In the transient state, howevéry) evolves in time according to Eg. (41). The width is typically much
shorter, whileZ () is much longer than the linear sizeWe can thuslefinean instantaneous effective
dimension via the relation

—Deff (1)
5(”) o (148)

L) = 5(z)<L

5 Note that in this definition no Hausdorff volume appears.
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By taking the time derivative of this and using (146), we obtain an equation for the effective dimension

as
1—Deit Deff—2 S
Det |n%=;[(5(r)> (L) _1} +(1—Deﬁ)g (149)

o o

which is a non-autonomous differential equation.
Based on the effective dimension’s time dependence, we turn now to the particle number dynamics.
The number of boxes of sizg L covering the B-distribution, according to (148) (i L)~ Peft. The area
is thens?(5/L) e and the particle numbé& is obtained as
5(1)\ ~Det (O
Bt = cod?() (%) , (150)
wherecq is the reciprocal of the volume occupied by one particle. The time derivative of the above
expression is

B=B2- Deﬁ)g + DesBIn % . (151)
Using (149), and expressirdgby B via (150) yields the equation f@ as
. 2v 2 B —B@)
B=—(coL— B 152
et m(0) (152)
with
Desi (1) — 1
= —~—— . 153
=5 p (153)

It is interesting to observe that a singular term of powei(r) is present in (152), but now depends
on time

Further insight can be gained by working out explicit asymptotic forms. From Eqg. (41), we know that
after an initial timer; which is a few times 1/, the bandwidth is close to its steady statey 6*. After
time t1, the last term in (149) becomes exponentially small, and the equation simplifies to

) 5t _ L Deff—2
Dett In 7= 2 [(5—*) — l} , (154)

wheres* /L = 2v/(L). Note thatDes () converges towards 2 as— oo. The precise solution of (154)
with an initial effective dimension valuBes (1) at timerq is

In[1— (1— (L/é*)Z—Deff(fl))e—z(f—fl)]

IN[L/5*] '
For¢> 11, a Taylor expansion can be applied to leading order. This shows an exponential convergence of
the effective dimension to 2:

N e—i(r—tl)[(L/g*)Z—Deff(tl) -1
Defi(t) =~ 2 — In(L,5) . (156)

Deff (1) =2 — (155)
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By rewriting the B-equation (151) as

. _ . _ 2v/ B \“P®
B— (_ B +a(t —B—/“’)) Bil1-2Y , 157
4B +q(t), + TAPNE (157)

whereg (1) = 2(coL?)Y/ @~ Pet®) e see that the first term on the right-hand side is similar to the reaction
equation (47) valid in open flows. After timg, the first term on the right-hand side of (151) becomes
negligible ¢ ~ 0). For timesg > 11, theB-dynamics is therefore governed by

. _ 2 B \ F®O
B:Bi(l—_—v< 2) ) . (158)
AL \ coL
Using (150) witho* in place ofs simplifies (158) to
. - B
B=Bl[1- . 159
( CoLz) (159)

This equation is essentially different from that valid in open flows. A long-term solution can only exist if
B(t) converges tagL?, f(¢) diverges, butB/coL2)~P*D remains finite.

Eqg. (159) can be solved explicitly. The initial condition is that the particle numbariatB(z1). For
t > this reads as

_CoLz T
B(1) = coL? (1— — 1] e fﬂ) : 160
) =co B (160)
By relating B(z1) to the fractal dimensio®es (1) via (150), we find the equivalent form

Def (11)—2 -
(%) o —1} e—“f—fﬂ) : (161)

The asymptotic homogeneous product distribution is thus reached via a purely exponential decay, de-
termined by the Lyapunov exponent, and does not depend on the instantaneous effective dimension at
all. The treatment presented here is a leading order approximation only. A more careful extension of this
theory would be desirable, eventually in the spiri{1$9,48]

B(t) = coL? (1 —

11.2. Roughness exponents and multifractal chemical measures

As we have seen, in closed flows passive advection spreads any dye droplet over the entire fluid surface
(in other words, the unstable filamentation is space filling). In the case of a reaction taking place in the
fluid, this means that the support of the asymptotic product distribution is two dimensional. An interesting
recentdiscovery shows, however, that the distribution is not always smooth: it might become[189¢h’

The class of active processes which has been shown to display this behavior iglibedyihgeactions
in the presence of time-independentirceswhose distribution is assumed to be smooth. For simplicity,
we consider here the case of a linear decay, represented symbolically by

A0, (162)
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>

Fig. 44. Steady concentration distribution of a linearly decaying substance A under a closed, time-periodic chaotic flow (in the
shear flow model by Pierrehumbgt59]) in a smooth (a) and a filamental (b) phase. The region shown is the unit square of
the fluid's (x, y) plane and the source term is proportional te- 5in(2zx) sin(2zy). The average Lyapunov exponent of the
passive advection dynamics/is= 2.7 over a period of the flow, and the chemical decay rate is a¥.6, and (b)k = 1.4. The
Damkohler number is thuBa = k/7.=1.70in (a) andDa = 0.52 in (b), respectively, in harmony with (166). Picture by Izabella
Benczik with her kind permission.

For a given flow, at certain parametersmooth-filamental transitiofil39,141]can take place as
illustrated byFig. 44 In the filamental case the concentration contours are striated, they run parallel to
the unstable foliation of the advection dynamics. Certain flaments are much more densely populated than
others. Roughness is present perpendicular to the unstable direction, and corresponds to sharp fluctuation
of the concentration, which are present on all scales. Mathematically, the concentration field cannot be
approximated by a Taylor series in directions transversal to the unstable manifold, even for arbitrarily
small scales. In the limit of weak diffusion, the distribution becomes non-differentiable along the stable
foliation. It is worth noting that the basic features might remain valid in the presence of non-differentiable
source distributions as wdb8].

This phenomenon can be understood as a result of a competition between chemical dynamics, which
tends to homogenize the concentration throughout the container, and chaotic advection, which tends
to generate inhomogeneities in the concentration due to the processes of stretching and folding. If the
chemical time scale is slow enough, filaments of high concentration persist for arbitrarily long times
aligned with the unstable foliation. This regime is calledftl@nental phasdf the decay of the chemical
dynamics is, however, faster than the dispersion of trajectories caused by advection, irregularities of the
chemical field decrease and finally a smooth distribution is obtained. This is callechtah phase

In the filamental phase, the chemical concentration appears to be higher on certain filaments than
on others. These filaments form a subset of the whole unstable filamentation, which is space filling in
closed flows. The effect of the reaction can therefore be considered to be similar to that of opening up
a reaction free flow, since this also selects a subset of the original filamentation (via selecting the never
escaping orbits in the opened up flow, and their unstable manifolds). Insight may be gained into this
process by the so-called ‘leaking’ method of flows, which corresponds to defining an artificial escape
region within a closed flow, and studying the dynamics of the resulting open system, for which all the
properties mentioned in Section 2 apply. By this method, a fractal subset of the closed flow’s filamentation
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is selected. A qualitative similarity between the fractal pattern of the leaked reaction-free flow, and that
of the reactive case in the original closed flow has been demons}i&2d84,211,185,176]

To learn in more detail about how reactivity selects a fractal pattern, we consider the balance between
the inhomogenizing effects of the chaotic flow and the homogenizing effect of the decaying reaction.
This can be expressed again by means of a bandwidth equation, to a first approximation at least. Since
decaying reactions do not produce fronts, the bandwidth equation (41) reduces to

S=—70, (163)

where/ is a typical bandwidth along the unstable filamentation, in the limit of negligible diffusion.
A local fluctuationa in the concentration of A decreases with a chemical decaykrase

i=—ka . (164)

Thelocal concentration gradientis on the order of: /5. From the two previous equations, the dynamics
of the gradient is given by

y=0—k)y. (165)

This clearly shows that an instability occurs: local gradient fluctuations die out for fast reactions, but
they grow if the reaction is slowly decaying. Thus we recover the resu[i88,141,68,17,18for the
condition of the existence of a filamental phaise: /.. By means of the Damkohler numb2a (37), the
condition for the filamental phase is

Da < Dag (166)

and the critical value is found to h@a. = 1.

In a more systematic approach, the roughness is better characterized by structure functions, because
the concentration distribution is a self-affine funct[80,139,141,69,4,109For a steady chemical con-
centrationu(r), the structure functions are defined as

Sy (0r) = (la(r +or) —a(r)|1) ~ |or| (167)

where the average denoted byis taken over different spatial regions. The scaling is valid above the
diffusive scalevg; (see Section 4.4.8), and theughness exponenig do not depend on the diffusion
coefficientDygis; . The condition for a filamental case is the non-differentiability of the concentration, i.e.,
{,<q.

! In general(, is a nonlinear function of (seeFig. 49. Its form is determined by the distribution of
the local Lyapunov exponents of the flow.

In the case when the probability distributi@{1) of the local Lyapunov exponenids Gaussian, i.e.

when

P(J) ~e G (168)
and

U= 0?
24

G() (169)
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{q

Fig. 45. Schematic diagram of the roughness exponent spectrum in the filamental phase.

a powerful explicit form can be derived in the filamental phg€g141]}

(170)

The theory based on the structure functions thus contains contributions due to fluctuation of the local
Lyapunov exponent. When all the Lyapunov exponents are the saméy, {, = gk/)=qDa.

It has recently been pointed oi9] that, based on the concentration gradientshe@mical measure
can be defined which is a (multi)fractal distribution, and can be characterized in terms of generalized
dimensions. This chemical measure is

- S5 0a /ox| dx 1
) = e e dx a7l

based on the absolute value of concentration gradients. Due to the denominator, this is normalized, and
can be considered as a probability measure. Its generalized dimensjare the exponents satisfying
[60]

Z'Ei(s)q ~ gPq=D@-D (172)
which can be express¢ti9] by the roughness exponergtsas

q(1— (k) — 14 {, (k)

Dy(k) =1
(k) =1+ g1

(173)

A similar relation has been derived between the structure function exponent and the generalized dimension
of the velocity fluctuations in fully developed 3D turbulerj2& 2], and of a diffusively decaying passive

tracer in quasi-geostrophic turbulend®8]. In our case the dimension depends on the reactiorkrate

The chemical reaction itself produces the fractality and selects its dimension.
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It follows from (173) that the information dimensidpy is given by
d¢, (k
4 ®) . (174)
q=1

dg
This clearly shows that except the case of a trivial roughness exponent spegirang{3), the infor-
mation dimension differs from 2. Since the slope/pfaroundg = 1 is typically smaller ther itself,
the information dimension is smaller then 2. For weakly fluctuating Lyapunov exponghtsl, the
information dimension can be written in view of (170) in the filamental case as

Di(k) =2 — (Cl(k) -

4
D1(Da) =2 — Daz5 <1. (175)

This equation shows that the dominant chemical gradients of the decaying reaction sit on a fractal of
dimension less than that of the flow, and the filamentary phase of decaying reactions in closed flows thus
shares certain similarities to frontal reactions in open flows.

11.3. Synchronization in oscillatory and other time-dependent reactions

Oscillatory reactiong98,187] exhibiting exactly time-periodic behavior in well-stirred containers
form an important class of nonlinear kinetics. Notable examples are the Belousov—Zhabotinsky reac-
tion [228,44]and metabolic oscillations in cell suspensi¢ng]. For oscillatory reactions taking place
in closed chaotic flows, a novel question arises, just like in systems of coupled osc[ll&@}svhether
the whole system can behave uniformly, whether synchronization can take place.

In a medium at rest, the reactive oscillations at different points of macroscopic distaacesery
weakly coupled since the time scdlé/Dgirt of the diffusive transport is much longer than the period
of oscillations. Synchronized oscillations over the whole domain can thus not occur, the only coherent
behavior is therefore in the form of propagating waj@%187]

The presence of a flow might, however, increase effective coupling, and it is thus expected that suf-
ficiently strong stirring leads to spatially uniform chemical distributions, i.e., to full synchronization. It
has been pointed out {i45] that imperfect, chaotic mixing is sufficient to produce efficient synchro-
nization even in the presence of inherent inhomogeneities of the chemical process when exactly uniform
concentrations are unattainable.

Neufeld et al.[145] show that a relevant parameter is the stirring rate, which is proportional to the
Lyapunov exponent of the passive advection problem, and is, for periodic flows, inversely proportional
to the period of the flow. The increase of the stirring rate strengthens the coupling among the local
oscillations, and above a critical value synchronization sets in. First this is rather weak, but the degree of
synchronization gradually increases with the stirring rate.

In a synchronized state (strong stirring) the concentrations are nearly homogeneous and change peri-
odically in time. Therefore, a snapshot of the concentration field practically does not exhibit any small
scale patterns.

Inan unsynchronized state (weak stirring) filamental distributions are found along the unstable foliation
of the reaction free flow, and the pattern is changing with time. The snapshots corresponding to different
times are statistically equivalent, the average spatial concentration of any chemical component is nearly
constant in time. For reactions without any frontal properties, the chemical scale coincides with the
diffusive scale (cf. Section 4.4.8 and Eq. (63)), and the width of the filaments is proportional to this width.



T. Tél et al. / Physics Reports 413 (2005) 91-196 175

The stirring rate can be made dimensionless by multiplying its reciprocal with some chemical rate (the
reciprocal of a characteristic reaction time). In terms of this Damkdhler nuDé@esynchronization is
present for values smaller than a critidak., and filaments can be seen in the unsynchronized state,
i.e., for

Da > Dag . (176)

This condition is formally the opposite to the case of smooth-filamental transitions (Section 11.2) since
in that case slow reactions, fast stirring maintain filamental patterns in the presence of chemical sources,
while now the same condition leads to synchronization and the lack of pronounced filamentarity.

A somewhat related phenomenon has been obs¢238in excitable media (cf. Section 10.1) where
some parameters change randomly in space and time. When this noise is weak and the stirring rate is
fixed, the flow washes out the effect of the noise-induced excitation centers and the system remains in
its unexcited state. For larger noise, however, local excitations develop into filaments and ultimately fill
the whole domain. Later the system starts to relax synchronously back to the unexcited state, and the
process repeats in time. Thus, noise induces a coherent global excitation and noise sustained oscillations
At even stronger noise intensities, not all points relax simultaneously, and synchronization might become
totally destroyed. Excited and unexcited states are then localized to nearby filamental regions along
the unstable manifold at any instant of time. These noncoherent patterns are persistent: they change in
time but are statistically equivalent. The scenario at fixed noise level is the following: at slow stirring
persistent filamental patterns are present (cf. Eq. (176)). The fast stirred, synchronized regime splits
into two subregions. Global excitation are maintained at intermediate stirring rates. The system remains
globally unexcited at very strong stirring. These findings might be relevant also in the context of oceanic
plankton blooms.

12. Discrete-time modeling

So far, we have considered reactions as time-continuous processes, with the reactants continuously
distributed. However, as already mentioned in Section 3, we can also model reactions as kinetic processes
where the reactants are considered as interacting particles, which react at discrete times. This gives rise tc
a quite different kind of modeling, where the reactive process is described by maps, instead of differential
equations. This discrete-time reactive dynamics is the topic of this section. We will see that the results
of previous sections are recovered in suitable limits, but there will also be some new phenomena that are
found only in the discrete regime. Discrete modeling may be important for population biology, since in
this case the continuum approximation can be too coarse grained.

12.1. Basic theory of the discrete autocatalytic reaction

In this part, we discuss the discrete-time theory of the autocatalytic re§208r83] in periodic two-
dimensional incompressible open flows. The reaction is supposed to take place at instants separated by ¢
constant time intervald, thereaction time laglt is assumed, for simplicity, that all particles react at the
same time, according to the ‘infection’ scheme described in Section 3 (the requirement of simultaneous
reaction is relaxed below, in Section 12.5).
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Let o/p(1) = &/g’)(s) denote the area occupied by reagent B at timteéeres < [0, ] is the time
after thenth reaction. Thus the total physical timeris= nt + s. During the time interval of length
only the contraction of the chaotic flow controls the number of B-particles. After the B-particles have
become distributed in narrow bands around the unstable manifold, in a fixed region of obsem%‘ﬁ(m,
decreases with to the escape rate the chaotic saddle according to

A () =43 (0 a77)

with v = «r.

We recall that the fractal unstable manifoldfastened upwith material B. Lets(r) = 6" (s) denote
the averagewidth of the stripes at time = nt + 5. At any reaction, there is a sudden increase of the
filament width [sed-ig. 21b and c] by an amount ofa2

D0 =™ (z) + 26 . (178)

For convenience, we choose the period of the flow (taken to be the time unit) to be a multiple or a
divisor of the time lagm® = 1, wheremor 1/m is an integer, respectively. Whichever of the two options
is taken depends on the time lag itself. For time lags shorter than the flow’s perat) (the period
contains an integer number of reactions, otherwdseX) the time lag is an integer multiple of the period.
This way we ensure that a periodic behavior with the period of the flow appears as a fixed point or as a
periodic cycle (and not as a quasiperiodic motion) on the stroboscopic map taken at the instants of the
reaction.

It is worth noting that although the dimension of the unstable manifold is independent of the instant
at which the snapshot is taken, the Hausdorff volumés not. Since the flow is periodic# is periodic
with the period of the flow. Thus the Hausdorff volum#e” b (z) = #(0) = #™ at the instant of
reactions isnor 1/m periodic as a function ai.

Sinces™ (s) is the smallest box size with which the fractality of the reagent can be measured, the area

&fgl)(s) of B can be written at any time as (cf. (44))
AW (s) = #D(5)LP[5" (5)127P . (179)
From (177) and (179), the ar&ag’)(r) before the(n 4+ 1)th reaction can be written as
AW (@) = #Me LP[™W(0)27P . (180)

From (179), the average bandwidifi™ (0) = 5"+ right after reactiorin + 1) expressed in terms of
8™ right after thenth reaction is given by:

- 1/(2-D)
s+l — ) oM + 24 . (181)

This is the discrete-time bandwidth dynamics. Note that in the kmit 0, ¢ = vr, #™ — #(1),
8™ — §(1), it goes over, in view of (6), into (39).
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Eq. (179) implies the following mapping for the B-ared; "™ (0) = .#\'" taken right after the
reactions:

D _ ([g o/ WMD) | ) 12D (182)

whereg® = 2(##+D [ D)1/2=D) is 3 geometric factor.
Egs. (181) and (182) belong to the same class of maps as recursion relations of tha typef (x,).
They are one-dimensional and strongly dissipative, and therefore they describe the convergence towards
attractors.
If #™ = # andg™ = g are constants, a fixed point of the system is found frgn= o/ 4 =/
in the form of

_ e’og
() = w5 = [ 22 , (183)
& e —1

where (6) has been used again. This is the area occupied by reagent B just after a chemical reaction take:
place, in the steady state. The area of B right before a reaction is a factoader.
In the more general case when™, and thusg™, are periodic, the attractor is a limit cycle of the
same period. The active process becomes thus synchronized to the underlying flow dynamics. Due to the
linearity of Eq. (181), and the fact that ¥2—2) < 1, the limit cycle attractor of (182) is always stable.
We now take the continuous time limit— 0, — 0 of Eq. (182), so that we can compare the results
of this section with those of Section 4. Before doing so, it is worth rewriting reaction equation (182) in
a different form. If the coverage of the manifold by B is relatively wide, 5&,> ¢™ ¢, we can expand
the right-hand side of (182) to first order to obtain

252/(351-"_1) _ JZ/(;)e_v + O_g(n)(z _ D)[e—véz{(B”)]—ﬁ , (184)

whereg is given by Eq. (49). In the continuous time limit— 0, = vt, /) — 75 (1), g™ — (1),
the differential equation obtained for the B area is the analog dditigularmap (184):

Ap=—rAp+ gt)2— Dty . (185)

Using relation (6) and the fact that the ar€g is proportional to the number of particlB{cf. (45)), we
see that this expression is identical to Eq. (47).

12.2. Emptying transition

In the discrete model, the finite size of the reaction randgads to aremptying transitiorfor large
time lags. If during the advection part of the dynamics, of duratigdhe number of escaping particles
exceeds the number of new B patrticles created at the next reaction step, then the balance favors the tota
extinction of material B. This happens atitical value for the dimensionless reaction-timgi; .

We derive an expression fogi; via defining theproductivityof the reaction. The productivity of the
chemical reaction in the steady state can be characterized by the ratio of newly born to parent particles
B as

S =LL(0) — S5/ L) =€ — 1. (186)
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Fig. 46. Dependence of the numbety, (r)/a2 of B particles just before reaction at steady state on the time (& other
parameters are askfig. 18), with the exception of the reaction range whiclr is ¢g = 0.003. Note the sudden decrease around

x ~ 3 (vx =~ 1.1), leading to a complete disappearance of B from the mixing region, indicating an emptying transition, around
Terit = 6.1

The productivityS, however, cannot be arbitrarily large. An absolute maximiyay exists, since the
number of cells inside the reaction rangis limited. This implies that — 1< Smax. Forv smaller than
verit =IN(1+ Smax) the productivity of the chemical reaction grows exponentially with increasing reaction
time z or v. Forv > vgit, howeverSdoes not grow further. Using Eq. (186) and the fact th&tSmax, we
have. (0) < (14 Smax) /% (7). Inserting expression (177), this leads#¢; (0) < (14 Smax)-# 5 (0)e™".
If the quantity(1+ Smax € is less than 1, this inequality can only hold f@fy; (0) =0. Thus, for > veyt,
the area of reaget quickly drops to zero, and only the background matekiatmains in the system
in the steady state. In our caSgax = 8, the critical reaction time lag thus becomgg = 2In 3/x. In
the case of the numerical experiments detailed in Sectiork4:10.36 and sait = 6.1. Indeed, this is
confirmed byFig. 46°

The definition of productivity leads us to another important time value;ibgsover time lag . This
represents a threshold time lag for which the effects of finite particle size (and grid) come into play. Below
this value, the filaments are ‘tightly’ covered by the B cells, so on average one particle is responsible
for at most twonewborns,S = 2. At v, the coverage of the filaments is just about to break up, thus:

6Jn the terms used in the continuous theory (Section 4), a ‘microscopic Damkéhler nubabeah be defined aBa =
r—l/), = (2— D)/v. The critical value 0Da, below which the emptying transition occurs, is thdigc = (2 — D)/ In(1+ Smax)-
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v =In(L + S) =In 3, which leads tax = In 3/x = 7¢it/2 = 3.05. For values ot larger thare,, the

theory based on the existence of well-defined bands, described in the previous paragraph, breaks dowr
since it does not make use of the finite particle size. Indeed, a deviation from (183) showsigipié

byt =3.

12.3. Discrete population dynamics

In Section 10.3 the population dynamics of competing species was formulatedmtiauousnanner.
For certain species, however, a discrete modeling is better, and so itis also included here. In this approach,
we say that reproduction happens after reaction time,ldgring which time only the advection modifies
the number of particles via outflow from the region of observation.

As in Section 10.3, the competing species are modeled by the autocatalytic processas-A 2 By,
A+ B2 — 2 B,. Species Band B, are then competing for the same resource A. These species, besides
their autocatalytic activity, are advected by a flow. It is expected that after some short time, they will be
distributed along the filaments of the unstable manifold. In fact, both species taken together cover the
unstable manifold in bands of total widif (s) at timer =nt+s, timesafter thenth reproduction event. It
is expected that the species cover sub-bands of total v}{fﬂm), i=1, 2, Where5(1”) (s) +5;") (s)=0M(s)
(cf. Fig. 42. Just like in the continuous case, it is assumed that the species have a propahikty, 2,
to be on the edge of the filament, and hence to be able to reproduce.

At the instant of reproduction, the partial stripe widths change as

s =6 (1) + 20ipi, i=1,2. (187)

That is, the reproduction occurs only whergi8on the edge (with probability;), and there the front
can advance by;. Summing up this equation foe=1 and 2, Eq. (178) is obtained with= p101 + p202.
Regarding B and B, together as B, the total amount of competitors, Eqg. (182) holds, again, with
0 = p101 + p202.
For the species, we find no fractality below the scale corresponding to the total bané#idth This
means that the area occupied by each of the species is proportional to their partial banﬁﬁ%sﬁh
leading to

5" s)
My — s i
J?/Bi (S)—J?{B (S)('S(T(s) . (188)

Using Egs. (179) and (187), Eq. (188) implies that the aﬂ%@“)(O) = @/(B”i*l) covered by Bright
after reproductiorin + 1) becomes

%giﬂ)[&/gzﬂ)]ﬁ _ e—zfﬂgi)[%gz)]ﬁ + 6™ pia; (189)

with i =1, 2, wherel = k/(2 — D) from Eq. (6), angg™ = 2[#"+D(0)LP1Y/@=D) This is a strongly
coupled set of population dynamical equations for the competition of the two species. In the knowl-
edge of the areas covered by &fter reactiom, (189) determines them after reaction+ 1. The dis-
crete-population dynamical equations thus define a mapping of population numbers at discrete-time
intervals[181].
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The discrete-time approach transforms into the continuous description of Section 10.3 in the limit
ag; — 0,7 — 0, but withv; = ¢; /7 remaining finite. It is easy to show that (189) then turns into (135).

12.4. Coalescence of particles
In this subsection, the case ajalescences studied148,149] given symbolically by
B+B — B .

In words, if two advected particles come too close to each other, one of them disappears (‘dies’), and the
other one survives. The study of this kind of activity is motivated, among others, by population dynamics.
In crowded populations, when the local density exceeds a critical value, the mortality rate of individuals
increases due to the fact that the niches they occupy (food, necessary chemicals, light) have only a finite
capacity. Namely, if the distance between two individuals becomes closer than a given reactian range
one of them dies on an average time seatbe average reaction lag. The reaction rangkso represents
a crowding threshold for the active population, which limits their density.

To illustrate the finite-size effects on the advective coalescence problem, we choose again to use the
cellular flow given by Eq. (120). The activity, given by the coalescence processB BBs implemented
in the following way[148]. On a grid of sizes = ¢, we choose a set of boxes that covers the chaotic
attractor and then put a particle at the center of each box. There are a tdtéd)oboxes covering the
attractor. We evolve forward in time each patrticle in the system for some fixed (wigch is measured
in units of T), and put the particle in the box at the end point of the trajectory. If two or more particles
end up in the same box, the first one to arrive remains in it, and the others are removed from the system.
We then repeat this procedure to obtain the time evolution of the coalescence process. For simplicity, we
chooser = 5 x 1072 to be the crowding threshold.

In the simulations, we monitor the number density of the particles, define@)as .1°(t) / No, where
A7 (t) isthe total number of particles at tirhie the No=N (o) boxes covering the attractor. From the results
of the simlulations, we find that in all cases the asymptotic temporal behavior is given (approximately) by
n() ~t-.

We argue that this type of behavior, in the limit of slow reaction (lajges, in fact, a consequence of
the universality of the coalescence reaction kinetics. In order to see this, we first recall that the natural
invariant measure of a-sized box is the probability for the trajectory to visit that box. Based on that,
on a statistical level, we may approximate the dynamics of the flow by a stochastic process consisting
of simply shuffling the particles among the boxes covering the attractor, according to the probability
given by the natural measure of the chaotic dynamics.fsebo, ..., py be the natural measure of
each particulas box covering the attractor (the natural measure is normalgél_ﬁ& pi = 1). The shuf-
fling step is defined as follows: take the image of the seN@f) particles such that the image of a
certain particle is in bokwith probability p;. After each shuffling, coalescence is imposed in every box
containing two or more patrticles. If we focus on one step of this stochastic process (shuffling + coales-
cence), we may ask the following question: what is the expected number of boxes that are not empty
after one step of the stochastic process, if at the beginning of the step we featicles inm different
boxes? Using techniques of combinatorial analysis, we can follow this reasoning to find an evolution
equation for the number density(z). The details can be found {148,149] Here we just write the
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final result:
dn 2
— = —En?, 190
o n (190)
where the constatit is given by
N
N
E=> Z p?. (191)
i=1

Without loss of generality, we may put0) = 1, and then the solution of Eq. (190) is found to be
n(t)=(Er+1)71. (192)

Thus, for long times we get(r) ~ 1, as in the simulations. From the definition of the generalized
dimensionsD, [55], it is found that the constaii can be written as

E ~ gP2=Do (193)
where Dy is the familiar fractal dimension, anfds is thecorrelation dimensiof55].
The decay law for the numbert’(¢) of particles is thus for long times
N (1) ~ o P21 (194)

The main results of this theory, as given by Eq. (194), are thus: (i) the temporal behavior is universal
and independent of the particularities of the chaotic flow, and (ii) the surviving particles are distributed
selectively on a subset of dimensidn (which is usually close t®41 and Dg) on the attractor at a given
instant of time.

12.5. Phase-active autocatalytic particles

We have so far assumed that all particles undergo the reaction at integer multiples of the tinadl lag
at the same timéeT his is a rather restrictive condition. It would be more realistic to assume some random
distribution among the particles of the times in which the reaction takes place, whilst preserving that
for each individual particle the reaction occurs with the same time.l&g other words, each particle
is associated with phase which determines when it will undergo reaction. The effect of phase in the
reaction dynamics was studied in REf77]. Here we present only the most important results and their
consequences.

Itis assumed that there is a finite numbgrof phases a particle can have. More precisely, each reacting
particle advected by the flow is labelled by an integer inglexith 0< 0 < Ng — 1. All particles with index
0 undergo reaction at instams= nt + (t/Ny)6. The casaVy = 1 corresponds to the previously studied
situation of simultaneous reaction by all particles. As in the previous models, we also consider the space
to be discretized by a grid of size which we take for simplicity to be equal to the reaction raage
We consider again the autocatalytic reaction, in which the 8 unoccupied neighboring cells are filled with
copies of the particle undergoing reaction. The ‘daughter’ particles are created with the samggshase
their ‘mother’.

The first question is whether the fractal character of the spatial distribution of particles is preserved in
this generalized dynamics. Based on numerical simulations, the answef1¥y§gthe area covered by
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all the particles (irrespective of their phase) scales wiao?~ 2, whereD is the fractal dimension of the
chaotic saddle’s unstable manifold associated with the flow. In other words, even with different particles
reacting at different times, the total distribution behaves as in the single-phasévgaséd).

Another relevant question in this context is whether there is some kimgha$e selectiomn the
equilibrium state (reached after some initial transient time). In other words, does one phase dominate the
other one, so that most of the particles in equilibrium have a single phase? Or, on the contrary, do several
phases appear in more or less the same proportion? The answer turns out to depend on the reaction tim
7. The simplest non-trivial case is that of two phas€g,— 2. This system has been found to display
phase coexistender sufficiently fast reactions, that is, ferbelow a critical valuer; ~ 3. Fort < ¢,
the distribution always evolves to%a— % proportion of particles of either phase, independently of the
initial conditions. This happens even if initially there was a higher proportion of particles of a given
phase. Fot > t¢, however, one of the phases will dominate, occupying typically about 5 times the area
of the unfavored phase. In certain cases, one of the phases may even be completely extinguished, leaving
only the other one. Which one of the phases is favored depends on the initial distribution of particles.
The critical valuer; =~ 3 corresponds to the value above which the equilibrium distribution ceases to
be continuous, and develops ‘gaps’, as shown in Section 12.2. We can thus say thatfothere is
a kind of spontaneous symmetry breakimgthe system, with the equilibrium distribution displaying
less symmetry than the dynamical laws themselves. Valuesgoéater than aboutt@ correspond to
the emptying transition (Section 12.2), for which the equilibrium distribution contains no particles of
either kind.

It may be tempting to draw a parallel between phase coexistence and the phenomenon of species
coexistence treated in Sections 5 and 12.3. In the case of species coexistence, the different kinds of
particle have distinct reaction parameters (such as the rate of reproduction, for example). In contrast, phase
coexistence (or phase selection) occurs wdénticalparticles. As a consequence, no particular phase is
preferred by the dynamics. Although the phenomenon of phase coexistence is intrinsically discrete, and
is thus bound to the individual particle modeling, in the continuous limit (~ 0, ¢/t — v), different
phases correspond to different ‘colors’ of otherwise identical particles. We therefore expect Egs. (135)
and (138) to hold.

12.6. Discrete reaction dynamics in 3D flows

We now study the discrete reaction dynamics corresponding to the theory of three-dimensional active
flows, presented in its continuous version in Section 6.2. Reactions are implemented by a discretization of
space, in a straightforward generalization to three dimensions of the procedure explained in Section 12.1.
Here we also assumédo be either an integen (the reaction takes place aftaperiods), or to take values
of the form 1/m (the reaction takes plagetimes in each period). In the actual numerical simulation of
the reaction, we take advantage of the symmetries and of the uniform contraction and expansion factors
of the 3D baker maM, introduced in Section 6.1, to improve numerical efficiency.

The bandwidth dynamics turns out to be the same as (181) but the unstable manifold’s dimension is
denoted (as in Section 6) by,. For the volumeVg’) occupied by B particles right after the reactions
we then obtain the map

4/814‘1) — {[e—\’ﬂﬂ'g’l)]l/(:s—Du) + Gg(f’l)}S—Du , (195)
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Fig. 47. (a) NumbeN of occupied cells in the steady-state distribution of the autocatalytic reaction as a function of the inverse
of the grid sizes, for A = 0.35; from the slope we get a dimensidn, = 2.31+ 0.01, which agrees with the theoretical value

Dy = 2.32. Agreement is also found with other values/bfve examined. (b) Plot of the-dependent part of the theoretical
productionP, from Eq. (197), forD = 0.15 (upper curve) andd = 0.35 (lower curve). (¢) Production obtained from simulation,

as a function of, for A4 = 0.35, that is, forDy > 2; the slope give® ~ v0-35:0.02 \which compares well with the theoretical
value 032 of the coefficient, from Egs. (73) and (198). (d) Same as (c), with0.15 andDy = 1.73 < 2; the slope gives a
power-law with a coefficient-0.23 £ 0.04, which is close to the theoretical value-69.27. The great spread in the data is due

to the fact that for smalll the steady-state distribution has few occupied cells.

with g™ =2(# ™ [ Pu)L/G=Dw) 'andy = k1. By assuming the Hausdorff volume to be time independent,
we find the steady-state value 0fz:

3-D
ev/(3—Du)O-g u
o
VE = |:ev/(3—Du) 1 . (196)

From Eq. (196) we see thaty scales withs as o3~ Pu, To verify this prediction, we simulate the
advection-reaction dynamics of the 3D baker map M introduced in SectiorFig147a showsy 5
as a function ofs for two values of the parametet of the baker map. The power law predicted by
Eqg. (196) is confirmed in both cases: the dimension found by fitting is consistent with that given by (73).
This confirms the fact that the reacting particles indeed cover the unstable manifold.

We turn our attention to the producti®hdefined as the amount of reactants produced at each reaction
step, which in a steady state is equal to the amount that escapes. In analogy with (186) one finds that the
production isP = (1 — e™")7"§. Substituting from Eq. (196), we have

e -1

— 3-Dy
b= ey —ge 078" (197)




184 T. Tél et al. / Physics Reports 413 (2005) 91-196

In Fig. 4/, the dependence & onv is plotted for bothD, < 2 andD,, > 2. Forv<1, from the Taylor
expansion of Eq. (197) we find thBtscales as

P yPu2 o Du2 (198)

in harmony with (85).

We verified Eq. (198) through simulation, as is showrFig. 47 for Dy, > 2, and inFig. 47 for
Dy < 2, respectively, wherP is calculated for several values gffor the 3D baker map. It is seen that
for Dy > 2, P does go to zero asdecreases, and diverges oy < 2. Moreover, using Eq. (73), the
power-law relation predicted by Eq. (198) is verified quantitatively, to within numerical error. There is
thus an enhancement of the reaction’s productivity as 0, which is an exclusive three-dimensional
phenomenon.

12.7. Inertial effects and transport barriers (non-hyperbolicity)

In this part, we investigate the effects of particle inertia on the reaction dynamics of flows with non-
hyperbolic advectiofil30], such as those studied in Section 8. As we have seen in Section 9, the inertial
effects manifest themselves as dissipation, so that the transition to finite inertia turns the original Hamil-
tonian advection dynamics into a dissipative dynamics.

It has been recently showjia29] that, while hyperbolic dynamics is robust, nonhyperbolic chaotic
scattering typically undergoes a metamorphosis in the presence of arbitrarily small amount of dissipation.
Dissipation may convert marginally stable periodic orbits of the KAM islands into attractors. The survival
probability around the remnants of KAM tori then becomes exponential, the dimension of the chaotic
saddle becomes less than the dimension of the phase-space, and the overall dynamics of the scatterin
process becomes hyperbolic.

In Section 8, we introduced the concept of effective dimension for non-hyperbolic flows. To understand
the meaning of the effective dimensidhy for fractal sets arising in the transition from Hamiltonian
nonhyperbolic scattering to weakly dissipative chaotic scattering, we consider a Cantor set, which is
constructed in the interv@ld, 1] according to the rule that in thth time step, a fraction,, =vy/(¢+n)+h
is removed from the middle of each one of tNe= 2"~ remaining subintervals, whetg y, andh are
constants. The conservative case corresponds=d0, which is characterized by an algebraic decay
with n of the total length remaining, given b§(n) ~ n=" for n> ¢, and by a unit fractal dimension for
the invariant setD = 1 [103]. The removed fractioni,, decreases at each time step and, as a result, a
systematic change of scales is induced, resulting in a non-self-similar invariant set that becomes denser
as we go to smaller scales. The consequence is that the box-counting dini2esioverges very slowly
to 1 as the resolution — 0, leading to a scale-dependent effective dimension (cf. Section 8)

Deft(e) ~1—7y/Ine™t, (199)

for e small enough.
The limiting dynamics changes drastically and acquires properties of hyperbolic dynamics when a
small amount of dissipation is allowed, which is modeled by®<y/&. In particular, the total length of
the remaining intervals decays exponentiallyn) ~ (1 — h)" forn>y/h — &, and the dimensiob of
the invariant set becomes smaller than one:

D=In2In[2/(1 - )] . (200)
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For finite n, however, the transition from the conservative to the dissipative case is much smoother. For
Ine~1s ¢, the effective fractal dimension is

Deii(¢e) ~ In2/In[2/(1—8)] — 9 /Ineg™ L, (201)

where)’ = y/(1—h). The key feature is that unrealistically small scales are required to resolve the limiting
values of the fractal dimension. For instance, to obiaif > 0.95, scales < 10-2%are required. Thus, for
realistic scales, the physically important characteristic of the fractal set is the effective dimbpgitve
emphasize thabes is different not only from the fractal dimension of the original non-hyperbolic system,
but it also differs from that of the hyperbolic dynamics that results due to the introduction of inertia. This
means thascarsof the non-hyperbolic Hamiltonian dynamics are observable in the hyperbolic dynamics
of dissipative systems.

Based on Section 8, the above discussion suggests that, if there are inertial autocatalytic particles in
a 2D periodic flow, their steady state distribution seen with a resolutiofill cover an area« g (¢)
given by.«Zg(g) ~ ¢2~Peft|n order to verify numerically this scaling law, we use a discrete-time map,
representing the dynamics of a continuous time-periodic flow at multiples of the period. We use the idea of
embedding map27] to incorporate dissipation. For an area preserving map= M (x,,), representing
the dynamics of a time-periodic incompressible fluid, a possible choice for the corresponding embedding
map representing theertial (dissipative) particle dynamicsxg2 — M (X, 4+1) =€ (X1 — M (X,)),
wherea andu« are parameters. This can be written as

Xn+1=MXp) +W, , (202)
Wpt1 =€ “‘[aXp1 — M(X,)] , (203)

wherex andw can be interpreted as the configuration-space coordinates and the detachment from the
fluid velocity, respectively, so thak(w) represents the phase-space coordinates. The embedding map
(203) embodies all the main features of the dynamics of a non-inertial particle in a 2D flow. In particular,
it can be shown that the above map is uniformly dissipative, with phase-space contraction rate equal
to e 24: that the noninertial dynamics,+1 = M(x,) is recovered in the limit — oo; and that the
configuration-space contraction rate is proportionaltb(e — 1) for e “(o¢ — 1) <1. The rangex < 1
corresponds to the case where the particle is denser than the fluid (aerosols), whereas vajtestef
than 1 represent particles less dense than the fluid (bubbles). Thus, the pararaateref map (203)
are the discrete-time analogues ¢gf§1 andR, respectively, of the continuous-time equation of motion
for a non-inertial particle, Eq. (118). Next we consider such a dynamics forbethande < 1.

To simulate the flow, we take & map (112) of Section 8. We recall that the dynamics is nonhyperbolic
for 1 < 6.5. Fori=4, for example, there is a major KAM island in thegspace, as shown Fig. 48. Also,
from Fig. 48, one can see tangencies between the stable and unstable manifolds in the neighborhood of
the KAM island, which is a signature of non-hyperbolicity. When this map is embedded in Egs. (202),
(203), fora > 1, the(x, y)-projection of the resulting four-dimensional map is dissipative in the mixing
region (original KAM islands and neighborhood). In this regime, the dissipation stabilizes marginally
stable periodic orbits in the KAM islands of the conservative map, converting the KAM islands and their
neighborhood into the corresponding basin of attraction of the newly created attractors, as shigwn in
48p. The basin itself extends around the mixing region mimicking the stable manifold of the conservative
dynamics. As a result, the tangencies between the invariant manifolds apparently disappear, suggesting
that the advection dynamics of bubble particleByiperbolic This hypothesis was also verified from the
direct computation ob andx. Fora < 1, on the other hand, the configuration-space projection expands
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Fig. 48. (a) KAM island (light gray), and stable (gray) and unstable (black) manifoldsfax. (b) Fixed point attractor (black

dot), basin of attraction (gray), and unstable manifold (black)afer1.05 anda = 1. (c) Stable (gray) and unstable (black)
manifolds fora = 0.95 anda = 1, outside the region covered by the almost trapped orbits (light gray). Particles are launched
with initial velocity matching the fluid velocitywg = 0). (d—f) Respective area covered by B-particles in the “open” part of the
flow right before the reaction, far=5 ands =5 x 1073,

in the mixing region and almost all the orbits eventually escape to infinity. However, for small inertia
ando close to 1, particles in the regions corresponding to KAM islands of the conservative dynamics
and neighborhood ai@most trappedn the sense that the time it takes to escape is much larger in these
regions than outside them. These regions are neglected in our analysis of the open part of the flow, as
shown inFig. 48, because filamentary structures cannot be resolved inside them.

To simulate the reaction dynamics, we follow the usual procedure of dividing the mixing region into
a grid where the size of the cells represents the reaction rangfe use the autocatalytic reaction as
an example. By starting with a small seed of B-particles near the stable manifold, after a transient time
a steady state is reached where B-particles are accumulated along a fattened-up copy of the unstable
manifold, as shown irrig. 48 for massless point particles, Fig. 48 for bubbles, and irig. 4%
for aerosols. To compute the effective fractal dimending of the unstable manifold, the uncertainty
algorithm[57] has been applied. The effective dimension turns out to be constant over several orders of
magnitude of variations ia and it is approximately the same for both noninertial and slightly inertial
bubble particles Pest = 1.73 for ¢ > 1071%), while it is somewhat smaller for slightly inertial aerosol
particles Deff = 1.68 for ¢ > 1071%), as shown irFig. 49 Strong evidence that the scaling of the area
occupied by the particle distribution is determined by the effective dimension is preseiigd 30 for
two different values of the time lag This shows the scaling of the area covered by the B particles as a
function of the resolution. The scaling exponent is consistent = 1.73 for noninertial and bubble
particles, and withDess = 1.68 for aerosol particles. Thus, the effective dimensidyg plays exactly
the same role as the fractal dimension for hyperbolic systems (see Section 4). We note that even though
the area changes with the inertial properties of the particlessdhkingof the area remains essentially
the same for bubbles, as expected from the Cantor-set model.
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Fig. 49. Effective dimension of the unstable manifold as computed from the uncertainty method f\#eiethe fraction of
g-uncertain points in the line=0, 0< y < 0.1 of the time reversed dynamics. The aerosol data are shifted vertically downward
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13. Concluding remarks, perspectives

In this work we presented a dynamical system approach towards understanding the dynamics of re-
activity in open chaotic flows. We have shown that to describe the reactive phenomenon, a Lagrangian
view is particularly suitable. (An Eulerian approach, if it can be carried out at all, is expected to yield
the same results, but the Lagrangian one provides, in any case, deeper insight.) It is the reaction-free
advection dynamics which essentially determines the main features of the reactive dynamics. Therefore,
dynamical system characteristics, like Lyapunov exponents, escape rates and fractal dimensions (of the
unstable manifold) of the underlying chaotic advection enter the reactive theory. One of our basic goals
has been to find rate equations. By concentrating oglibigal behavior of all the particles (i.e., the total
material content) in a fixed region, we have derived rate equations which turned out to be of novel type.
They contain singular production terms which arise as a result of the fractality of the advection dynamics.
More precisely, on the right-hand side of the rate equations, there is a contriButotine production
which can be written as a power of some combinaiai the material content of the substances playing
arole in the reaction:

P~XxF, (204)

with > 0 depending only on the fractal dimension.
The following types of reactions have been investigated:

e autocatalytic reactionsmore generally, reactions spreading in the form of fronts (Sections 4, 10.1,
10.2, 11.1);

collisional reactiongSection 10.4);

competitive dynamiosSections 5 and 10.3);

decaying dynamicgSection 11.2);

oscillating reactiongSection 11.3).

The appearance of the singular term (204) in the rate equation reflects the fact that the reaction takes place
along the surface of a fattened up fractal whose effective surface tends to infinity by refining resolution,
i.e., by decreasing material content.

We also investigated how the reaction outcome and the corresponding rate equation is modified by
changing the following features of the flow (first three items) or of the advection dynamics (last two
items):

e open—closed character of the floim the case of closed flows, the filamentary patterns are transient,
leading to a new term in the rate equation (Section 11);

e two-dimensional-three-dimensional flowise equations remained formally the same, but in 3D the
singular term might become regular in certain cases (Section 6, see also Section 12.6);

e periodic—aperiodic time dependence of the flothe singular production term remains in aperiodic
flows, but the activity turns out to be enhanced by the randomness of the flow (Section 7);

o flow without transport barrierghyperbolig—with transport barriergnon-hyperbolig. effective fractal
dimensions cause the singular enhancement of production in the nonhyperbolic case (Section 8, see
also Section 12.7);
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e point-like—finite size particles advected in flo@khough the advection becomes dissipative when the
particles are of finite size, and attractors replace the chaotic saddle, the singular enhancement remains
depending on the dimension of the attractors’ projection onto the configuration space (Section 9, see
also Section 12.7).

The dimensionality and the open or closed character of the flow is found to have the strongest in-
fluence, which may change the structure of the rate equations. The other factors do not change the
structure of the rate equation, only the prefactors and the actual value of expatepend on the de-
tails. In this sense the singular behavioursiversal Although not all possible combinations of flows
and reactions have been investigated, the main features are expected to hold in general. To verify this,
the investigation of reactions of other types is important, especially more complex and realistic reac-
tion dynamics. Examples of work in this direction include oscillating reactjihk front propagation
in cellular flows[1], and the investigation of chiral symmetry breakii2g] and boundary effects on
reactiong31].

Which type of reaction is relevant might depend on the typical scale, and the problem to be solved. In
the four main categories mentioned in the Introduction, the situation is the following:

e Microfluidics In this field, the dynamical system approach to mixing is very natural since turbulence
is not present. Several chaotic advection studies are available, but to our knowledge chemical reactions
have been investigated in nonchaotic flows only. One problem to face with in chaotic cases is that in
order to see enhancement, the reactive s€atrust be much below the channel width, i.e. should be
of the order of a few micrometers. This can be achieved with sufficiently slow reactions (slow on the
time scale of the prediction time). These studies might also be relevant for fluids with active particles
in porous media, a problem of great environmental relevance. Here, again, very different scales are
involved, since in clay it takes e.g. hours for a fluid to spread, whereas in sand and rocky soil this is
much faste[26,75,175] The effect of chaos on the reactions in soil has not yet been studied in detalil
either[215,65]

e Laboratory scaleAtthis scale, both turbulent mixing and chaotic advection may appear. Besides several
theoretical work$125,209] a first experiment has already been carried out in a closed confthtdgr
It cleanly shows the enhancement of production, but without investigating the filamentary structures.
Thus, more detailed experimental studies are necessary (cf. Note added in proofs). These might have
applications ranging from cellular processes to epidemiology. Combustion experiments with chaotic
flames are also challenges for the future.

e Oceanic flowsA dynamical system approach based on observational data has led to the identification
of Lyapunov exponents in a real ocean currfjt The same study indicates that the sea surface
temperature can be identified as a decaying substance, and proves that it is rough in the sense of
Section 11.2. In other approact8sl42,107,118]the filamentary character of plankton patchiness is
investigated. Longer observational data in this respect are desirable.

e Atmospheric flowsThe filamentary nature of the atmospheric ozone has long been Ka@pi],
and a recent approach evaluates the (effective) fractal dimension underlying the chemical reactions
[223]. More generally, atmospheric transport simulation codes have ap@&réd]which are based
on Lagrangian principles, and are therefore expected to provide more insight into the filamentary
character of several reactions in the stratospf8k
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This listalsoillustrates that the basic concepts of dynamical system theory (chaos, Lyapunov exponents,
dimensions, etc.) have started to penetrate into sciences like microfluidics, oceanography or meteorology,
and have helped properly describing relevant phenomena on different scales. It is therefore desirable
for physicists to enter this interdisciplinary research, and to strengthen their efforts to learn more about
environmental sciences for the mutual benefit of both fields.
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Note added in proofs

During the refereeing process of the paper, late 2004, we became aware of the work by Nugent et al.
[151]. This is the first experimental paper devoted to a detailed investigation of the filamental chemical
patterns in a chaotic flow. The authors investigate the Belousov—-Zhabotinksy (BZ) r¢a28dim a flow
corresponding to the blinking vortex mod@&] generated via a magnetohydrodynamic technique. This is
the closed versiori(= 0) of the blinking vortex—sink system described in Section 2.2.2. The flow’s only
dimensionless parameter, the analog of (21), is kept constant in the experiments. As a characteristic
parameter of the advection—diffusion process, a mixing timés defined. This is practically the time
needed to reach the diffusive scaféyit /4 (cf. Section 4.4.8) from a macroscopic schldue to the
exponential stretching/contraction of chaotic advection. In terms of our notation, this mixing time is
1, = 1/(22) In Pe where the Lagrangian Péclet number (38) is evaluated with the center-to-center vortex
spacing a&. With the typical value of the diffusion coefficient for the chemicals in the BZ reaction, the
Péclet number is on the order of1®ince the average Lyapunov expongist inversely proportional to
the time periodr of the flow,z,, is practically proportional td.

Nugent, Quarles and Solomon provide[ib1] experimental evidence for the exponential temporal
decrease of the filamental widths. They also show that the chemical pattern is concentrated along the
unstable manifold of the passive advection problem, i.e. in regions where the finite time Lyapunov
exponent is large. Due to the finite observation times, the patterns turn out to be rather similar to those
generated by the open vortex-sink model of Section 2.2.2. It is worth comparirigigut4 with their
Fig. 2(passive cases) and dtig. 23with theirFig. 3c—e (reactive cases). The authors describe a qualitative
change with parametey,. For long mixing times (fast reactions) the patterns are filamental. They are
replaced by extended, large scale chemical distributions for short mixing times (slow reactions). Thisis in
harmony with the onset of synchronization in the reaction as discussed in Section 141at4].iNugent,
Quarles and Solomon suggest to interpret the results by comparing the mixing time with the decorrelation
time Tgz of the reaction in the absence of any flow, and find that filamental distributions appear whenever
1, iNCreases beyondgz. In our terminology, the ratia,, / Tsz plays the role of a Damkdhler number
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(cf. Eq. (37)), and the transition from large scale to filamental patterns takes place at a critical Damkohler
value, unity.

We do hope that this paper will soon be followed by others revealing experimental evidence concerning
other aspects of reactive flows.
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